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Ó÷åáíî-ìåòîäè÷åñêèé êîìïëåêñ íàïèñàí â ñîîòâåòñòâèè ñ äåé-
ñòâóþùåé ó÷åáíîé ïðîãðàììîé ïî äèñöèïëèíå ¾Êîìïüþòåðíàÿ àëãåá-
ðà¿. Ïðåäíàçíà÷åí äëÿ ñòóäåíòîâ ñïåöèàëüíîñòè 1-02 05 01 ¾Ìàòåìàòèêà
è èíôîðìàòèêà¿ ôèçèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà.

Ñòèëü èçëîæåíèÿ âûáðàí òàêèì îáðàçîì, ÷òî â êàæäîì ïîñëåäóþ-
ùåì ïàðàãðàôå ñíà÷àëà äàþòñÿ òåîðåòè÷åñêèå ñâåäåíèÿ, à íà èõ îñíîâå
â äàëüíåéøåì ïðîèñõîäèò ðåøåíèå ïðàêòè÷åñêèõ çàäà÷ â ñèñòåìå êîì-
ïüþòåðíîé àëãåáðû GAP. Îïûò ïðîâåäåíèÿ ëåêöèîííûõ è ëàáîðàòîðíûõ
çàíÿòèé â òå÷åíèå íåñêîëüêèõ ëåò ïîêàçàë äîñòàòî÷íóþ ýôôåêòèâíîñòü
òàêîãî ïîäõîäà.

Â ïðàêòè÷åñêîé ÷àñòè ïðèâîäÿòñÿ çàäàíèÿ ëàáîðàòîðíûõ ðàáîò, âû-
ïîëíåíèå êîòîðûõ áóäåò ñïîñîáñòâîâàòü ôîðìèðîâàíèþ çíàíèé, óìåíèé
è íàâûêîâ â îáëàñòè àëãîðèòìè÷åñêè ðàçðåøèìûõ àëãåáðàè÷åñêèõ çàäà÷
è ïðîáëåì.

Âñïîìîãàòåëüíûé ðàçäåë ñîäåðæèò ñïèñîê èñïîëüçîâàííîé è ðåêîìåí-
äîâàííîé ëèòåðàòóðû. Â ÝÓÌÊ ïðèâîäÿòñÿ òåñòû äëÿ ñàìîêîíòðîëÿ ïî
êóðñó äèñöèïëèíû ¾Êîìïüþòåðíàÿ àëãåáðà¿, à òàêæå ñïèñîê âîïðîñîâ
äëÿ ïîäãîòîâêè ê çà÷åòó.

Ýëåêòðîííûé ó÷åáíî-ìåòîäè÷åñêèé êîìïëåêñ ñòàâèò ñâîåé öåëüþ îá-
ëåã÷èòü ñàìîñòîÿòåëüíóþ ðàáîòó ñòóäåíòîâ ñ òåîðåòè÷åñêèì ìàòåðèàëîì
ïðè ïîäãîòîâêå ê ëåêöèÿì, ëàáîðàòîðíûì çàíÿòèÿì è çà÷åòó.
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Ïðåäèñëîâèå

Ýëåêòðîííûé ó÷åáíî-ìåòîäè÷åñêèé êîìïëåêñ íàïèñàí äëÿ ôàêóëüòà-
òèâíîé äèñöèïëèíû ¾Êîìïüþòåðíàÿ àëãåáðà¿, ÷èòàåìîé íà ñïåöèàëüíî-
ñòè ¾Ìàòåìàòèêà è èíôîðìàòèêà¿. Îäíàêî, äàííûé ÝÓÌÊ ìîæåò áûòü
ïîëåçåí è ñòóäåíòàì äðóãèõ ñïåöèàëüíîñòåé ôèçèêî-ìàòåìàòè÷åñêîãî
ôàêóëüòåòà Ó÷ðåæäåíèÿ îáðàçîâàíèÿ ¾Áðåñòñêèé ãîñóäàðñòâåííûé óíè-
âåðñèòåò èìåíè À.Ñ. Ïóøêèíà¿. Ýëåêòðîííîå èçäàíèå ðàññ÷èòàíî íà
ñòóäåíòîâ, èìåþùèõ ïîäãîòîâêó ïî äèñöèïëèíàì, êàñàþùèõñÿ îñíîâ ïðî-
ãðàììèðîâàíèÿ ñ èñïîëüçîâàíèåì àëãîðèòìè÷åñêèõ ÿçûêîâ, ñ öåëüþ áî-
ëåå ãëóáîêîãî ïîíèìàíèÿ è óñâîåíèÿ ðàçäåëîâ àëãåáðû è òåîðèè ÷èñåë.

Êîìïüþòåðíàÿ àëãåáðà � îäíà èç îáëàñòåé ìàòåìàòèêè è èíôîðìà-
òèêè, îñîáåííî àêòèâíî ðàçâèâàþùàÿñÿ â ïîñëåäíèå ãîäû. Òåðìèí ¾êîì-
ïüþòåðíàÿ àëãåáðà¿ îáúÿñíÿåòñÿ ñïîñîáíîñòüþ êîìïüþòåðîâ ìàíèïóëè-
ðîâàòü ìàòåìàòè÷åñêèìè âûðàæåíèÿìè, çàäàííûìè ñèìâîëüíî, à íå ÷èñ-
ëåííî. Îáëàñòü êîìïüþòåðíîé àëãåáðû îõâàòûâàåò àëãîðèòìû ñèìâîëü-
íûõ ïðåîáðàçîâàíèé, ñâÿçàííûõ ñ òàêèìè àáñòðàêòíûìè ñòðóêòóðàìè,
êàê ãðóïïû, êîëüöà è ïîëÿ.

Ñ ââåäåíèåì äàííîé ôàêóëüòàòèâíîé äèñöèïëèíû âîçíèêëà ïðîáëåìà
âûáîðà ñðåäñòâ îáåñïå÷åíèÿ äèñöèïëèíû, â ÷àñòíîñòè ñèñòåì êîìïüþ-
òåðíîé àëãåáðû. Èñïîëüçîâàíèå ñèñòåìû êîìïüþòåðíîé àëãåáðû GAP â
êà÷åñòâå ñðåäñòâà îáó÷åíèÿ îáóñëîâëåíî ðÿäîì ïðè÷èí: ÿçûê ïðîãðàì-
ìèðîâàíèÿ, âíåøíå íàïîìèíàþùèé Pascal; ñòàíäàðòíûå òèïû îñíîâíûõ
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àëãåáðàè÷åñêèõ îáúåêòîâ: ãðóïï (ïîäñòàíîâîê, àáñòðàêòíûõ, ìàòðè÷íûõ),
êîëåö, ïîëåé; óäîáíûå òèïû ïåðåìåííûõ, â ò.÷. îïåðàòèâíî ñïèñêè è çà-
ïèñè; áîëåå 4 òûñ. áèáëèîòå÷íûõ ôóíêöèé; áîëüøàÿ áèáëèîòåêà äàííûõ,
âêëþ÷àþùàÿ ïðàêòè÷åñêè âñå ãðóïïû, ïîðÿäîê êîòîðûõ íå ïðåâîñõîäèò
2 000; áåñïëàòíîå ïîëó÷åíèå ïî ñåòè Internet âìåñòå ñ èñõîäíûìè òåê-
ñòàìè, ÿâëÿþùèìèñÿ íàãëÿäíûì ïîñîáèåì äëÿ îñâîåíèÿ GAP; ðàáîòà â
îïåðàöèîííûõ ñèñòåìàõ DOS, Windows, Unix, Linux, MacOS; ðàáîòà ñ
ïðîöåññîðîì 386 è âûøå ñ ÎÇÓ îò 8 Mb; çàíèìàåìîå ìåñòî íà äèñêå �
îò 10 äî 100 Mb â çàâèñèìîñòè îò îáúåìà èíñòàëëÿöèè.

Âñå âûøåèçëîæåííîå ïðèâåëî ê ñëåäóþùåé ñòðóêòóðå òåîðåòè÷åñêîé
÷àñòè ýëåêòðîííîãî èçäàíèÿ. Â ïåðâîì ðàçäåëà äàíû êðàòêèå ñâåäåíèÿ î
ñèñòåìå êîìïüþòåðíîé àëãåáðû GAP, ñòðóêòóðå è ÿçûêå ïðîãðàììèðî-
âàíèÿ ýòîé ñèñòåìû. Âî âòîðîì ðàçäåëå ïîäðîáíî ðàññìàòðèâàþòñÿ âî-
ïðîñû, ñâÿçàííûå ñ çàäàíèåì ãðóïïû è èçó÷åíèåì åå ñâîéñòâ è ñòðîåíèÿ
ïîñðåäñòâîì ñèñòåìû GAP. Òðåòèé ðàçäåë ÝÓÌÊ ïîñâÿùåí îñíîâíûì
àëãîðèòìàì òåîðèè ÷èñåë. Ðàññìàòðèâàþòñÿ ýëåìåíòû òåîðèè äåëèìî-
ñòè è ñðàâíèìîñòè â êîëüöå öåëûõ ÷èñåë. Íà ýòîé îñíîâå ðåøàåòñÿ ðÿä
èñêëþ÷èòåëüíî âàæíûõ äëÿ ïðàêòèêè çàäà÷: íàõîæäåíèå íàèáîëüøåãî
îáùåãî äåëèòåëÿ, ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè, ðåøåíèå ñðàâíå-
íèé è ñèñòåì ñðàâíåíèé ñ îäíîé íåèçâåñòíîé. Â ÷åòâåðòîì, ïÿòîì è øå-
ñòîì ðàçäåëàõ ðàññìîòðåíû ýëåìåíòû ëèíåéíîé àëãåáðû, òåîðèè êîëåö è
îñíîâû êðèïòîãðàôèè. Ïîäðîáíî ðàññìàòðèâàþòñÿ âîïðîñû ñâÿçàííûå
ñ ðåøåíèåì ñèñòåì ëèíåéíûõ óðàâíåíèé ðàçëè÷íûìè ñïîñîáàìè è øèô-
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ðîâàíèåì èíôîðìàöèè ìåòîäîì RSA. Çàìåòèì, ÷òî ïîðÿäîê èçëîæåíèÿ
òåîðåòè÷åñêîãî ìàòåðèàëà îòëè÷àåòñÿ îò ïîðÿäêà ïðåäëîæåííîãî â ïðî-
ãðàììå. Ïî ìíåíèþ àâòîðîâ òàêàÿ ïîñëåäîâàòåëüíîñòü äåëàåò ìàòåðèàë
áîëåå äîñòóïíûì äëÿ ïîíèìàíèÿ.

Àâòîðû âûáðàëè ñèñòåìó èçëîæåíèÿ, ïðè êîòîðîé â êàæäîì ïîñëåäó-
þùåì ïàðàãðàôå ñíà÷àëà äàþòñÿ òåîðåòè÷åñêèå ñâåäåíèÿ, à íà èõ îñíîâå
â äàëüíåéøåì ïðîèñõîäèò ðåøåíèå ïðàêòè÷åñêèõ çàäà÷ â ñèñòåìå êîì-
ïüþòåðíîé àëãåáðû GAP. Îïûò ïðîâåäåíèÿ ëåêöèîííûõ è ëàáîðàòîðíûõ
çàíÿòèé â òå÷åíèå íåñêîëüêèõ ëåò ïîêàçàë äîñòàòî÷íóþ ýôôåêòèâíîñòü
òàêîãî ïîäõîäà.

Â ïðàêòè÷åñêîé ÷àñòè ïðèâîäÿòñÿ çàäàíèÿ ëàáîðàòîðíûõ ðàáîò, âû-
ïîëíåíèå êîòîðûõ áóäåò ñïîñîáñòâîâàòü ôîðìèðîâàíèþ çíàíèé, óìåíèé
è íàâûêîâ â îáëàñòè àëãîðèòìè÷åñêè ðàçðåøèìûõ àëãåáðàè÷åñêèõ çàäà÷
è ïðîáëåì.

Âñïîìîãàòåëüíûé ðàçäåë ñîäåðæèò ñïèñîê èñïîëüçîâàííîé è ðåêîìåí-
äîâàííîé ëèòåðàòóðû. Â ÝÓÌÊ ïðèâîäÿòñÿ òåñòû ïî êóðñó äèñöèïëèíû
¾Êîìïüþòåðíàÿ àëãåáðà¿, à òàêæå ñïèñîê âîïðîñîâ äëÿ ïîäãîòîâêè ê çà-
÷åòó.

Ýëåêòðîííûé ó÷åáíî-ìåòîäè÷åñêèé êîìïëåêñ ñòàâèò ñâîåé öåëüþ îá-
ëåã÷èòü ñàìîñòîÿòåëüíóþ ðàáîòó ñòóäåíòîâ ñ òåîðåòè÷åñêèì ìàòåðèàëîì
ïðè ïîäãîòîâêå ê ëåêöèÿì, ëàáîðàòîðíûì çàíÿòèÿì è çà÷åòó.

Ïðè èçëîæåíèè òåîðåòè÷åñêèõ âîïðîñîâ àëãåáðû è òåîðèè ÷èñåë àâ-
òîðû èñïîëüçîâàëè èçäàíèÿ Â.Ñ. Ìîíàõîâà è À.Â. Áóçëàíîâà [11; 12],
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êîìïüþòåðíîé àëãåáðû � ïîñîáèåì À.Á. Êîíîâàëîâà [6].
Àâòîðû áóäóò áëàãîäàðíû ÷èòàòåëÿì çà îòçûâû, êðèòè÷åñêèå çàìå÷à-

íèÿ, ïðåäëîæåíèÿ è íîâûå çàäà÷è. Èõ ìîæíî îòïðàâëÿòü ïî ýëåêòðîííîé
ïî÷òå èëè ïî àäðåñó: 224016, ã. Áðåñò, áóëüâàð Êîñìîíàâòîâ, 21.

Ãðèöóê Äìèòðèé Âëàäèìèðîâè÷

dmitry.gritsuk@gmail.com

Òðîôèìóê Àëåêñàíäð Àëåêñàíäðîâè÷

alexander.tro�muk@gmail.com
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ÑÎÄÅÐÆÀÍÈÅ Ó×ÅÁÍÎÃÎ ÌÀÒÅÐÈÀËÀ

Ðàçäåë 1. ÇÍÀÊÎÌÑÒÂÎ Ñ ÑÈÑÒÅÌÎÉ ÊÎÌÏÜÞÒÅÐÍÎÉ ÀË-
ÃÅÁÐÛ GAP

Êðàòêàÿ õàðàêòåðèñòèêà è èñòîðèÿ ñèñòåìû GAP. Îáçîð âîçìîæíîñòåé GAP. Çà-

ïóñê ñèñòåìû è ïåðâûå øàãè. ßçûê ïðîãðàììèðîâàíèÿ GAP: ñèìâîëû è êëþ÷åâûå

ñëîâà â GAP, âûðàæåíèÿ, îáðàùåíèÿ ê ôóíêöèÿì, âûçîâ ïðîöåäóðû, êîìàíäû IF,

öèêëû WHILE, REPEAT, FOR. Ñòðóêòóðû äàííûõ â GAP: ñïèñêè, ìíîæåñòâà, âåê-

òîðû è ìàòðèöû, çàïèñè.

Ðàçäåë 2. ÃÐÓÏÏÛ Â GAP
Çàäàíèå ãðóïïû. Ïðîñòåéøèå ñâîéñòâà ãðóïïû. Ñèëîâñêèå ïîäãðóïïû. Äðóãèå

âèäû ïîäãðóïï. Êëàññû ñîïðÿæåííûõ ýëåìåíòîâ è ñîïðÿæåííûõ ïîäãðóïï ãðóïïû.

Îáðàçóþùèå è îïðåäåëÿþùèå îòíîøåíèÿ. Öèêëè÷åñêèå è àáåëåâûå ãðóïïû. Ãðóïïû

ïîäñòàíîâîê. Ïðÿìîå è ïîëóïðÿìîå ïðîèçâåäåíèå ãðóïï. Êîíå÷íûå ïðîñòûå ãðóïïû.

Ðàçäåë 3. ÊÎËÜÖÀ È ÏÎËß Â GAP
Êîëüöî êëàññîâ âû÷åòîâ. Êîëüöî ìíîãî÷ëåíîâ. Ðàçëîæåíèå ìíîãî÷ëåíîâ íà íåïðè-

âîäèìûå ìíîæèòåëè. Ìèíèìàëüíûé ìíîãî÷ëåí. Ââåäåíèå â òåîðèþ Ãàëóà.

Ðàçäåë 4. ÂÂÅÄÅÍÈÅ Â ÀËÃÅÁÐÀÈ×ÅÑÊÓÞ ÒÅÎÐÈÞ ÊÎÄÈÐÎ-
ÂÀÍÈß

Àðèôìåòè÷åñêèå ôóíêöèè. Ñðàâíåíèÿ: ðåøåíèå ñðàâíåíèé ñ îäíèì íåèçâåñòíûì,

êèòàéñêàÿ òåîðåìà îá îñòàòêàõ. Ôóíêöèÿ Ýéëåðà è åå ïðèëîæåíèÿ. Ìåòîä RSA.
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ÏÐÈÌÅÐÍÛÉ ÒÅÌÀÒÈ×ÅÑÊÈÉ ÏËÀÍ

ÒÅÎÐÅÒÈ×ÅÑÊÀß ×ÀÑÒÜ

Íàçâàíèå ðàçäåëà, òåìû Êîëè÷åñòâî
÷àñîâ

Ðàçäåë 1. Çíàêîìñòâî ñ ñècòåìîé

êîìïüþòåðíîé àëãåáðû GAP 2

Êðàòêàÿ õàðàêòåðèñòèêà è èñòîðèÿ ñèñòåìû GAP.

Îáçîð âîçìîæíîñòåé GAP. Çàïóñê ñèñòåìû è ïåðâûå øàãè. 2

ßçûê ïðîãðàììèðîâàíèÿ GAP: ñèìâîëû è êëþ÷åâûå

ñëîâà â GAP, âûðàæåíèÿ, îáðàùåíèÿ ê ôóíêöèÿì,

âûçîâ ïðîöåäóðû, êîìàíäû IF, öèêëû WHILE, REPEAT, 2

FOR. Ñòðóêòóðû äàííûõ â GAP: ñïèñêè, ìíîæåñòâà,

âåêòîðû è ìàòðèöû, çàïèñè.

Ðàçäåë 2. Ãðóïïû â GAP 4

Çàäàíèå ãðóïïû. Ïðîñòåéøèå ñâîéñòâà ãðóïïû.

Ñèëîâñêèå ïîäãðóïïû. Äðóãèå âèäû ïîäãðóïï. Êëàññû 2

ñîïðÿæåííûõ ýëåìåíòîâ è ñîïðÿæåííûõ ïîäãðóïï ãðóïïû.

Îáðàçóþùèå è îïðåäåëÿþùèå îòíîøåíèÿ. Öèêëè÷åñêèå è

àáåëåâûå ãðóïïû. Ãðóïïû ïîäñòàíîâîê. Ïðÿìîå è 2

ïîëóïðÿìîå ïðîèçâåäåíèå ãðóïï. Êîíå÷íûå ïðîñòûå ãðóïïû.

Ðàçäåë 3. Êîëüöà è ïîëÿ â GAP 4

Êîëüöî êëàññîâ âû÷åòîâ. Êîëüöî ìíîãî÷ëåíîâ.

Ðàçëîæåíèå ìíîãî÷ëåíîâ íà íåïðèâîäèìûå ìíîæèòåëè. 2

Ìèíèìàëüíûé ìíîãî÷ëåí. Ââåäåíèå â òåîðèþ Ãàëóà. 2
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Íàçâàíèå ðàçäåëà, òåìû Êîëè÷åñòâî
÷àñîâ

Ðàçäåë 4. Ââåäåíèå â àëãåáðàè÷åñêóþ òåîðèþ

êîäèðîâàíèÿ 2

Àðèôìåòè÷åñêèå ôóíêöèè. Ñðàâíåíèÿ: ðåøåíèå ñðàâíåíèé

ñ îäíèì íåèçâåñòíûì, êèòàéñêàÿ òåîðåìà îá îñòàòêàõ. 2

Ôóíêöèÿ Ýéëåðà è åå ïðèëîæåíèÿ. Ìåòîä RSA.

ÈÒÎÃÎ: 14

ÏÐÀÊÒÈ×ÅÑÊÀß ×ÀÑÒÜ

Ëàáîðàòîðíàÿ ðàáîòà Êîëè÷åñòâî ÷àñîâ

Ëàáîðàòîðíàÿ ðàáîòà �1.

Îñíîâû ðàáîòû ñ ñèòåìîé GAP 2

Ëàáîðàòîðíàÿ ðàáîòà �2.

Ñïèñêè. Öåëûå ÷èñëà. ÍÎÄ öåëûõ ÷èñåë. 4

Àðèôìåòè÷åñêèå ôóíêöèè

Ëàáîðàòîðíàÿ ðàáîòà �3.

Ôóíêöèè. Êîìàíäà IF, öèêëû FOR è WHILE 4

Ëàáîðàòîðíàÿ ðàáîòà �4

Ñòðóêòóðà è ñâîéñòâà ãðóïïû 4

Ëàáîðàòîðíàÿ ðàáîòà �5

Øèôðîâàíèå èíôîðìàöèè ìåòîäîì RSA 6

ÂÑÅÃÎ: 20
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ÐÀÇÄÅË 1

ÑÈÑÒÅÌÀ ÊÎÌÏÜÞÒÅÐÍÎÉ ÀËÃÅÁÐÛ GAP

1.1. Êðàòêàÿ õàðàêòåðèñòèêà, èñòîðèÿ è îáçîð âîçìîæíîñòåé
ñèñòåìû GAP

Ðàçðàáîòêà ñèñòåìû êîìïüþòåðíîé àëãåáðû GAP (Groups, Algorithms
and Programming) áûëà íà÷àòà â 1986 ãîäó â ã.Ààõåí (Ãåðìàíèÿ). Â 1997
ãîäó öåíòð êîîðäèíàöèè è òåõíè÷åñêîé ïîääåðæêè ïîëüçîâàòåëåé ïåðå-
ìåñòèëñÿ â ã.Ñåíò-Çíäðþñ (Øîòëàíäèÿ). Â íàñòîÿùåå âðåìÿ GAP ÿâëÿ-
åòñÿ óíèêàëüíûì âñåìèðíûì ñîâìåñòíûì íàó÷íûì ïðîåêòîì, îáúåäèíÿ-
þùèì ñïåöèàëèñòîâ â îáëàñòè àëãåáðû, òåîðèè ÷èñåë, ìàòåìàòè÷åñêîé
ëîãèêè, èíôîðìàòèêè è äðóãèõ íàóê èç ðàçíûõ ñòðàí ìèðà.

Èçíà÷àëüíî ñèñòåìà GAP ðàçðàáàòûâàëàñü ïîä Unix, à çàòåì áû-
ëà ïîðòèðîâàíà äëÿ ðàáîòû â Mac OS è Windows. Îäíàêî, ðÿä ïàêå-
òîâ, ðàñøèðÿþùèõ ôóíêöèîíàëüíîñòü ñèñòåìû, ðàáîòàåò òîëüêî â ñðåäå
Unix/Lunix.

GAP ÿâëÿåòñÿ ñâîáîäíî ðàñïðîñòðàíÿåìîé, îòêðûòîé è ðàñøèðÿåìîé
ñèñòåìîé. Ñèñòåìà ïîñòàâëÿåòñÿ âìåñòå ñ èñõîäíûìè òåêñòàìè, êîòî-
ðûå íàïèñàíû íà äâóõ ÿçûêàõ: ÿäðî ñèñòåìû íàïèñàíî íà Ñè, à áèá-
ëèîòåêà ôóíêöèé � íà ñïåöèàëüíîì ÿçûêå, òàêæå íàçûâàåìîì GAP,
êîòîðûé ïî ñèíòàêñèñó íàïîìèíàåò Pascal, îäíàêî ÿâëÿåòñÿ îáúåêòíî-
îðèåíòèðîâàííûì ÿçûêîì. Ïîëüçîâàòåëè ìîãóò ñîçäàâàòü ñâîè ñîáñòâåí-
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íûå ïðîãðàììû íà ýòîì ÿçûêå, è çäåñü èñõîäíûå òåêñòû ìîãóò ñëóæèòü
íàãëÿäíûì ïîñîáèå. Áîëåå òîãî, ðàçðàáîò÷èêè ïðîãðàìì äëÿ GAP ìîãóò
îôîðìèòü ñâîè ðàçðàáîòêè â âèäå ïàêåòà äëÿ ñèñòåìû GAP è ïðåäñòà-
âèòü èõ íà ðàññìîòðåíèå â Ñîâåò GAP. Ïîñëå ïðîõîæäåíèÿ ïðîöåäóðû
ðåöåíçèðîâàíèÿ è îäîáðåíèÿ ñîâåòîì GAP òàêîé ïàêåò âêëþ÷àåòñÿ â
ïðèëîæåíèå ê äèñòðèáóòèâó GAP è ðàñïðîñòðàíÿåòñÿ âìåñòå ñ íèì.

Ñèñòåìà GAP ñîñòîèò èç ñëåäóþùèõ ÷åòûðåõ êîìïîíåíò:

• ÿäðî ñèñòåìû, îáåñïå÷èâàþùåå ïîääåðæêó ÿçûêà GAP, ðàáîòó ñ
ñèñòåìîé â ïðîãðàììíîì è èíòåðàêòèâíîì ðåæèìå;

• áèáëèîòåêà ôóíêöèé, â êîòîðîé ðåàëèçîâàíû ðàçíîîáðàçíûå àëãî-
ðèòìû (áîëåå 4000 ïîëüçîâàòåëüñêèõ ôóíêöèé);

• áèáëèîòåêà äàííûõ, êîòîðàÿ âêëþ÷àåò, íàïðèìåð, áèáëèîòåêó âñåõ
ãðóïï ïîðÿäêà íå áîëåå 2000 (çà èñêëþ÷åíèåì 49487365422 ãðóïï ïî-
ðÿäêà 2014), áèáëèîòåêó ïðèìèòèâíûõ ãðóïï ïîäñòàíîâîê, òàáëèöû
õàðàêòåðîâ êîíå÷íûõ ãðóïï è ò.ä., ÷òî â ñîâîêóïíîñòè ñîñòàâëÿåò
ýôôåêòèâíîå ñðåäñòâî äëÿ âûäâèæåíèÿ è òåñòèðîâàíèÿ íàó÷íûõ
ãèïîòåç;

• îáøèðíàÿ äîêóìåíòàöèÿ, äîñòóïíàÿ â ôîðìàòàõ .txt, .pdf è .html,
à òàêæå ÷åðåç Èíòåðíåò.

Èçíà÷àëüíî ñèñòåìà êîìïüþòåðíîé àëãåáðû GAP (Groups, Algorithms
and Programming) èçíà÷àëüíî áûëà çàäóìàíà êàê èíñòðóìåíò êîìáèíà-
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òîðíîé òåîðèè ãðóïï � ðàçäåëà àëãåáðû, èçó÷àþùåãî ãðóïïû, çàäàííûå
ïîðîæäàþùèìè ýëåìåíòàìè è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè. Îäíàêî,
â äàëüíåé ñ âûõîäîì íîâûõ âåðñèé ñèñòåìû ñôåðà åå ïðèìåíåíèÿ îõâàòû-
âàëà âñå íîâûå è íîâûå ðàçäåëû àëãåáðû. Â íàñòîÿùåå âðåìÿ âûïóùåííà
âåðñèÿ GAP 4.8.10 (https://www.gap-system.org/Download/index.html).

GAP äàåò âîçìîæíîñòü ïðîèçâîäèòü âû÷èñëåíèÿ ñ ãèãàíòñêèìè öå-
ëûìè è ðàöèîíàëüíûìè ÷èñëàìè, äîïóñòèìûå çíà÷åíèÿ êîòîðûõ îãðà-
íè÷åíû òîëüêî îáúåìîì äîñòóïíîé ïàìÿòè. Áîëåå òîãî ñèñòåìà ðàáîòàåò
ñ öèêëîòîìè÷åñêèìè ïîëÿìè, êîíå÷íûìè ïîëÿìè, ð-àäè÷åñêèìè ÷èñëà-
ìè, ìíîãî÷ëåíàìè îò ìíîãèõ ïåðåìåííûõ, ðàöèîíàëüíûìè ôóíêöèÿìè,
âåêòîðàìè è ìàòðèöàìè. Ïîëüçîâàòåëþ äîñòóïíû ðàçëè÷íûå êîìáèíà-
òîðíûå ôóíêöèè, ýëåìåíòàðíûå òåîðåòèêî-÷èñëîâûå ôóíêöèè, ðàçíîîá-
ðàçíûå ôóíêöèè äëÿ ðàáîòû ñ ìíîæåñòâàìè è ñïèñêàìè.

Ãðóïïû ìîãóò áûòü çàäàíû êàê ãðóïïû ïîäñòàíîâîê, ìàòðè÷íûå ãðóï-
ïû, ãðóïïû, çàäàííûå ïîðîæäàþùèìè ýëåìåíòàìè è îïðåäåëÿþùèìè
ñîîòíîøåíèÿìè. Ðÿä ãðóïï ìîæåò áûòü çàäàí íåïîñðåäñòâåííûì îáðà-
ùåíèåì ê áèáëèîòå÷íûì ôóíêöèÿì (íàïðèìåð, ñèììåòðè÷åñêàÿ è çíà-
êîïåðåìåííàÿ ãðóïïû, ãðóïïà äèýäðà, öèêëè÷åñêàÿ ãðóïïà è äð.).

Ôóíêöèè äëÿ ðàáîòû ñ ãðóïïàìè âêëþ÷àþò îïðåäåëåíèå ïîðÿäêà ãðóï-
ïû, âû÷èñëåíèå êëàññîâ ñîïðÿæåííûõ ýëåìåíòîâ, öåíòðà è êîììóòàíòà
ãðóïïû, âåðõíåãî è íèæíåãî öåíòðàëüíûõ ðÿäîâ, ðÿäà êîììóòàíòîâ, Ñè-
ëîâñêèõ ïîäãðóïï, ìàêñèìàëüíûõ ïîäãðóïï, íîðìàëüíûõ ïîäãðóïï, ðå-
øåòîê ïîäãðóïï, ãðóïï àâòîìîðôèçìîâ, è ò.ä. Äëÿ ðÿäà êîíå÷íûõ ãðóïï



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 18 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

äîñòóïíî îïðåäåëåíèå èõ òèïà èçîìîðôèçìà.
Òàêæå â ñèñòåìå GAP åñòü ôóíêöèÿ StructureDescription äëÿ âû÷èñ-

ëåíèÿ ñòðóêòóðíûõ îïèñàíèé êîíå÷íûõ ãðóïï.
Ïðèâåäåííûé îáçðîð ÿâëÿåòñÿ äàëåêî íå ïîëíûì ïåðå÷íåì âîçìîæ-

íîñòåé ñèñòåìû êîìïüþòåðíîé àëãåáðû GAP.

1.2. Íà÷àëî ðàáîòû â GAP

Ïîñëå çàïóñêà ñèñòåìû êîìïüþòåðíîé àëãåáðû GAP íà ýêðàíå ïî-
ÿâèòñÿ ýìáëåìà GAP. Ïîñëå íåå îòîáðàæàåòñÿ äîïîëíèòåëüíàÿ èíôîð-
ìàöèÿ î âåðñèè ñèñòåìû è óñòàíîâëåííûõ êîìïîíåíòàõ:

Ïðèãëàøåíèå ñèñòåìû (êîìàíäíàÿ ñòðîêà) èìååò ñëåäóþùèé âèä:

gap>

Âñå êîìàíäû â GAP çàêàí÷èâàþòñÿ òî÷êîé ñ çàïÿòîé ¾;¿. Åñëè â êîíöå
ñòðîêè ïîñòàâèòü ¾;;¿, òî âû÷èñëÿåìîå çíà÷åíèå çàïèøåòñÿ â ïåðåìåííóþ
last, íî íå áóäåò âûâåäåíî.

Îäíà êîìàíäà ìîæåò çàíèìàòü íåñêîëüêî ñòðîê, ïîñëåäíÿÿ èç êîòî-
ðûõ çàêàí÷èâàåòñÿ òî÷êîé ñ çàïÿòîé. Òàêèì îáðàçîì, åñëè Âû çàáûëè
ïîñòàâèòü òî÷êó ñ çàïÿòîé â êîíöå ñòðîêè è óæå íàæàëè êëàâèøó Enter,
Âû ìîæåòå ïîñòàâèòü òî÷êó ñ çàïÿòîé â êîíöå íîâîé ñòðîêè, à çàòåì íà-
æàòü êëàâèøó Enter åùå ðàç.

Ïðè íåêîòîðûõ îøèáêàõ íà ýêðàí âûâîäèòñÿ ïðîìåæóòî÷íîå ïðèãëà-
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øåíèå ñèñòåìû âèäà brk>. Äëÿ âûõîäà èç íåãî íóæíî ââåñòè êîìàíäó
quit (â ýòîì ñëó÷àå îíà íå ïðèâîäèò ê çàâåðøåíèþ ðàáîòû ñèñòåìû).

Äëÿ ïðîñìîòðà èñòîðèè êîìàíä èñïîëüçóþòñÿ êëàâèøè ïåðåìåùåíèÿ
êóðñîðà ââåðõ è âíèç. Åñëè â êîìàíäíîé ñòðîêå íàáðàòü êàêîé-íèáóäü
ñèìâîë, à çàòåì íàæèìàòü êëàâèøè ïåðåìåùåíèÿ êóðñîðà ââåðõ è âíèç,
òî áóäóò ïîÿâëÿòüñÿ òîëüêî òå èç ðàíåå ââåäåííûõ êîìàíä, êîòîðûå íà-
÷èíàëèñü ñ ýòîãî ñèìâîëà.

Äëÿ äóáëèðîâàíèÿ ââåäåííûõ êîìàíä è âûâîäèìûõ íà ýêðàí ðåçóëü-
òàòîâ â òåêñòîâîì ôàéëå èñïîëüçóåòñÿ êîìàíäà LogTo("�lename.log");.
Âåäåíèå ôàéëà ïðîòîêîëà ìîæåò áûòü îñòàíîâëåíî êîìàíäîé LogTo();
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(íàïðèìåð ÷òîáû ïðîñìîòðåòü åãî ñîäåðæèìîå â äðóãîì îêíå Windows,
íå ïðåðûâàÿ ñåàíñà ðàáîòû ñ GAP).

GAP ìîæíî èñïîëüçîâàòü êàê ïðîñòåéøèé êàëüêóëÿòîð:

gap> 3 � 129;
35370553733215749514562618584237555997034634776827523327290883

Êàæäîå âû÷èñëÿåìîå çíà÷åíèå GAP çàïèñûâàåò â ïåðåìåííóþ last.

Ïðèìåð 1.2.1. Îïðåäåëèòå ïîñëåäíèå ïÿòü èç 22 338 618 öèôð 48-ãî
÷èñëà Ìåðñåííà 274207281−1, íàéäåííîãî â ÿíâàðå 2016 ã. è ÿâëÿþùåãîñÿ
íà ñåãîäíÿ ñàìûì áîëüøèì èç èçâåñòíûõ íàóêå ïðîñòûõ ÷èñåë:

gap> 2�74207281-1;
¾an integer too large to be printed¿
gap> last mod 100000;
36351

Èç êîìàíäíîé ñòðîêè GAP ìîæíî âûçâàòü ïîäñòðî÷íóþ ñïðàâêó ïî
âñòðîåííûì ôóíêöèÿì GAP, íàïðèìåð åñëè íàáðàòü â êîìàíäíîé ñòðîêå
?Factorial (áåç òî÷êè ñ çàïÿòîé) äëÿ îòîáðàæåíèÿ ñïðàâêè ïî äàííîé
ôóíêöèè.
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1.3. ßçûê ïðîãðàììèðîâàíèÿ GAP

1.3.1. Ñèìâîëû è êàòåãîðèè ñëîâ â GAP

GAP âîñïðèíèìàåò öèôðû, áóêâû ëàòèíñêîãî àëôàâèòà (âåðõíèé è
íèæíèé ðåãèñòðû), ïðîáåë, ñèìâîëû òàáóëÿöèè è íîâîé ñòðîêè, à òàêæå
ñïåöèàëüíûå ñèìâîëû:

" ` ( ) * + , - #
. / : ; < = > � &
[ \ ] � _ { } !

Ñîñòàâëåííûå èç ñèìâîëîâ ñëîâà ìîæíî ðàçäåëèòü íà ïÿòü êàòåãîðèé.

1. Êëþ÷åâûå ñëîâà� çàðåçåðâèðîâàííûå ïîñëåäîâàòåëüíîñòè áóêâ.
Êëþ÷åâûìè ÿâëÿþòñÿ ñëåäóþùèå ñëîâà:

and do elif else end �
for function if in local mod
not od or repeat return then
until while quit QUIT break rec
continue

2. Èäåíòèôèêàòîðû. Èäåíòèôèêàòîðû ñîñòîÿò èç áóêâ, öèôð, ñèì-
âîëîâ ïîä÷åðêèâàíèÿ (_) è äîëæíû ñîäåðæàòü íå ìåíåå îäíîé áóêâû
èëè ñèìâîëà ïîä÷åðêèâàíèÿ. Ïðè ýòîì ðåãèñòð ÿâëÿåòñÿ ñóùåñòâåííûì.
Èäåíòèôèêàòîðû íå äîëæíû ñîâïàäàòü ñ êëþ÷åâûìè ñëîâàìè. Ïðèìåðû
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èäåíòèôèêàòîðîâ:

x index_36 LongIdenti�er
index Index INDEX
x5 5x _36

3. Ñòðîêè. Ñòðîêàìè â GAP ÿâëÿþòñÿ ïîñëåäîâàòåëüíîñòè ïðîèç-
âîëüíûõ ñèìâîëîâ, çàêëþ÷åííûå â äâîéíûå êàâû÷êè.
4. Öåëûå ÷èñëà (ïîñëåäîâàòåëüíîñòè öèôð).
5. Çíàêè îïåðàöèé è îãðàíè÷èòåëè:

+ - * / � � !.
= <> < <= > >= ![
:= . .. -> , ; !{
[ ] { } ( ) :

Âñå âû÷èñëåíèÿ è ïðåîáðàçîâàíèÿ äàííûõ çàïèñûâàþòñÿ â âèäå âû-
ðàæåíèé. Îáû÷íî âûðàæåíèå âêëþ÷àåò íåñêîëüêî îïåðàöèé, êîòîðûå
âûïîëíÿþòñÿ â ïîðÿäêå èõ ïðèîðèòåòíîñòè.

Â GAP ðàçëè÷àþò àðèôìåòè÷åñêèå è ëîãè÷åñêèå îïåðàöèè, à òàêæå
îïåðàöèè îòíîøåíèé.
Àðèôìåòè÷åñêèå îïåðàöèè: + (ñëîæåíèå), - (âû÷èòàíèå), * (óìíî-

æåíèå), / (äåëåíèå), mod (îñòàòîê öåëî÷èñëåííîãî äåëåíèÿ), � (âîçâåäå-
íèå â ñòåïåíü èëè ñîïðÿæåíèå). Ðåçóëüòàò îïåðàöèè, êàê ïðàâèëî, çàâè-
ñèò îò òèïà îïåðàíäîâ. Îïåðàöèÿ mod îïðåäåëåíà òîëüêî äëÿ öåëûõ è
ðàöèîíàëüíûõ ÷èñåë. Äëÿ ýëåìåíòà ãðóïïû çíàê � îçíà÷àåò âîçâåäåíèå â
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ñòåïåíü, åñëè ïðàâûé îïåðàíä � öåëîå ÷èñëî, à åñëè îí ýëåìåíò ãðóïïû,
òî ñîïðÿæåíèå ñ åãî ïîìîùüþ.

Ïðèîðèòåò àðèôìåòè÷åñêèõ îïåðàöèé (ïî óáûâàíèþ):

1) �;

2) *, / , mod;

3) +, -.

Îïåðàöèè îòíîøåíèÿ: > (áîëüøå), < (ìåíüøå), = (ðàâíî), <> (íå
ðàâíî), >= (íå ìåíüøå), <= (íå áîëüøå), in (ïðèíàäëåæíîñòü). Ýòè îïå-
ðàöèè ïðèìåíÿþò ê ÷èñëàì, ñèìâîëàì, ñèìâîëüíûì ñòðîêàì è íåêîòî-
ðûì äðóãèì ñòðóêòóðàì äàííûõ GAP. Èõ ðåçóëüòàòîì ÿâëÿåòñÿ çíà÷å-
íèå ëîãè÷åñêîãî òèïà. Îïåðàöèè îòíîøåíèÿ = è <> ïðîâåðÿþò, ñîîò-
âåòñòâåííî, ðàâåíñòâî è íåðàâåíñòâî, âîçâðàùàÿ çíà÷åíèå true èëè false.
Çàìåòèì, ÷òî ñ èõ ïîìîùüþ ìîæíî ñðàâíèâàòü ëþáûå îáúåêòû, ò.å. ïðè
èñïîëüçîâàíèè = è <> íèêîãäà íå áóäåò ïîëó÷åíî ñîîáùåíèå îá îøèáêå:

gap> 3<>7;
true
gap> "seven-7;
false
gap> 3<>[1,2,3];
true

Ëîãè÷åñêèå îïåðàöèè: and (è), or (èëè), not (íå). Ýòè îïåðàöèè âû-
ïîëíÿþò ñ ëîãè÷åñêèìè ïåðåìåííûìè è êîíñòàíòàìè. Ðåçóëüòàòîì âû-
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ïîëíåíèÿ ëîãè÷åñêîé îïåðàöèè ÿâëÿåòñÿ çíà÷åíèå ëîãè÷åñêîãî òèïà.

1.3.2. Ñòðóêòóðû äàííûõ â GAP

Êîíñòàíòû

Çàäàíèå ÷èñëîâûõ êîíñòàíò:

gap> 4938270/75;
987654/15
gap> -5; 29 - 31;
-5
-2
gap> 5�55;
277555756156289135105907917022705078125

Çàäàíèå ñèìâîëüíûõ êîíñòàíò:

gap> 'n';
'n'
gap> "Hello!";
"Hello!"
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Ñïèñêè

Ñïèñîê � ýòî çàêëþ÷åííûé â êâàäðàòíûå ñêîáêè íàáîð îáúåêòîâ,
ðàçäåëåííûõ çàïÿòûìè. Íàïðèìåð, ñïèñîê èç ïåðâûõ äåñÿòè ïðîñòûõ
íå÷åòíûõ ÷èñåë ìîæíî çàäàòü ñëåäóþùèì îáðàçîì:

gap> primes:=[3, 5, 7, 11, 13, 17, 19, 23, 29, 31];
[3, 5, 7, 11, 13, 17, 19, 23, 29, 31 ]

Çàòåì ê íåìó ìîæíî äîáàâèòü ñëåäóþùèå òðè ïðîñòûõ ÷èñëà:

gap> Append(primes, [37, 41, 43]);
gap> primes;
[3, 5, 7, 11, 13,17, 19, 23, 29, 31, 37, 41, 43]

Äîáàâèòü îäèí ýëåìåíò ìîæíî è ïî-äðóãîìó:

gap> Add(primes, 47);
gap> primes;
[ 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47 ]

Óêàçàòü îòäåëüíûé ýëåìåíò ñïèñêà ìîæíî ïî åãî íîìåðó â ñïèñêå:

gap> primes[8];
23

Ýòîò æå ìåõàíèçì ïîçâîëÿåò ïðèñâîèòü çíà÷åíèå ñóùåñòâóþùåìó èëè
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íîâîìó ýëåìåíòó ñïèñêà (ôóíêöèÿ Length îïðåäåëÿåò äëèíó ñïèñêà):

gap> Length(primes);
14
gap> primes[15]:= 53;
53
gap> primes;
[ 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53 ]

Ïðè ýòîì çíà÷åíèå íå îáÿçàòåëüíî äîëæíî ïðèñâàèâàòüñÿ ñëåäóþùå-
ìó ýëåìåíòó ñïèñêà. Íàïðèìåð, åñëè äåâÿòíàäöàòûì ïðîñòûì íå÷åòíûì
÷èñëîì ÿâëÿåòñÿ 71, ìû ìîæåì ñðàçó ïðèñâîèòü çíà÷åíèå 71 äåâÿòíàäöà-
òîìó ýëåìåíòó ñïèñêà primes, ïðîïóñêàÿ íåäîñòàþùèå ýëåìåíòû. Ïîëó-
÷åííûé ñïèñîê áóäåò èìåòü äëèíó 19:

gap> primes[19]:= 71;
71
gap> primes;
[ 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53½½ 71 ]
gap> Length(primes);
19

Ñïèñîê äîëæåí áûòü ñîçäàí ïåðåä çàäàíèåì åãî ýëåìåíòà (íàïðèìåð
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áûòü ïóñòûì ñïèñêîì [ ] ):

gap> sp[1]:= 3;
Error, Variable: 'sp' must have a value
gap> sp:= [];;
gap> sp[1]:= 3;
3

Ôóíêöèÿ Position âîçâðàùàåò íîìåð ïåðâîãî ýëåìåíòà ñïèñêà, èìåþ-
ùåãî çàäàííîå çíà÷åíèå. Åñëè â ñïèñêå íåò ýëåìåíòà ñ çàäàííûì çíà÷å-
íèåì, ôóíêöèÿ âîçâðàùàåò fail:

gap> Position(primes, 3);
7
gap> Position(primes, 2);
fail

Çàìåòèì, ÷òî ïðè âñåõ ïðèâåäåííûõ âûøå èçìåíåíèÿõ ñïèñêà primes
äëèíà ñïèñêà èçìåíÿëàñü àâòîìàòè÷åñêè. Ôóíêöèÿ IsBound äëÿ ñïèñ-
êîâ ïîêàçûâàåò, ñîäåðæèò ëè ñïèñîê ýëåìåíò ñ çàäàííûì íîìåðîì (äëÿ
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çàïèñåé � ñîäåðæèò ëè çàïèñü óêàçàííîå ïîëå):

gap> l:= [ 1, 2, , , 5, 6, ,8 , , , 11 ];;
gap> IsBound(l[3]);IsBound(l[5]); IsBound(k[18]);
false
true
false

Ñïèñîê ìîæåò ñîñòîÿòü èç îáúåêòîâ ðàçëè÷íûõ òèïîâ, íàïðèìåð:

gap> sp:= [true, "�ve" ½, 5];
[ true, "�ve" ½, 5 ]

Ñïèñîê ìîæåò ÿâëÿòüñÿ ÷àñòüþ äðóãîãî ñïèñêà:

gap> sp[3]:= [1, 2, 3, 4, 5];;
gap> sp;
[ true, "�ve" , [1, 2, 3, 4, 5 ]½ 5 ]

Èçâëå÷åíèå è èçìåíåíèå ïîäìíîæåñòâ ñïèñêà ïðîèçâîäèò îïåðàòîð {
}. Íàïðèìåð:

gap> sp_new := sp{ [ 1, 2, 3 ] };
[ true, "�ve" , [ 1, 2, 3, 4, 5] ]
gap> sp_new[2,3]:=["seven" ,[1, 2, 3, 4, 5, 6, 7]];
[ "seven" , [ 1, 2, 3, 4, 5, 6, 7 ] ]
gap> sp_new;



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 29 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

[ true, "seven" , [ 1, 2, 3, 4, 5, 6, 7 ] ]

Äëÿ ðàáîòû ñî ñïèñêàìè èñïîëüçóþòñÿ òàêæå ñëåäóþùèå âñòðîåííûå
ôóíêöèè:
• List(list,func) âîçâðàùàåò íîâûé ñïèñîê new, â êîòîðîì êàæäûé

i-é ýëåìåíò ÿâëÿåòñÿ ðåçóëüòàòîì âûïîëíåíèÿ ôóíêöèè func(list[i]), ò.å.
new[i] = func(list[i]).

gap> List( [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], i -> i�2 );
[ 1, 4, 9,16,25,36, 49, 64, 81, 100 ]
gap> List( [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], IsPrime );
[ false, true, true, false, true, false, true, false, false, false ]

• Filtered(list, func) âîçâðàùàåò íîâûé ñïèñîê, ñîäåðæàùèé ýëåìåíòû
ñïèñêà list, óäîâëåòâîðÿþùèå óñëîâèþ func.

gap> Filtered( [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], IsPrime );
[ 2, 3, 5, 7 ]

Ñòðîêè

Ñòðîêè ÿâëÿþòñÿ ÷àñòíûì ñëó÷àåì ñïèñêîâ è ïå÷àòàþòñÿ áåç ðàçäå-
ëèòåëåé. Ïðèìåðû çàäàíèÿ ñòðîê è îïåðàöèé íàä íèìè:

gap> text1:=['I',' ','l','o','v','e',' ','m','a','t','h',' !'];
"I love math!"
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gap> text2 := "I love math!";
"I love math!"
gap> text1 = text2;
true
gap> text2[8];
'm'

Àðèôìåòè÷åñêèå ïðîãðåññèè

Öåëî÷èñëåííûå êîíå÷íûå àðèôìåòè÷åñêèå ïðîãðåññèè ÿâëÿþòñÿ ñïå-
öèàëüíûì âèäîì ñïèñêîâ. Îíè îïèñûâàþòñÿ ïåðâûì, âòîðûì è ïîñëåä-
íèì ýëåìåíòàìè, ðàçäåëåííûìè ñîîòâåòñòâåííî çàïÿòîé èëè äâóìÿ òî÷-
êàìè è çàêëþ÷åííûìè â êâàäðàòíûå ñêîáêè. Åñëè ïðîãðåññèÿ ñîñòîèò
èç ïîñëåäîâàòåëüíûõ ÷èñåë, âòîðîé ýëåìåíò ìîæåò áûòü îïóùåí.

gap> [1..100]; #íàòóðàëüíûå ÷èñëà îò 1 äî 100
[1 .. 100 ]
gap> [1,2..100]; #ýêâèâàëåíòíî ïðåäûäóùåé êîìàíäå
[1 .. 100 ]
gap> [5,10..100]; # çäåñü øàã ðàâåí 5
[ 5,10 .. 100 ]
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gap> Length( last );
20
gap> [ 100, 95 .. 5];
[ 100, 95 .. 5 ]

Ìíîæåñòâà

Ìíîæåñòâàìè â GAP íàçûâàþòñÿ ñïèñêè ñïåöèàëüíîãî âèäà. Ýëå-
ìåíòû ìíîæåñòâà ðàñïîëîæåíû ïîñëåäîâàòåëüíî, óïîðÿäî÷åíû (ïîðÿ-
äîê ñîðòèðîâêè GAP îïðåäåëÿåò ñàìîñòîÿòåëüíî) è âñòðå÷àþòñÿ â ñïèñ-
êå òîëüêî îäèí ðàç. Ìíîæåñòâà, êàê è ñïèñêè, ìîãóò ñîäåðæàòü îáúåêòû
ðàçëè÷íûõ òèïîâ.

Ïðîâåðèòü, ÿâëÿåòñÿ ëè îáúåêò ìíîæåñòâîì, ìîæíî ñ ïîìîùüþ ôóíê-
öèè IsSet. Äëÿ êàæäîãî ñïèñêà ñóùåñòâóåò ñîîòâåòñòâóþùåå åìó ìíîæå-
ñòâî, ïîëó÷àåìîå ñ ïîìîùüþ ôóíêöèè Set.

gap> auto:=["bmw" , "mercedes" , "volkswagen" , "ford" , "audi" ,
"bmw"];;
gap> IsSet(auto);
false
gap> auto:=Set(auto);
[ "audi" , "bmw" , "ford" , "mercedes" , "volkswagen"]

Çàìåòèì, ÷òî ïðè ýòîì èñõîäíûé ñïèñîê auto áûë èçìåíåí.
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Äëÿ ïðîâåðêè ïðèíàäëåæíîñòè îáúåêòà ìíîæåñòâó èñïîëüçóåòñÿ îïå-
ðàòîð in. Åãî òàêæå ìîæíî èñïîëüçîâàòü äëÿ ïðîâåðêè ïðèíàäëåæíîñòè
ê ñïèñêó, îäíàêî â ïåðâîì ñëó÷àå ïðîâåðêà âûïîëíÿåòñÿ áûñòðåå, ò.ê.
ñîðòèðîâêà ïîçâîëÿåò èñïîëüçîâàòü äâîè÷íûé ïîèñê âìåñòî ïîñëåäîâà-
òåëüíîãî ïåðåáîðà.

gap> "bmw"in auto;
true
gap> "gelly"in auto;
false

Äîáàâèòü ê ìíîæåñòâó íîâûé ýëåìåíò ìîæíî ñ ïîìîùüþ ôóíêöèè
AddSet (îáðàòèòå âíèìàíèå íà ïîðÿäîê ñëåäîâàíèÿ ýëåìåíòîâ):

gap> AddSet(auto, "gelly");
gap> auto;
[ "audi" , "bmw" , "ford" , "geely" , "mercedes" , "volkswagen"]
gap> AddSet(auto, "bmw");
gap> auto; # 'auto' íå èçìåíèëîñü
[ "audi" , "bmw" , "ford" , "geely" , "mercedes" , "volkswagen"]

Ïåðåñå÷åíèå, îáúåäèíåíèå è ðàçíîñòü ìíîæåñòâ îïðåäåëÿþòñÿ ñ ïî-
ìîùüþ ôóíêöèé Intersection, Union è Di�erence. Ïðè ýòîì àðãóìåíòû
ìîãóò áûòü îáû÷íûìè ñïèñêàìè, òîãäà êàê ðåçóëüòàò âñåãäà áóäåò ÿâ-
ëÿòüñÿ ìíîæåñòâîì. Òå æå îïåðàöèè íàä ìíîæåñòâàìè ïðîèçâîäÿò ôóíê-
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öèè IntersectSet, UniteSet è RemoveSet, íî îíè íå âîçâðàùàþò ðåçóëüòàò,
à çàìåíÿþò èì ïåðâûé àðãóìåíò.

Âåêòîðû è ìàòðèöû

Âåêòîð ÿâëÿåòñÿ íå ñîäåðæàùèì ïðîáåëîâ ñïèñêîì ýëåìåíòîâ, ïðè-
íàäëåæàùèõ îáùåìó ïîëþ.

gap> v:= [3, 4,5/2];
[3, 4, 5/2]
gap> IsRowVector(v);
true

Âåêòîðû óìíîæàþòñÿ íà ñêàëÿðû èç ëþáîãî ïîëÿ, ñîäåðæàùåãî äàí-
íîå. Óìíîæåíèå äâóõ âåêòîðîâ ðàâíîé äëèíû äàåò èõ ñêàëÿðíîå ïðîèç-
âåäåíèå.

gap> 2 * v;
[ 6, 8, 5]
gap> v * 1/5; # ýòî ýêâèâàëåíòíî êîìàíäå v/5;
[ 6/5, 8/5, 1 ]
gap> v * v; # ñêàëÿðíîå ïðîèçâåäåíèå v íà ñåáÿ
5

Ìàòðèöà � ñïèñîê âåêòîðîâ îäèíàêîâîé äëèíû, íå ñîäåðæàùèé ïðî-
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áåëîâ:

gap> M:= [[1, 2, 3],
> [4, 5, 6],
> [7, 8, 9]];
[ [ 1, 2, 3 ], [ 4, 5, 6 ], [7 , 8, 9 ] ]
gap> m[3][2];
8

Ìàòðèöû ìîæíî óìíîæàòü íà ñêàëÿðû, âåêòîðû è äðóãèå ìàòðèöû
(ïðè ýòîì óìíîæåíèå îáîáùàåòñÿ è âîçìîæíî òàêæå ïðè íåñîòâåòñòâèè
ðàçìåðîâ):

gap> Display(M);
[ [ 1, 2, 3 ],
[ 4, 5, 6 ],
[ 7, 8, 9 ] ]
gap> [1,0,0]*M;
[ 1, 2, 3 ]
gap> [1,0,0,0]*M;
[ 1, 2, 3 ]
gap> M*[1,0,0];
[ 1, 4, 7 ]
gap> M*[1,0,0,0];
[ 1, 4, 7 ]
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Çàìåòèì, ÷òî óìíîæåíèå âåêòîðà íà ìàòðèöó ïðèâîäèò ê ëèíåéíîé
êîìáèíàöèè ñòðîê ìàòðèöû, òîãäà êàê óìíîæåíèå ìàòðèöû íà âåêòîð
ïðèâîäèò ê ëèíåéíîé êîìáèíàöèè åå ñòîëáöîâ. Â ïîñëåäíåì ñëó÷àå âåê-
òîð ðàññìàòðèâàåòñÿ êàê âåêòîð-ñòîëáåö.

Ïîäìàòðèöû èçâëåêàþòñÿ èëè èçìåíÿþòñÿ ñ ïîìîùüþ ôèãóðíûõ ñêî-
áîê { }:

gap> sm:=M{[1,2]}{[2,3]};
[ [ 2, 3 ], [ 5, 6 ] ]
gap> sm{[1,2]}{[2]}:=[[1],[-1]];
[ [ 1 ], [ -1 ] ]
gap> sm;
[ [ 2, 1 ], [ 5, -1 ] ]

Ïåðâàÿ ïàðà ñêîáîê óêàçûâàåò âûáðàííûå ñòðîêè, à âòîðàÿ � ñòîëá-
öû.

Çàïèñè

Çàïèñè � ñïîñîá ñîçäàíèÿ íîâûõ ñòðóêòóð äàííûõ. Êàê è ñïèñêè,
çàïèñè � íàáîðû äðóãèõ îáúåêòîâ (êîòîðûå íàçûâàþòñÿ êîìïîíåíòàìè,
èëè ïîëÿìè), îáðàùåíèå ê êîòîðûì ïðîèñõîäèò íå ïî íîìåðó, à ïî èìåíè.

gap> date:= rec(year:=1992, month:="Jan" , day:=13);
rec( day := 13, month := "Jan" , year := 1992 )
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Èçíà÷àëüíî çàïèñü îïðåäåëÿåòñÿ êàê ðàçäåëåííûé çàïÿòûìè ñïèñîê
ïðèñâàèâàíèé çíà÷åíèé åå ïîëÿì. Äëÿ îáðàùåíèÿ ê çíà÷åíèþ ñîîòâåò-
ñòâóþùåãî ïîëÿ çàïèñè íåîáõîäèìî óêàçàòü èìÿ çàïèñè è èìÿ ïîëÿ, ðàç-
äåëèâ èõ òî÷êîé. Îïðåäåëèâ çàïèñü, â äàëüíåéøåì ìîæíî äîáàâëÿòü ê
íåé íîâûå ïîëÿ.

gap> date.year;
1992
gap> date.time:=rec(hour:=19, minute:=23, second:=12);
rec ( hour := 19, minute := 23, second := 12 )
gap> date;
rec( day := 13, month := "Jan" , time := rec( hour := 19, minute
:= 23, second := 12 ), year := 1992)

Äëÿ îïðåäåëåíèÿ, ÿâëÿåòñÿ ëè îáúåêò çàïèñüþ, ïðèìåíÿåòñÿ ôóíê-
öèÿ IsRecord. Ñòðóêòóðó çàïèñè ìîæíî ïîëó÷èòü ñ ïîìîùüþ ôóíêöèè
RecNames:

gap> RecNames(date);
[ "time" , "year" , "month" , "day"]
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1.3.3. Îïåðàòîðû

Îïåðàòîð ïðèñâàèâàíèÿ

Ôîðìàò: <èìÿ ïåðåìåííîé> := <çíà÷åíèå ïåðåìåííîé> ;

gap> a:=3;
3
gap> b:=-2*5;
-10
gap> c:=a+b;
-7
gap> A:=[1,2,3,4];
[ 1, 2, 3, 4 ]
gap> b2:=b;
-10

Óñëîâíûé îïåðàòîð IF

Ôîðìàò:

if <óñëîâèå 1> then <ïîñëåäîâàòåëüíîñòü êîìàíä 1> ;
[ elif <óñëîâèå 2> then <ïîñëåäîâàòåëüíîñòü êîìàíä 2> ; ]
[ else <ïîñëåäîâàòåëüíîñòü êîìàíä 3> ]
�;
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Ïðè ýòîì ÷àñòåé elif ìîæåò áûòü ïðîèçâîëüíîå êîëè÷åñòâî èëè íè
îäíîé. ×àñòü else òàêæå ìîæåò îòñóòñòâîâàòü.
Ïðèìåð 1.3.1. Îïðåäåëèòå çíàê ÷èñëà i.

gap> i := 10;;
gap> if 0 < i then
> s := 1;
> elif i < 0 then
> s := -1;
> else
> s := 0;
> �;
gap> s; # çíàê i
1

Îïåðàòîð öèêëà ñ ïðåäóñëîâèåì WHILE

Ôîðìàò: while <óñëîâèå> do <ïîñëåäîâàòåëüíîñòü êîìàíä> od;

<Ïîñëåäîâàòåëüíîñòü êîìàíä> âûïîëíÿåòñÿ, ïîêà èñòèííî <óñëî-
âèå>. Ïðè ýòîì ñíà÷àëà ïðîâåðÿåòñÿ óñëîâèå, à çàòåì, åñëè îíî èñòèííî,
âûïîëíÿþòñÿ êîìàíäû. Åñëè óæå ïðè ïåðâîì îáðàùåíèè óñëîâèå ëîæíî,
òî <ïîñëåäîâàòåëüíîñòü êîìàíä> íå âûïîëíèòñÿ íè ðàçó.
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Ïðèìåð 1.3.2. Âû÷èñëèòå ñóììó êâàäðàòîâ ïåðâûõ ïîñëåäîâàòåëü-
íûõ íàòóðàëüíûõ ÷èñåë, íå ïðåâûøàþùèõ 200.

gap> i:=1;; S:=0;;
gap> while i<=200 do
> S:=S+i�2;
> i:=i+1;
> od;
gap> S;
2686700

Îïåðàòîð öèêëà ñ ïîñòóñëîâèåì REPEAT

Ôîðìàò:

repeat <ïîñëåäîâàòåëüíîñòü êîìàíä> until <óñëîâèå> ;

<Ïîñëåäîâàòåëüíîñòü êîìàíä> âûïîëíÿåòñÿ äî òåõ ïîð, íå áóäåò
âûïîëíÿòüñÿ óñëîâèå <óñëîâèå>. Ïðè ýòîì ñíà÷àëà êîìàíäû, à çàòåì
ïðîâåðÿåòñÿ óñëîâèå. Òàêèì îáðàçîì, ïðè ëþáîì çíà÷åíèè óñëîâèÿ <ïî-
ñëåäîâàòåëüíîñòü êîìàíä> , ïî êðàéíåé ìåðå, îäèí ðàç.
Ïðèìåð 1.3.3. Âû÷èñëèòå ñóììó êâàäðàòîâ ïåðâûõ ïîñëåäîâàòåëü-

íûõ íàòóðàëüíûõ ÷èñåë, íå ïðåâûøàþùèõ 200.

gap> i := 1;; s := 0;;
gap> repeat
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> s := s + i�2; i := i + 1;
> until i > 200;
gap> s;
2686700

Îïåðàòîð öèêëà FOR

Ôîðìàò:

for <èìÿ ïåðåìåííîé> in <ñïèñîê çíà÷åíèé ïåðåìåííîé> do <ïî-
ñëåäîâàòåëüíîñòü êîìàíä> od;

<Ïîñëåäîâàòåëüíîñòü êîìàíä> âûïîëíÿåòñÿ äëÿ êàæäîãî ýëåìåíòà
èç ñïèñêà <ñïèñîê çíà÷åíèé ïåðåìåííîé>.
Ïðèìåð 1.3.4.Íàéäèòå ñóììó ïîëîæèòåëüíûõ ÷åòíûõ ÷èñåë, íå ïðå-

âûøàþùèõ 100.

gap> s := 0;;
gap> for i in [2,4..100] do
> s := s + i;
> od;
gap> s;
2550
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Ïðèìåð 1.3.5. Äëÿ çàäàííîé ãðóïïû íàéäèòå ýëåìåíò ïîðÿäêà 3.

gap> g := Group((1,2,3,4,5),(1,2)(3,4)(5,6));
Group([(1,2,3,4,5),(1,2)(3,4)(5,6) ])
gap> for x in g do
> if Order(x) = 3 then
> break; �; od;
gap> x;
(1,4,3)(2,6,5)

Êîìàíäà RETURN

Ôîðìàò:

return;
return <âûðàæåíèå> ;

Ïåðâàÿ ôîðìà ïðåðûâàåò âûïîëíåíèå âíóòðåííåé (ïðè âûçîâå îäíîé
ôóíêöèè èç äðóãîé) ôóíêöèè è ïåðåäàåò óïðàâëåíèå âûçûâàþùåé ôóíê-
öèè, íå âîçâðàùàÿ ïðè ýòîì íèêàêîãî çíà÷åíèÿ. Âòîðàÿ, êðîìå òîãî,
âîçâðàùàåò çíà÷åíèå âûðàæåíèÿ <âûðàæåíèå>.

1.3.4. Ïðîöåäóðû è ôóíêöèè

Ðàçëè÷èå ìåæäó ïðîöåäóðàìè è ôóíêöèÿìè ââåäåíî äëÿ óäîáñòâà
ðàáîòû, GAP æå èõ íå ðàçëè÷àåò. Ôóíêöèÿ âîçâðàùàåò çíà÷åíèå, íî
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íå ïðîèçâîäèò ïîáî÷íûõ ýôôåêòîâ. Ïðîöåäóðà íå âîçâðàùàåò íèêàêî-
ãî çíà÷åíèÿ, íî ïðîèçâîäèò êàêîå-ëèáî äåéñòâèå (íàïðèìåð ïðîöåäóðû
Print, Append, Sort).

Ïðîöåäóðû

Ôîðìàò âûçîâà ïðîöåäóðû:
procedure-var();
procedure-var( arg-expr , arg-expr );

Ôóíêöèè

Ñèñòåìà êîìïüþòåðíîé àëãåáðû GAP èìååò áîëåå 4 000 áèáëèîòå÷íûõ
ôóíêöèé. Ôîðìàò îáðàùåíèÿ ê áèáëèîòå÷íûì ôóíêöèÿì GAP:

function-var()
function-var( arg-expr , arg-expr )

Â GAP èìååòñÿ âîçìîæíîñòü ðàçðàáîòêè ïîëüçîâàòåëüñêèõ ôóíêöèé.
Ôóíêöèÿ çàïèñûâàåòñÿ â òåêñòîâûé ôàéë ñ ðàñøèðåíèåì .g.

Ôîðìàò îïðåäåëåíèÿ ïîëüçîâàòåëüñêîé ôóíêöèè:

function ( [ arg-ident , arg-ident ] )
[ local loc-ident , loc-ident ; ]
<ïîñëåäîâàòåëüíîñòü êîìàíä>
end
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Äëÿ äàëüíåéøåãî èñïîëüçîâàíèÿ ñîçäàííîé ôóíêöèè îíà çàãðóæàåòñÿ
â ñèñòåìó ñ ïîìîùüþ ïðîöåäóðû

Read("ïóòü ê ôàéëó ñ ðàñøèðåíèåì .g");.
Ïðèìåð 1.3.6. Íàïèøèòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò n-å ÷èñëî

Ôèáîíà÷÷è.

gap> �b := function ( n )
> local f1, f2, f3, i;
> f1 := 1; f2 := 1;
> for i in [3..n] do
> f3 := f1 + f2; f1 := f2; f2 := f3;
> od;
> return f2;
> end;;
gap> List( [1..10], �b );
[ 1, 1, 2, 3, 5, 8, 13, 21, 34, 55 ]
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ÐÀÇÄÅË 2

ÝËÅÌÅÍÒÛ ÒÅÎÐÈÈ ÃÐÓÏÏ Â ÑÈÑÒÅÌÅ GAP

2.1. Ãðóïïû, ïîäãðóïïû. Ïîðîæäàþùèå ìíîæåñòâà.
Öèêëè÷åñêèå ãðóïïû, ïîäãðóïïû öèêëè÷åñêîé ãðóïïû

Îïðåäåëåíèå 2.1.1 Ìíîæåñòâî G ñ çàäàííîé íà í¼ì áèíàðíîé àë-
ãåáðàè÷åñêîé îïåðàöèåé (óìíîæåíèåì) íàçûâàåòñÿ ãðóïïîé, åñëè:

1) ýòà îïåðàöèÿ àññîöèàòèâíà, ò.å. (ab)c = a(bc) äëÿ ëþáûõ ýëåìåíòîâ
a, b, c èç G;

2) â G ñóùåñòâóåò åäèíè÷íûé ýëåìåíò e òàêîé, ÷òî ae = ea = a äëÿ
ëþáîãî ýëåìåíòà a èç G;

3) äëÿ êàæäîãî ýëåìåíòà a èç G â G ñóùåñòâóåò îáðàòíûé ýëåìåíò
a−1 òàêîé, ÷òî a−1a = aa−1 = e.

Âñå îïðåäåëåíèÿ è ðåçóëüòàòû ëåãêî ïåðåíîñÿòñÿ íà ìíîæåñòâà ñ àä-
äèòèâíîé ôîðìîé çàïèñè îïåðàöèè.
Îïðåäåëåíèå 2.1.2. Ãðóïïà G íàçûâàåòñÿ àáåëåâîé, èëè êîììó-

òàòèâíîé, åñëè âñå ýëåìåíòû ãðóïïû ïåðåñòàíîâî÷íû ìåæäó ñîáîé, ò.å.
âûïîëíÿåòñÿ êîììóòàòèâíûé çàêîí ab = ba äëÿ ëþáûõ ýëåìåíòîâ a, b èç
ãðóïïû G.
Ïðèìåð 2.1.1.
1. Ìíîæåñòâà Z, Q, R,C ñ îïåðàöèåé ñëîæåíèÿ � àáåëåâû ãðóïïû.
2. Ìíîæåñòâî N ñî ñëîæåíèåì íå ÿâëÿåòñÿ ãðóïïîé, ò.ê. â N íåò íó-
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ëåâîãî è ïðîòèâîïîëîæíûõ ýëåìåíòîâ. Îäíàêî N ñî ñëîæåíèåì � êîì-
ìóòàòèâíàÿ ïîëóãðóïïà.

3. Ìíîæåñòâî {−1, 1} ñ óìíîæåíèåì � êîíå÷íàÿ àáåëåâà ãðóïïà ïî-
ðÿäêà 2.

4. Íè îäíî èç ìíîæåñòâ N,Z,Q,R,C ñ óìíîæåíèåì ãðóïïó íå îáðàçó-
åò. Åñëè ïîëîæèì C∗ = C\{0}, R∗ = R\{0}, Q∗ = Q\{0}, òî C∗, R∗ è Q∗
ñ óìíîæåíèåì ÿâëÿþòñÿ àáåëåâûìè ãðóïïàìè. Ìíîæåñòâà Z∗ = Z\{0} è
N ñ óìíîæåíèåì � êîììóòàòèâíûå ïîëóãðóïïû ñ åäèíèöåé, íî íå ãðóï-
ïû.
Îïðåäåëåíèå 2.1.3. Ïîðÿäêîì ýëåìåíòà a íàçûâàåòñÿ íàèìåíü-

øåå íàòóðàëüíîå ÷èñëî n òàêîå, ÷òî an = e è îáîçíà÷àåòñÿ |a|. Ïîðÿä-
êîì ãðóïïû íàçûâàåòñÿ êîëè÷åñòâî åå ýëåìåíòîâ. Îáîçíà÷àåòñÿ ïîðÿäîê
ãðóïïû G ÷åðåç |G|. Â ñëó÷àå, åñëè ìíîæåñòâî ýëåìåíòîâ áåñêîíå÷íî,
ãîâîðÿò, ÷òî G èìååò áåñêîíå÷íûé ïîðÿäîê, è ïèøóò |G| =∞.

Ïóñòü X = {1, 2, . . . , n} è Sn � ñîâîêóïíîñòü âñåõ ïîäñòàíîâîê ñòåïå-
íè n. Ìíîæåñòâî Sn ñ îïåðàöèåé óìíîæåíèÿ îáðàçóåò êîíå÷íóþ ãðóïïó
ïîðÿäêà n! ñ åäèíè÷íûì ýëåìåíòîì

ε =

(
1 2 . . . n

1 2 . . . n

)
.

Ãðóïïó Sn íàçûâàþò ñèììåòðè÷åñêîé ãðóïïîé ñòåïåíè n. Ïðè n ≥ 3
ýòà ãðóïïà íåàáåëåâà.

×åòíûå ïîäñòàíîâêè îáðàçóþò êîíå÷íóþ ãðóïïó An ïîðÿäêà n!/2, êî-
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òîðóþ íàçûâàþò çíàêîïåðåìåííîé ãðóïïîé ñòåïåíè n.
Îïðåäåëåíèå 2.1.4. Ïîäìíîæåñòâî H ãðóïïû G íàçûâàåòñÿ ïîä-

ãðóïïîé, åñëè H � ãðóïïà îòíîñèòåëüíî òîé æå îïåðàöèè, êîòîðàÿ îïðå-
äåëåíà íà G. Çàïèñü H ≤ G îçíà÷àåò, ÷òî H � ïîäãðóïïà ãðóïïû G, à
H < G, ÷òî H � ñîáñòâåííàÿ ïîäãðóïïà ãðóïïû G, ò.å. H ≤ G è H 6= G.
Òåîðåìà 2.1.1 (êðèòåðèé ïîäãðóïïû). Íåïóñòîå ïîäìíîæåñòâî H

ãðóïïû G áóäåò ïîäãðóïïîé òîãäà è òîëüêî òîãäà, êîãäà h1h2 ∈ H è
h−11 ∈ H äëÿ âñåõ h1, h2 ∈ H.

Îòìåòèì, ÷òî êàæäàÿ ãðóïïà G îáëàäàåò åäèíè÷íîé ïîäãðóïïîé E =
{e}. Ñàìà ãðóïïàG òàêæå ñ÷èòàåòñÿ ïîäãðóïïîé â G. Ýòè ïîäãðóïïû íà-
çûâàþò òðèâèàëüíûìè ïîäãðóïïàìè. Íåòðèâèàëüíàÿ ïîäãðóïïà ãðóï-
ïû G � ýòî òàêàÿ ïîäãðóïïà H èç G, êîòîðàÿ îòëè÷íà îò G è E.
Ïðèìåð 2.1.2.
1. Ò.ê. Z, Q, R, C � àääèòèâíûå ãðóïïû è Z ⊂ Q ⊂ R ⊂ C, òî

Z < Q < R < C.
2. Ïîñêîëüêó Q∗, R∗, C∗, {−1, 1} � ìóëüòèïëèêàòèâíûå ãðóïïû, òî

{−1, 1} < Q∗ < R∗ < C∗.
3. Ò.ê. Sn è An � ãðóïïû ñ îäíîé è òîé æå îïåðàöèåé è An ⊆ Sn, òî

An < Sn.
4. Ïðèìåðîì ïîäãðóïïû ãðóïïû îòëè÷íûõ îò íóëÿ êîìïëåêñíûõ ÷è-

ñåë ïî óìíîæåíèþ ìîãóò ñëóæèòü âñå êîìïëåêñíûå ÷èñëà, ÿâëÿþùèåñÿ
êîðíÿìè n-îé ñòåïåíè èç åäèíèöû. Åùå îäíó ïîäãðóïïó ýòîé æå ãðóï-
ïû îáðàçóþò âñå êîìïëåêñíûå ÷èñëà, ðàâíûå ïî àáñîëþòíîé âåëè÷èíå
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åäèíèöå.
Òåîðåìà 2.1.2. Ïðîèçâåäåíèå äâóõ ïîäãðóïï A è B ãðóïïû G ÿâëÿ-

åòñÿ ïîäãðóïïîé òîãäà è òîëüêî òîãäà, êîãäà A è B ïåðåñòàíîâî÷íû, ò.å.
AB = BA.
Îïðåäåëåíèå 2.1.5. Ïóñòü M � ïðîèçâîëüíîå ïîäìíîæåñòâî ãðóï-

ïû G. Ïåðåñå÷åíèå âñåõ ïîäãðóïï èç G, ñîäåðæàùèõM , íàçûâàåòñÿ ïîä-
ãðóïïîé, ïîðîæäåííîé ìíîæåñòâîì M . Ìíîæåñòâî M â ýòîì ñëó÷àå
íàçûâàåòñÿ ïîðîæäàþùèì ìíîæåñòâîì, è ïîäãðóïïà, èì ïîðîæäåí-
íàÿ, îáîçíà÷àåòñÿ 〈M〉.
Òåîðåìà 2.1.3. Åñëè M � ïîäìíîæåñòâî ãðóïïû G, òî

〈M〉 = {am1
1 am2

2 . . . amn
n | ai ∈M,mi = ±1, n = 1, 2, 3, . . .}.

Îïðåäåëåíèå 2.1.6. Äèýäðàëüíîé ãðóïïîé íàçûâàåòñÿ ãðóïïà, ïî-
ðîæäåííàÿ äâóìÿ ðàçëè÷íûìè èíâîëþöèÿìè, ãäå ïîä èíâîëþöèåé ïî-
íèìàþò ýëåìåíò ïîðÿäêà 2.
Îïðåäåëåíèå 2.1.7. Ãðóïïîé êâàòåðíèîíîâ íàçûâàåòñÿ ãðóïïà, ïî-

ðîæäåííàÿ äâóìÿ ìàòðèöàìè íàä ïîëåì êîìïëåêñíûõ ÷èñåë:[
i 0
0 −i

] [
0 1
−1 0

]
.

Îïðåäåëåíèå 2.1.8. Ãðóïïà, ïîðîæäåííàÿ îäíèì ýëåìåíòîì a, íà-
çûâàåòñÿ öèêëè÷åñêîé è îáîçíà÷àåòñÿ < a >.
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Òåîðåìà 2.1.4. Ëþáàÿ ïîäãðóïïà öèêëè÷åñêîé ãðóïïû � öèêëè÷å-
ñêàÿ ãðóïïà.
Ïðèìåð 2.1.3. Ê öèêëè÷åñêîé ãðóïïå îòíîñèòñÿ àääèòèâíàÿ ãðóïïà

Z, ïîðîæäàþùèì ýëåìåíòîì êîòîðîé ÿâëÿåòñÿ 1. Àääèòèâíàÿ ãðóïïà
mZ ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé, ïîðîæäàþùèì ýëåìåíòîì êîòîðîé
ÿâëÿåòñÿ m, ãäå m ∈ N.
Ïðèìåð 2.1.4. Âûÿñíèòe, áóäåò ëè ïîäãðóïïîé ïðîèçâåäåíèå ãðóïï

A = 〈(12)〉 è B = 〈(13)〉 ãðóïïû S3?
Ïîäãðóïïû A è B ñîñòîÿò èç ñëåäóþùèõ ýëåìåíòîâ:
A = {e, (12)} , B = {e, (13)}.
Íàéäåì ïðîèçâåäåíèÿ AB è BA:
AB = {e, (12)} · {e, (13)} = {e, (12), (13), (132)},
BA = {e, (13)} · {e, (12)} = {e, (13), (12), (123)}.
Ò.ê. AB 6= BA, òî ïî òåîðåìå 3.1.2 AB íå ÿâëÿåòñÿ ïîäãðóïïîé ãðóï-

ïû S3.
Â 1872 ã. áûëà äîêàçàíà îñíîâíàÿ äëÿ òåîðèè êîíå÷íûõ ãðóïï òåîðå-

ìà, îïèñûâàþùàÿ ñòðîåíèå ìàêñèìàëüíûõ p-ïîäãðóïï êîíå÷íîé ãðóïïû.
Òåîðåìà äîêàçàíà íîðâåæñêèì ìàòåìàòèêîì Ë. Ñèëîâûì. Ïîýòîìó ìàê-
ñèìàëüíûå p-ïîäãðóïïû íàçâàíû â åãî ÷åñòü ñèëîâñêèìè p-ïîäãðóïïàìè.

Íàïîìíèì, ÷òî ãðóïïà, ïîðÿäêè âñåõ ýëåìåíòîâ êîòîðîé ÿâëÿþòñÿ
ñòåïåíÿìè íåêîòîðîãî ôèêñèðîâàííîãî ïðîñòîãî ÷èñëà p, íàçûâàåòñÿ
p-ãðóïïîé.
Îïðåäåëåíèå 2.1.9. Ìàêñèìàëüíàÿ p-ïîäãðóïïà íàçûâàåòñÿ ñèëîâ-
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ñêîé p-ïîäãðóïïîé.
Òåîðåìà 2.1.5 (Òåîðåìà Ñèëîâà). Ïóñòü G � êîíå÷íàÿ ãðóïïà, p �

ïðîñòîå ÷èñëî. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) äëÿ êàæäîé ñòåïåíè pk, äåëÿùåé ïîðÿäîê G, â G ñóùåñòâóåò ïîä-

ãðóïïà ïîðÿäêà pk;
2) åñëè pk äåëèò ïîðÿäîê G, òî êàæäàÿ ïîäãðóïïà ïîðÿäêà pk èç G

âëîæåíà â íåêîòîðóþ ïîäãðóïïó ïîðÿäêà pk+1 èç G. Â ÷àñòíîñòè, ñèëîâ-
ñêèå p-ïîäãðóïïû èç G � ýòî â òî÷íîñòè ïîäãðóïïû ïîðÿäêà pr, ãäå pr �
ìàêñèìàëüíàÿ ñòåïåíü p, äåëÿùàÿ ïîðÿäîê G;

3) âñå ñèëîâñêèå p-ïîäãðóïïû èç G ñîïðÿæåíû â G;
4) êîëè÷åñòâî ñèëîâñêèõ p-ïîäãðóïï èç G ñðàâíèìî ñ åäèíèöåé ïî

ìîäóëþ p è äåëèò ïîðÿäîê G.
Òåîðåìó Ñèëîâà ìîæíî ïðèìåíÿòü äëÿ èññëåäîâàíèÿ ñòðîåíèÿ ãðóïï

íåáîëüøèõ ïîðÿäêîâ. Ñ åå ïîìîùüþ ìîæíî îïðåäåëèòü ïðîñòîòó ãðóï-
ïû èëè íàéòè òî÷íîå êîëè÷åñòâî ñèëîâñêèõ ïîäãðóïï, ðåøàòü äðóãèå
âîïðîñû î ñòðîåíèè ãðóïïû.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Â äàëüíåéøåì âñå âû÷èñëåíèÿ, ïðîâîäèìûå â ñèñòåìå GAP, áóäåì
ïðèìåíÿòü äëÿ ìóëüòèïëèêàòèâíûõ ãðóïï.

Çàäàíèå ãðóïïû îñóùåñòâëÿåòñÿ ïðè ïîìîùè ñëåäóþùèõ ôóíêöèé
ñèñòåìû GAP:
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• Group(gen1, gen2, . . . , genN) � ãðóïïà, ïîðîæäåííàÿ ýëåìåíòàìè
gen1, gen2, . . . , genN;
• GroupByGenerators(gens) � ãðóïïà, ïîðîæäåííàÿ ýëåìåíòàìè èç

ñïèñêà gens;
• GeneratorsofGroup(G) âîçâðàùàåò ñïèñîê ïîðîæäàþùèõ ýëåìåíòîâ

ãðóïïû G;
• AsGroup(G) âîçâðàùàåò ãðóïïó, åñëè ýëåìåíòû ìíîæåñòâà G åå îá-

ðàçóþò, èëè âîçâðàùàåò ¾fail¿, åñëè ýëåìåíòû ìíîæåñòâà G ãðóïïó íå
îáðàçóþò;
• SymmetricGroup(n) âîçâðàùàåò ãðóïïó ïîäñòàíîâîê ñòåïåíè n;
• AlternatingGroup(n) âîçâðàùàåò ãðóïïó ÷åòíûõ ïîäñòàíîâîê ñòåïå-

íè n;
• ElementaryAbelianGroup(n) âîçâðàùàåò ýëåìåíòàðíóþ àáåëåâó ãðóï-

ïó ïîðÿäêà n;
• DihedralGroup(n) âîçâðàùàåò äèýäðàëüíóþ ãðóïïó ïîðÿäêà n;
• QuaternionGroup(n) âîçâðàùàåò ãðóïïó êâàòåðíèîíîâ ïîðÿäêà n;
• AbelianGroup(ints) âîçâðàùàåò àáåëåâó ãðóïïó, èçîìîðôíóþ ãðóïïå

âèäà Zinst1×Zinst2× ...×ZinstS, ãäå ints � ñïèñîê ïîëîæèòåëüíûõ öåëûõ
÷èñåë [inst1, inst2, ..., instS];
• IsSubgroup(G,H) âîçâðàùàåò ¾true¿, åñëè íåïóñòîå ïîäìíîæåñòâî

H ãðóïïû G ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû G, è ¾false¿ � â ïðîòèâíîì
ñëó÷àå.
• Size(G) âîçâðàùàåò ïîðÿäîê ãðóïïû G.
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Ïðèìåð 2.1.5. Áóäåò ëè ãðóïïîé ìíîæåñòâî:
1) S = {e, (13)(24), (1234), (1432)};
2) K = {e, (12)(34), (13)(24), (14)(23)};
3) L = {e, (23), (24), (34), (234), (243)}?

gap> S:=[(),(1,3)(2,4),(1,2,3,4),(1,4,3,2)];
[ (), (1,3)(2,4), (1,2,3,4), (1,4,3,2) ]
gap> S:=AsSet(S);
[ (), (1,2,3,4), (1,3)(2,4), (1,4,3,2) ]
gap> AsGroup(S);
Group([ (1,2,3,4) ])
gap> K:=[(),(1,2),(3,4),(1,3,2,4),(1,4,2,3)]; [ (), (1,2), (3,4),
(1,3,2,4), (1,4,2,3) ]
gap> K:=AsSet(K);
[ (), (3,4), (1,2), (1,3,2,4), (1,4,2,3) ]
gap> AsGroup(K);
fail
gap> L:=[(),(2,3),(2,4),(3,4),(2,3,4),(2,4,3)];
[ (), (2,3), (2,4), (3,4), (2,3,4), (2,4,3) ]
gap> L:=AsSet(L);
[ (), (3,4), (2,3), (2,3,4), (2,4,3), (2,4) ]
gap> AsGroup(L);
Group([ (3,4), (2,3) ])
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Ïðèìåð 2.1.6. Çàäàéòå ãðóïïó ïîäñòàíîâîê, êîòîðàÿ ïîðîæäàåòñÿ
ïîäñòàíîâêàìè (1,2) è (1,2,3,4,5,6), è óêàæèòå åå ïîðÿäîê.

gap> a:=(1,2);
(1,2)
gap> b:=(1,2,3,4,5,6);
(1,2,3,4,5,6)
gap> G:=Group(a,b);
Group([ (1,2), (1,2,3,4,5,6) ])
gap> GeneratorsOfGroup(G);
[ (1,2), (1,2,3,4,5,6) ]
gap> Size(G);
720

Â ñèñòåìå GAP öèêëè÷åñêóþ ãðóïïó îïðåäåëåííîãî ïîðÿäêà ìîæíî
çàäàòü ñëåäóþùèì îáðàçîì:
• CyclicGroup([�ltr],n) çàäàåò öèêëè÷åñêóþ ãðóïïó ïîðÿäêà n. Äîïîë-

íèòåëüíîå óñëîâèå [�ltr] ïîêàçûâàåò â êàêîì êëàññå (ïîäñòàíîâîê, ìàò-
ðèö) ñîçäàåòñÿ öèêëè÷åñêàÿ ãðóïïà.
Ïðèìåð 2.1.7. Çàäàéòå öèêëè÷åñêóþ ãðóïïó ïîðÿäêà 12 â êëàññå

ïîäñòàíîâîê è ìàòðèö.

gap> CyclicGroup(IsPermGroup,12);
Group([ (1,2,3,4,5,6,7,8,9,10,11,12) ])
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gap> Size(last);
12
gap> CyclicGroup(IsMatrixGroup,12);
<matrix group of size 12 with 1 generators>
gap> Size(last);
12

Ïðèìåð 2.1.8. Â öèêëè÷åñêîé ãðóïïå ïîäñòàíîâîê 〈a〉 ïîðÿäêà 24
íàéäèòå âñå ýëåìåíòû g, óäîâëåòâîðÿþùèå óñëîâèþ g6 = e.

gap> G:=CyclicGroup(IsPermGroup,24);
Group([
(1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24) ])
gap> Filtered(G,i->i*i*i*i*i*i=());
[ (),
(1,21,17,13,9,5)(2,22,18,14,10,6)(3,23,19,15,11,7)(4,24,20,16,12,8),
(1,17,9)(2,18,10)(3,19,11)(4,20,12)(5,21,13)(6,22,14)(7,23,15)(8,24,16),
(1,13)(2,14)(3,15)(4,16)(5,17)(6,18)(7,19)(8,20)(9,21)(10,22)(11,23)
(12,24),
(1,9,17)(2,10,18)(3,11,19)(4,12,20)(5,13,21)(6,14,22)(7,15,23)(8,16,24),
(1,5,9,13,17,21)(2,6,10,14,18,22)(3,7,11,15,19,23)(4,8,12,16,20,24)
]
gap> Size(last);
6
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Ïðèìåð 2.1.9. Âûÿñíèòå, áóäåò ëè ïîäãðóïïîé ãðóïïû S3 ïðîèçâå-
äåíèå ãðóïï A = 〈(12)〉 è B = 〈(13)〉.

gap> A:=Group((1,2));
Group([ (1,2) ])
gap> B:=Group((1,3));
Group([ (1,3) ])
gap> AA:=AsList(A);
[ (), (1,2) ]
gap> BB:=AsList(B);
[ (), (1,3) ]
gap> C:=[];
[ ]
gap> for i in [1..Size(AA)] do
> for j in [1..Size(BB)] do
> Add(C,AA[i]*BB[j]);
> od;
> od;
gap> C;
[ (), (1,3), (1,2), (1,2,3) ]
gap> AsGroup(C);
fail
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2.2. Ñòðîåíèå ãðóïïû. Íîðìàëèçàòîð è öåíòðàëèçàòîð.

Îïðåäåëåíèå 2.2.1. Ëåâûì ñìåæíûì êëàññîì ãðóïïû G ïî ïîä-
ãðóïïå H íàçûâàåòñÿ ìíîæåñòâî xH = {xh | h ∈ H}. Ýëåìåíò x íàçû-
âàåòñÿ ïðåäñòàâèòåëåì ñìåæíîãî êëàññà. Ïðàâûé ñìåæíûé êëàññ îïðå-
äåëÿåòñÿ àíàëîãè÷íî.

Ñâîéñòâà ñìåæíûõ êëàññîâ:

1) ñìåæíûå êëàññû ëèáî íå ïåðåñåêàþòñÿ, ëèáî ñîâïàäàþò;
2) ñìåæíûå êëàññû ðàâíîìîùíû;
3) ýëåìåíòû a, b ñîäåðæàòñÿ â îäíîì ñìåæíîì êëàññå ïî ïîäãðóïïå

H, åñëè b−1a ∈ H (ba−1 ∈ H).
Ïðèìåð 2.2.1. Îïðåäåëèòå èç êàêèõ ýëåìåíòîâ ñîñòîèò ëåâûé ñìåæ-

íûé êëàññ ñèììåòðè÷åñêîé ãðóïïû S3 ïî ïîäãðóïïå < (12) > ñ ïðåäñòà-
âèòåëåì (123).

Î÷åâèäíî, ÷òî öèêëè÷åñêàÿ ïîäãðóïïà < (12) > ñîñòîèò èç ýëåìåí-
òîâ {e, (12)}. Òîãäà ýëåìåíòàìè ëåâîãî ñìåæíîãî êëàññà (123) < (12) >
áóäóò {(123) ∗ e = (123), (123) ∗ (12) = (13)}.
Îòâåò: (123) < (12) >= {(123), (13)}.
Ïðèìåð 2.2.2.Îïðåäåëèòå èç êàêèõ ýëåìåíòîâ ñîñòîèò ïðàâûé ñìåæ-

íûé êëàññ ãðóïïû GL(2, R) ïî ïîäãðóïïå H =

〈[
1 0
0 −1

]〉
ñ ïðåäñòà-
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âèòåëåì g =

[
3 1
1 −2

]
.

Î÷åâèäíî, ÷òî öèêëè÷åñêàÿ ïîäãðóïïà H ñîñòîèò èç ýëåìåíòîâ{
E2,

[
1 0
0 −1

]}
. Òîãäà ýëåìåíòàìè ïðàâîãî ñìåæíîãî êëàññà Hg áó-

äóò

{[
3 1
1 −2

]
,

[
1 0
0 −1

]
∗
[

3 1
1 −2

]
=

[
3 1
−1 2

]}
.

Îòâåò: Hg =

{[
3 1
1 −2

]
,

[
3 1
−1 2

]}
.

Ïðèìåð 2.2.3. Íàéäèòå âñå ëåâûå ñìåæíûå êëàññû ãðóïïû S3 ïî
ïîäãðóïïå H = 〈(12)〉.

Ò.ê. S3 = {e, (12), (13), (23), (123), (132)}, òî ëåâûìè ñìåæíûìè êëàñ-
ñàìè ïî H áóäóò ìíîæåñòâà:
eH = (12)H = H = {e, (12)},
(13)H = (13) {e, (12)} = {(13), (123)} = (123)H,
(23)H = (23) {e, (12)} = {(23), (132)} = (132)H.
Îòâåò: S3 = H ∪ (13)H ∪ (23)H.
Îïðåäåëåíèå 2.2.2. Êîëè÷åñòâî ëåâûõ (ïðàâûõ) ñìåæíûõ êëàññîâ

ãðóïïû G ïî ïîäãðóïïå H íàçûâàåòñÿ èíäåêñîì ïîäãðóïïû H â ãðóïïå
G è îáîçíà÷àåòñÿ |G : H|.
Òåîðåìà 2.2.1 (Òåîðåìà Ëàãðàíæà). Äëÿ ëþáîé ïîäãðóïïû H êî-

íå÷íîé ãðóïïû G ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî:
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|G| = |G : H||H|.

Ñëåäñòâèå 2.2.1. Ïîðÿäîê ïîäãðóïïû äåëèò ïîðÿäîê ãðóïïû.
Ñëåäñòâèå 2.2.2. Ïîðÿäîê ýëåìåíòà äåëèò ïîðÿäîê ãðóïïû.
Ñëåäñòâèå 2.2.3. Ãðóïïà ïðîñòîãî ïîðÿäêà öèêëè÷åñêàÿ.
Ïðèìåð 2.2.4. Íàéäèòå âñå ïîäãðóïïû ñèììåòðè÷åñêîé ãðóïïû S3

ñòåïåíè 3.
Ïîðÿäîê |S3| = 6, ïîýòîìó ïî òåîðåìå Ëàãðàíæà åå ïîäãðóïïû ìîãóò

áûòü òîëüêî ñëåäóþùèõ ïîðÿäêîâ: 1, 2, 3, 6. Ïîäãðóïïû ïîðÿäêîâ 1 è 6
� ýòî åäèíè÷íàÿ ïîäãðóïïà H1 = 〈e〉 è âñÿ ãðóïïà H2 = S3. Ïîäãðóïïû
ïîðÿäêîâ 2 è 3, ñîãëàñíî ñëåäñòâèþ 2.2.3 òåîðåìû Ëàãðàíæà, öèêëè-
÷åñêèå, ïîýòîìó íàõîäèì âñå ïîäãðóïïû, ïîðîæäåííûå íååäèíè÷íûìè
ýëåìåíòàìè ãðóïïû S3:
H3 = 〈(12)〉 = {e, (12)},
H4 = 〈13)〉 = {e, (13)},
H5 = 〈(23)〉 = {e, (23)},
H6 = 〈(123)〉 = {e, (123), (132)},
H7 = 〈(132)〉 = {e, (132), (123)}.
Ò.ê. H6 = H7, òî S3 èìååò â òî÷íîñòè øåñòü ïîäãðóïï: H1, H2, H3,

H4, H5, H6.
Îòâåò: H1, H2, H3, H4, H5, H6.
Îïðåäåëåíèå 2.2.3. Ïîäãðóïïà H íîðìàëüíà â ãðóïïå G (îáîçíà÷à-

åòñÿH/G), åñëè ëåâûå è ïðàâûå ñìåæíûå êëàññû ãðóïïûG ïî ïîäãðóïïå
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H ñîâïàäàþò.
Îïðåäåëåíèå 2.2.4. Ýëåìåíò a ñîïðÿæåí ñ ýëåìåíòîì b â ãðóïïå G,

åñëè íàéäåòñÿ òàêîé x èç G, ÷òî x−1ax = b.
Êðîìå òîãî, îáîçíà÷åíèå x−1ax = ax ïåðåíîñèòñÿ íà ìíîæåñòâà:

AB = {ab | a ∈ A, b ∈ B},

ãäå ïîäìíîæåñòâî Ax íàçûâàåòñÿ ïîäìíîæåñòâîì, ñîïðÿæåííûì ïîä-
ìíîæåñòâó A ïîñðåäñòâîì ýëåìåíòà x.
Òåîðåìà 2.2.2. Ïîäãðóïïà H íîðìàëüíà â ãðóïïå G òîãäà è òîëüêî

òîãäà, êîãäà îíà ñîâïàäàåò ñ êàæäîé ñâîåé ñîïðÿæåííîé ïîäãðóïïîé.
Òåîðåìà 2.2.3. Ïîðÿäêè ñîïðÿæåííûõ ýëåìåíòîâ ðàâíû.
Ñîïðÿæåíèå � îòíîøåíèå ýêâèâàëåíòíîñòè, ò.å äëÿ ñîïðÿæåíèÿ âû-

ïîëíÿþòñÿ òðè ñâîéñòâà: ðåôëåêñèâíîñòü, ñèììåòðè÷íîñòü è òðàíçèòèâ-
íîñòü. Âñÿ ãðóïïà ðàçáèâàåòñÿ íà íåïåðåñåêàþùèåñÿ êëàññû ñîïðÿæåí-
íûõ ýëåìåíòîâ aG. Âî âñåõ ÷èñëîâûõ ñèñòåìàõ è àáåëåâûõ ãðóïïàõ êëàñ-
ñû ñîïðÿæåííûõ ýëåìåíòîâ ñîñòîÿò èç îäíîãî ýëåìåíòà. Âîîáùå, ðàçëè÷-
íûå êëàññû ìîãóò èìåòü ðàçíûå ìîùíîñòè. Èíñòðóìåíòîì èçìåðåíèÿ
ìîùíîñòè êëàññà ñëóæèò íîðìàëèçàòîð.
Ïðèìåð 2.2.5. Íàéäèòå â S3 âñå êëàññû ñîïðÿæåííûõ ýëåìåíòîâ.
Ò.ê. S3 = {e, (12), (13), (23), (123), (132)}, òî íàéäåì (12)S3. Î÷åâèäíî,

÷òî (12)e = (12)(12) = (12). Êðîìå òîãî,
(12)(13) = (31)(12)(13) = (23);
(12)(23) = (32)(12)(23) = (13);
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(12)(123) = (321)(12)(123) = (13);
(12)(132) = (231)(12)(132) = (23).
Òàêèì îáðàçîì, (12)S3 = {(12), (23), (13)}. Àíàëîãè÷íî ìîæíî óáå-

äèòüñÿ, ÷òî â S3 èìååòñÿ òðè êëàññà ñîïðÿæåííûõ ýëåìåíòîâ:
eS3 = {e}; (12)S3 = (13)S3 = (23)S3 = {(12), (23), (13)};
(123)S3 = (132)S3 = {(123), (132)}.
Ïîýòîìó, S3 = eS3 ∪ (12)S3 ∪ (123)S3.
Îòâåò: S3 = eS3 ∪ (12)S3 ∪ (123)S3.
Îïðåäåëåíèå 2.2.5. Íîðìàëèçàòîðîì ìíîæåñòâàM â ãðóïïå G íà-

çûâàåòñÿ ìíîæåñòâî NG(M) = {h | hM = Mh, h ∈ G}.
Îïðåäåëåíèå 2.2.6. Öåíòðàëèçàòîðîì ìíîæåñòâà M â ãðóïïå G

íàçûâàåòñÿ ìíîæåñòâî CG(M) = {g | gm = mg, g ∈M,m ∈M}.
Ïðèìåð 2.2.6.
1. Íîðìàëèçàòîð è öåíòðàëèçàòîð ìíîæåñòâàM â ãðóïïå G ÿâëÿþòñÿ

ïîäãðóïïàìè ãðóïïû G.
2. Â àáåëåâûõ ãðóïïàõ öåíòðàëèçàòîð ëþáîãî ýëåìåíòà ñîâïàäàåò ñî

âñåé ãðóïïîé.
3. Â ãðóïïå ïîäñòàíîâîê òðåòüåé ñòåïåíè öåíòðàëèçàòîðû âñåõ ýëå-

ìåíòîâ ñîâïàäàþò ñ öèêëè÷åñêèìè ãðóïïàìè, ïîðîæäåííûìè ýòèìè ýëå-
ìåíòàìè.
Òåîðåìà 2.2.3. Åñëè M � íåïóñòîå ïîäìíîæåñòâî êîíå÷íîé ãðóïïû

G, òî ÷èñëî ïîäìíîæåñòâ, ñîïðÿæåííûõ ñ M , ñîâïàäàåò ñ èíäåêñîì |G :
NG(M)|. Â ÷àñòíîñòè, |aG| = |G : NG(a)|.
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Ñòðîåíèå ãðóïïû âî ìíîãîì îïðåäåëÿåòñÿ ïåðåñòàíîâî÷íîñòüþ åå ýëå-
ìåíòîâ.

Îïðåäåëåíèå 2.2.7. Öåíòðîì ãðóïïû G íàçûâàåòñÿ ìíîæåñòâî
Z(G) = CG(G).

Ïðèìåð 2.2.7.
1. Àáåëåâàÿ ãðóïïà ñîâïàäàåò ñî ñâîèì öåíòðîì.

2. Â ãðóïïå ïîäñòàíîâîê òðåòüåé ñòåïåíè öåíòð ãðóïïû ÿâëÿåòñÿ åäè-
íè÷íûì.

Åñëè H � íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G, òî ïðàâûå è ëåâûå ñìåæ-
íûå êëàññû ïî íåé ñîâïàäàþò, ïîýòîìó ïðîñòî ãîâîðèì î ìíîæåñòâåG/H
ñìåæíûõ êëàññîâ ïî ïîäãðóïïå H. Ëåãêî âèäåòü, ÷òî aHbH = abH,
ò.å. ìíîæåñòâî G/H çàìêíóòî îòíîñèòåëüíî ïîýëåìåíòíîãî óìíîæåíèÿ
êëàññîâ.

Îïðåäåëåíèå 2.2.8. Åñëè H / G, òî ìíîæåñòâî ñìåæíûõ êëàññîâ
ãðóïïû G ïî ïîäãðóïïå H îáðàçóåò ãðóïïó, êîòîðàÿ íàçûâàåòñÿ ôàêòîð-
ãðóïïîé ãðóïïû G ïî ïîäãðóïïå H.

Òåîðåìà 2.2.4. Ïîðÿäîê ôàêòîð-ãðóïïû G/H ðàâåí èíäåêñó íîð-
ìàëüíîé ïîäãðóïïû H, ò.å. |G/H| = |G : H|.
Ïðèìåð 2.2.8. Íàéäèòå âñå ôàêòîð-ãðóïïû ãðóïïû S3.

Ñðåäè ïîäãðóïï ãðóïïû S3 ñî ñâîèìè ñîïðÿæåííûìè ñîâïàäàþò ïîä-
ãðóïïû E = H1, H = H5 è S3 = H6. Ïîýòîìó ïî òåîðåìå 2.2.2 îíè
íîðìàëüíû â S3.
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E � åäèíè÷íàÿ ïîäãðóïïà, ïîýòîìó

S3/E = {E, (12)E, (13)E, (23)E, (123)E, (132)E} ' S3.

Ò.ê. S3/H6 = S3/S3 = {S3}, òî S3/H6 � ãðóïïà, èçîìîðôíàÿ åäèíè÷-
íîé ãðóïïå.

Îñòàëîñü ðàññìîòðåòü íîðìàëüíóþ ïîäãðóïïó H = H5. Åå ïîðÿäîê
ðàâåí 3, à ïîðÿäîê S3/H ðàâåí 2 ïî òåîðåìå 2.2.4. Ïîýòîìó S3/H �
öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 2 (ñì. ñëåäñòâèå 2.2.3). Ñìåæíûå êëàññû
S3 ïî H èñ÷åðïûâàþòñÿ äâóìÿ êëàññàìè: H è (12)H.

Òàêèì îáðàçîì, ãðóïïà S3 èìååò òðè ôàêòîð-ãðóïïû: S3/E ∼= S3,
S3/S3

∼= E è S3/H = {H, (12)H}, ãäå E � eäèíè÷íàÿ ïîäãðóïïà, H =
〈(123)〉 = {e, (123), (132)}.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Â ñèñòåìå GAP ðàáîòó ñî ñìåæíûìè êëàññàìè ìîæíî ïðîâîäèòü, èñ-
ïîëüçóÿ ñëåäóþùèå ôóíêöèè:
• RightCoset(U, g) âîçâðàùàåò ïðàâûé ñìåæíûé êëàññ ñ ïðåäñòàâèòå-

ëåì g;
• RightCosets(G, U) âîçâðàùàåò âñå ïðàâûå ñìåæíûå êëàññû ãðóïïû

G ïî ïîäãðóïïå H;
• Representative(Ug) âîçâðàùàåò ïðåäñòàâèòåëÿ ñìåæíîãî Ug;
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• CosetDecomposition(G ,U) âîçâðàùàåò ðàçëîæåíèå ãðóïïû G â ïðà-
âûå ñìåæíûå êëàññû ïî ïîäãðóïïå U .

Ñëåäóåò îáðàòèòü âíèìàíèå íà òî, ÷òî â GAP óìíîæåíèå ïîäñòàíî-
âîê âûïîëíÿåòñÿ ñëåâà íàïðàâî, à íå ñïðàâà íàëåâî, êàê ýòî ïðèíÿòî â
àëãåáðå. Ýòî ñâÿçàíî ñ òåì, ÷òî äëÿ îáðàçà òî÷êè i ïîä äåéñòâèåì ïîä-
ñòàíîâêè p ìîæíî èñïîëüçîâàòü êàê îáîçíà÷åíèå p(i), òàê è îáîçíà÷åíèå
i∧p. Â GAP ïðèíÿò çà îñíîâó âòîðîé âàðèàíò çàïèñè (ïîñêîëüêó çàïèñü
p(i) èíòåðïðåòèðîâàëàñü áû êàê îáðàùåíèå ê ôóíêöèè p ñ àðãóìåíòîì
i). Òîãäà âûïîëíÿåòñÿ ñîîòíîøåíèå i∧(p1 ∗ p2) = (i∧p1)∧p2, ñîîòâåòñòâó-
þùåå ïðàâèëó (p1∗p2)(i) = p1(p2(i)). Ïîýòîìó ïðè èñïîëüçîâàíèè ôóíê-
öèé RightCoset(U, g), RightCosets(G, U), CosetDecomposition(G ,U) äëÿ
ãðóïï ïîäñòàíîâîê ìû áóäåì íàõîäèòü ëåâûå ñìåæíûå êëàññû è ëåâîå
ðàçëîæåíèå ïî ïîäãðóïïå.
Ïðèìåð 2.2.9. Èç êàêèõ ýëåìåíòîâ ñîñòîèò ëåâûé ñìåæíûé êëàññ

ñèììåòðè÷åñêîé ãðóïïû S3 ïî ïîäãðóïïå 〈(12)〉 ñ ïðåäñòàâèòåëåì (123).

gap> H:=Group((1,2));
Group([ (1,2) ])
gap> c:=RightCoset(H,(1,2,3));
RightCoset(Group( [ (1,2) ] ),(1,2,3))
gap> Representative(c);
(1,2,3)
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gap> Size(c);
2
gap> AsList(c);
[ (1,2,3), (1,3) ]

Ïðèìåð 2.2.10. Èç êàêèõ ýëåìåíòîâ ñîñòîèò ïðàâûé ñìåæíûé êëàññ

ãðóïïû GL(2,R) ïî ïîäãðóïïå H =

〈[
1 0
0 −1

]〉
ñ ïðåäñòàâèòåëåì

g =

[
3 1
1 −2

]
.

gap> A:=[[1,0],[0,-1]];
[ [ 1, 0 ], [ 0, -1 ] ]
gap> L:=Group(A);
Group([ [ [ 1, 0 ], [ 0, -1 ] ] ])
gap> B:=[[3,1],[1,-2]];
[ [ 3, 1 ], [ 1, -2 ] ]
gap> RightCoset(L,B);
RightCoset(Group([ [ [ 1, 0 ], [ 0, -1 ] ] ]),[ [ 3, 1 ], [ 1, -2 ] ])
gap> AsList(last);
[ [ [ 3, 1 ], [ 1, -2 ] ], [ [ 3, 1 ], [ -1, 2 ] ] ]

Â ñèñòåìå GAP ëåâûå ñìåæíûå êëàññû ãðóïïû ïî ïîäãðóïïå íå ïðåä-
ñòàâëåíû. Îäíàêî ëåâûé ñìåæíûé êëàññ gU ìîæåò áûòü çàäàí êàê ìíî-
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æåñòâî îáðàòíûõ ê ýëåìåíòàì ïðàâîãî ñìåæíîãî êëàññà Ug−1.
Ïðèìåð 2.2.11. Íàéäèòå ðàçëîæåíèå ñèììåòðè÷åñêîé ãðóïïû S3 â

ëåâûå ñìåæíûå êëàññû ïî ïîäãðóïïå 〈(12)〉.

gap> G:=SymmetricGroup(3);
Sym( [ 1 .. 3 ] )
gap> H:=Group((1,2));
Group([ (1,2) ])
gap> CosetDecomposition(G,H);
[ [ (), (1,2) ], [ (1,3), (1,2,3) ], [ (1,3,2), (2,3) ] ]

Â ñèñòåìå GAP ðàáîòó ñ êëàññàìè ñîïðÿæåííûõ ýëåìåíòîâ ìîæíî
ïðîâîäèòü, èñïîëüçóÿ ñëåäóþùèå ôóíêöèè:
• ConjugacyClasses(G) âîçâðàùàåò êëàññû ñîïðÿæåííûõ ýëåìåíòîâ

ãðóïïû G;
• NrConjugacyClasses(G) âîçâðàùàåò êîëè÷åñòâî êëàññîâ ñîïðÿæåí-

íûõ ýëåìåíòîâ;
• IsConjugate(G,x,y) îïðåäåëÿåò, ÿâëÿþòñÿ ëè ýëåìåíòû x è y ñîïðÿ-

æåííûìè â ãðóïïå G.
Ñòðîåíèå ãðóïïû ìîæíî èçó÷èòü ïî åå ïîäãðóïïàì. Âûÿñíèòü, ÿâ-

ëÿåòñÿ ëè ïîäìíîæåñòâî H ãðóïïû G åå ïîäãðóïïîé ìîæíî, èñïîëüçóÿ
ôóíêöèþ:
• IsSubgroup(G,H): âîçâðàùàåò ¾true¿, åñëè H � ïîäãðóïïà ãðóïïû

G, è ¾false¿ � â ïðîòèâíîì ñëó÷àå.
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×òîáû íàéòè âñå ïîäãðóïïû ãðóïïû G ìîæíî âîñïîëüçîâàòüñÿ ôóíê-
öèåé:
• ConjugacyClassesSubgroups(G): âîçâðàùàåò ñïèñîê êëàññîâ ñîïðÿ-

æåííûõ ïîäãðóïï ãðóïïû G.
Ïðèìåð 2.2.12. Íàéäèòå âñå ïîäãðóïïû ãðóïïû S4.

gap> G:=SymmetricGroup(4);
Sym( [ 1 .. 4 ] )
gap> c:=ConjugacyClassesSubgroups(G);
[ Group( () )∧ G, Group( [ (1,3)(2,4) ] )∧ G, Group( [ (3,4) ] )∧ G,
Group( [ (2,4,3) ] )∧ G, Group( [ (1,4)(2,3), (1,3)(2,4) ] )∧ G,
Group( [ (1,2)(3,4), (3,4) ] )∧ G, Group( [ (1,2)(3,4), (1,3,2,4) ] )∧

G, Group( [ (3,4), (2,4,3) ] )∧ G, Group( [ (1,3)(2,4), (1,4)(2,3),
(1,2) ] )∧ G, Group( [ (1,3)(2,4), (1,4)(2,3), (2,4,3) ] )∧ G,
Group( [ (1,3)(2,4), (1,4)(2,3), (2,4,3), (1,2) ] )∧ G ]
gap> Size(c);
11
gap> m:=[];
[]
gap> for i in [1..Size(c)] do
> cc:=AsList(c[i]);
> for j in [1..Size(cc)] do
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> Add(m,cc[j]);
> od;
> od;
gap> cc;
[ Group([ (1,3)(2,4), (1,4)(2,3), (2,4,3), (1,2) ]) ]
gap> m;
[ Group(()), Group([ (1,3)(2,4) ]), Group([ (1,4)(2,3) ]), Group([
(1,2)(3,4) ]), Group([ (3,4) ]), Group([ (2,4) ]), Group([ (2,3) ]),
Group([ (1,4) ]), Group([ (1,3) ]), Group([ (1,2) ]), Group([
(2,4,3) ]), Group([ (1,3,2) ]), Group([ (1,3,4) ]), Group([ (1,4,2)
]), Group([ (1,4)(2,3), (1,3)(2,4) ]), Group([ (1,2)(3,4), (3,4) ]),
Group([ (1,3)(2,4), (2,4) ]), Group([ (1,4)(2,3), (2,3) ]), Group([
(1,2)(3,4), (1,3,2,4) ]), Group([ (1,3)(2,4), (1,2,3,4) ]), Group([
(1,4)(2,3), (1,2,4,3) ]), Group([ (3,4), (2,4,3) ]), Group([ (1,3),
(1,3,2) ]), Group([ (1,3), (1,3,4) ]), Group([ (1,4), (1,4,2) ]),
Group([ (1,3)(2,4), (1,4)(2,3), (1,2) ]), Group([ (1,2)(3,4),
(1,4)(2,3), (1,3) ]), Group([ (1,2)(3,4), (1,3)(2,4), (1,4) ]),
Group([ (1,3)(2,4), (1,4)(2,3), (2,4,3) ]), Group([ (1,3)(2,4),
(1,4)(2,3), (2,4,3), (1,2) ]) ]
gap> Size(m);
30

Êàê âèäíî, êîëè÷åñòâî ïîäãðóïï â ñèììåòðè÷åñêîé ãðóïïå S4 ðàâ-
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íî 30.

Ïðèìåð 2.2.13. Íàéäèòå âñå ôàêòîð-ãðóïïû ãðóïïû S3.

gap> G:=SymmetricGroup(3);
Sym( [ 1 .. 3 ] )
gap> n:=NormalSubgroups(G);
[ Sym( [ 1 .. 3 ] ), Group([ (1,2,3) ]), Group(()) ]
gap> f:=List(n,i->FactorGroup(G,i));
[ Group(()), Group([ f1 ]), Sym( [ 1 .. 3 ] ) ]
gap> List(f,StructureDescription);
[ "1 "C2 "S3"]

2.3. Ïðîèçâåäåíèÿ ãðóïï. Ïðÿìîå ïðîèçâåäåíèå.
Ãîìîìîðôèçì ãðóïï. Ïîëóïðÿìîå ïðîèçâåäåíèå

Ïóñòü G � ìóëüòèïëèêàòèâíàÿ ãðóïïà, A è B � åå ïîäãðóïïû. Íà-
ïîìíèì, ÷òî ïðîèçâåäåíèå AB = {ab | a ∈ A, b ∈ B}. Ïðîèçâåäåíèå AB
ÿâëÿåòñÿ ïîäìíîæåñòâîì â G. Åñëè AB = G, òî ãîâîðÿò, ÷òî ãðóïïà G
ÿâëÿåòñÿ ïðîèçâåäåíèåì ñâîèõ ïîäãðóïï A è B. Â ýòîì ñëó÷àå êàæäûé
ýëåìåíò g ∈ G ïðåäñòàâèì â âèäå g = ab, ãäå a ∈ A, b ∈ B.
Îïðåäåëåíèå 2.3.1. Ïðîèçâåäåíèå G = AB íàçûâàåòñÿ ïðÿìûì,

åñëè ïîäãðóïïû A è B íîðìàëüíû â G è A ∩B = 1.
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Ïðÿìîå ïðîèçâåäåíèå â ýòîì ñëó÷àå çàïèñûâàþò òàê: G = A×B.
Òåîðåìà 2.3.1. Ïóñòü ãðóïïà G ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì

ñâîèõ ïîäãðóïï A è B. Òîãäà:
à) êàæäûé ýëåìåíò g ∈ G åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå

ïðîèçâåäåíèÿ g = ab, ãäå a ∈ A, b ∈ B;
á) êàæäûé ýëåìåíò èç A ïåðåñòàíîâî÷åí ñ êàæäûì ýëåìåíòîì èç B.
Îáðàòíî: åñëè âûïîëíÿþòñÿ òðåáîâàíèÿ à è á, òîA∩B = 1, ïîäãðóïïû

A è B íîðìàëüíû â G è G = A×B.
Òåîðåìà 2.3.1 ïîçâîëÿåò äàòü ñëåäóþùåå îïðåäåëåíèå ïðÿìîãî ïðîèç-

âåäåíèÿ, ýêâèâàëåíòíîå îïðåäåëåíèþ 2.3.1.
Îïðåäåëåíèå 2.3.2. ÃðóïïàG ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì ñâî-

èõ ïîäãðóïï A è B, åñëè:
à) êàæäûé ýëåìåíò g ∈ G åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå

ïðîèçâåäåíèÿ g = ab, ãäå a ∈ A, b ∈ B;
á) êàæäûé ýëåìåíò èç A ïåðåñòàíîâî÷åí ñ êàæäûì ýëåìåíòîì èç B.
Îïðåäåëåíèå ïðÿìîãî ïðîèçâåäåíèÿ ìû äàëè äëÿ äâóõ ïîäãðóïï. Äëÿ

áîëüøåãî ÷èñëà ñîìíîæèòåëåé îïðåäåëåíèå ïðÿìîãî ïðîèçâåäåíèÿ âû-
ãëÿäèò òàê:
Îïðåäåëåíèå 2.3.3. ÃðóïïàG ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì ñâî-

èõ ïîäãðóïï A1, A2, . . . , An, åñëè âûïîëíÿþòñÿ ñëåäóþùèå :

1) âñå ïîäãðóïïû Ai íîðìàëüíû â G;
2) Ai ∩ A1 · . . . · Ai−1Ai+1 · . . . · An = 1 äëÿ âñåõ i;
3) G = A1A2 · . . . · An.
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Â ýòîì ñëó÷àå ïèøóò G = A1 × A2 × . . .× An.
Ýòî îïðåäåëåíèå ìîæíî çàìåíèòü ñëåäóþùèì, åìó ýêâèâàëåíòíûì.

ÃðóïïàG ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì ñâîèõ ïîäãðóïïA1, A2, . . . , An,
åñëè:

à) êàæäûé ýëåìåíò g åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå g =
a1a2 · . . . · an, ãäå ai ∈ Ai, i = 1, 2, . . . , n;

á) ýëåìåíòû èç ëþáûõ äâóõ ïîäãðóïï Ai è Aj, i 6= j ïåðåñòàíîâî÷íû
ìåæäó ñîáîé.
Îïðåäåëåíèå 2.3.4. Ïðèìàðíîé íàçûâàåòñÿ ãðóïïà, ïîðÿäîê êîòî-

ðîé åñòü ñòåïåíü íåêîòîðîãî ïðîñòîãî ÷èñëà. Ãðóïïà, êîòîðàÿ íå ìîæåò
áûòü ðàçëîæåíà â ïðÿìîå ïðîèçâåäåíèå äâóõ ñâîèõ ñîáñòâåííûõ ïîä-
ãðóïï, íàçûâàåòñÿ íåðàçëîæèìîé.
Ïðèìåð 2.3.1.
1. Î÷åâèäíî, íåðàçëîæèìûìè áóäóò âñå ïðîñòûå ãðóïïû.
2. Ñèììåòðè÷åñêàÿ ãðóïïà S3 ñòåïåíè 3 ñîäåðæèò íåòðèâèàëüíóþ

íîðìàëüíóþ ïîäãðóïïó 〈(123)〉. Ïîýòîìó ãðóïïà S3 íåðàçëîæèìà.
Òåîðåìà 2.3.2. Öèêëè÷åñêàÿ ïðèìàðíàÿ ãðóïïà ÿâëÿåòñÿ íåðàçëî-

æèìîé ãðóïïîé.
Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî êàæäàÿ öèêëè÷åñêàÿ ãðóïïà ñî-

ñòàâíîãî ïîðÿäêà ðàçëîæèìà â ïðÿìîå ïðîèçâåäåíèå ñâîèõ ïîäãðóïï.
Òåîðåìà 2.3.3. Åñëè 〈g〉 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà nm, ãäå n,m

� âçàèìíî ïðîñòûå ÷èñëà, òî 〈g〉 = 〈gm〉 × 〈gn〉.
Ïðèìåð 2.3.2. Ïóñòü G = 〈g〉 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 100.
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Ò.ê. 100 = 2252, òî ïî òåîðåìå 2.3.3 ãðóïïà

〈g〉 = 〈g52〉 × 〈g22〉
ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì ñâîèõ ïðèìàðíûõ ïîäãðóïï: 〈g52〉 ïî-
ðÿäêà 22 è 〈g22〉 ïîðÿäêà 52. Ïî òåîðåìå 2.3.2 ïîäãðóïïû 〈g25〉 è 〈g4〉
íåðàçëîæèìû.
Ïðèìåð 2.3.3. Ïóñòü ãðóïïà G = 〈(1254)(367)〉. Ðàçëîæèìà ëè G â

ïðÿìîå ïðîèçâåäåíèå ñâîèõ ïîäãðóïï?
Ëåãêî ïîêàçàòü, ÷òî |G| = 12. Ò.ê. 12 = 223, òî ïî òåîðåìå 2.3.3 G

ïðåäñòàâèìà â âèäå ïðÿìîãî ïðîèçâåäåíèÿ ñâîèõ ïîäãðóïï:

G1 = 〈(1254)(367)4〉, G2 = 〈(1254)(367)3〉.

(1254)(367)2 = (15)(24)(376),

(1254)(367)3 = (1452),

(1254)(367)4 = (367).

Òàêèì îáðàçîì, G = 〈(1452)〉 × 〈(367)〉.
Ïðèìåð 2.3.4. Ïóñòü A = 〈(1576)〉, B = 〈(4328)〉 � ïîäãðóïïû

ñèììåòðè÷åñêîé ãðóïïû S8 ñòåïåíè 8. Ñóùåñòâóåò ëè â S8 ïîäãðóïïà
H = A×B?

Ëåãêî âèäåòü, ÷òî

A = {e, (1576), (17)(56), (1675)} ,
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B = {e, (4328), (42)(38), (4823)} ,
A ∩B = 1.

Ïîêàæåì, ÷òî AB = BA.

Ae = eA,

A(4328) = {(4328), (1576)(4328), (17)(56)(4328), (1675)(4328)} = (4328)A,

A(48)(38) = {(42)(38), (1576)(42)(38), (17)(56)(42)(38), (1675)(42)(38)} =

= (42)(38)A,

A(4823) = {(4823), (1576)(4823), (17)(56)(4823), (1675)(4823)} = (4823)A.

Ò.ê. Ab = bA äëÿ âñåõ b ∈ B, òî AB = BA. Ïî òåîðåìå 2.1.2 ïðîèç-
âåäåíèå AB � ïîäãðóïïà. Íåòðóäíî çàìåòèòü, ÷òî A / AB. Àíàëîãè÷íî
ìîæíî ïîêàçàòü, ÷òî Ba = aB äëÿ âñåõ a ∈ A, ò.å. B / AB.

Òàêèì îáðàçîì, â S8 ñóùåñòâóåò ïîäãðóïïà AB = A×B.
Îïðåäåëåíèå 2.3.5. Îòîáðàæåíèå φ ìóëüòèïëèêàòèâíîé ãðóïïû G

â ìóëüòèïëèêàòèâíóþ ãðóïïó S íàçûâàåòñÿ ãîìîìîðôíûì, èëè ãîìîìîð-
ôèçìîì, åñëè φ(ab) = φ(a)φ(b) äëÿ ëþáûõ a, b èç G. Â ÷àñòíîñòè, åñëè
φ � áèåêöèÿ, òî φ íàçûâàåòñÿ èçîìîðôèçìîì è îáîçíà÷àåòñÿ G ∼= S.
Îïðåäåëåíèå 2.3.6. Ìíîæåñòâî âñåõ ýëåìåíòîâ èç G, êîòîðûå ïðè

ãîìîìîðôèçìå φ îòîáðàæàþòñÿ â åäèíèöó ìóëüòèïëèêàòèâíîé ãðóïïû
S, íàçûâàåòñÿ ÿäðîì ãîìîìîðôèçìà φ è îáîçíà÷àåòñÿ Ker φ.
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Ïðèìåð 2.3.5.
1. Îòîáðàæåíèå φ ãðóïïû öåëûõ ÷èñåë Z ïî ñëîæåíèþ íà àääèòèâíóþ

ãðóïïó êîëüöà Zn êëàññîâ âû÷åòîâ ïî ìîäóëþ n � ãîìîìîðôèçì.
2. Îòîáðàæåíèå φ ñèììåòðè÷åñêîé ãðóïïû Sn ïîäñòàíîâîê ñòåïåíè n

íà ìóëüòèïëèêàòèâíóþ ãðóïïó êîëüöà Zn � ãîìîìîðôèçì.
Òåîðåìà 2.3.4. ßäðî ëþáîãî ãîìîìîðôèçìà φ ãðóïïû G ÿâëÿåòñÿ

íîðìàëüíîé ïîäãðóïïîé ãðóïïû G.
Îïðåäåëåíèå 2.3.7. Ïóñòü H � íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G.

Ïîñòàâèì êàæäîìó ýëåìåíòó x ãðóïïû G ñîîòâåòñòâóþùèé ñìåæíûé
êëàññ xH è ïîëó÷èì îòîáðàæåíèå ãðóïïû G íà ôàêòîð-ãðóïïó G/H.
Ýòî îòîáðàæåíèå áóäåò ãîìîìîðôèçìîì: φ(ab) = (ab)H = aH · bH =
φ(a) · φ(b). Ïîëó÷åííûé ãîìîìîðôèçì íàçûâàåòñÿ åñòåñòâåííûì ãîìî-
ìîðôèçìîì ãðóïïû G íà ôàêòîð-ãðóïïó G/H. Òàêèì îáðàçîì, íîðìàëü-
íûå ïîäãðóïïû, è òîëüêî îíè, ÿâëÿþòñÿ ÿäðàìè ãîìîìîðôèçìîâ.
Òåîðåìà 2.3.5. Ïóñòü äàí ãîìîìîðôèçì φ ãðóïïû G íà ãðóïïó S

è H � ÿäðî ýòîãî ãîìîìîðôèçìà. Òîãäà ãðóïïà S èçîìîðôíà ôàêòîð-
ãðóïïå G/H, ïðè÷åì ãîìîìîðôèçì φ ðàâåí ïîñëåäîâàòåëüíîìó âûïîë-
íåíèþ åñòåñòâåííîãî ãîìîìîðôèçìà ε : G → G/H è èçîìîðôèçìà τ :
G/H → S.
Òåîðåìà 2.3.6.ÏóñòüH èA� íîðìàëüíûå ïîäãðóïïû ãðóïïûG èH

� ïîäãðóïïà ãðóïïû A. Òîãäà ôàêòîð-ãðóïïà (G/H)/(A/H) èçîìîðôíà
ôàêòîð-ãðóïïå G/A.
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Ïðèìåð 2.3.6.
1. Ãðóïïà ïîëîæèòåëüíûõ äåéñòâèòåëüíûõ ÷èñåë R+ ïî óìíîæåíèþ

èçîìîðôíà ãðóïïå äåéñòâèòåëüíûõ ÷èñåë R ïî ñëîæåíèþ. Èçîìîðôíîå
îòîáðàæåíèå ïîëó÷àåòñÿ, åñëè âñÿêîìó ïîëîæèòåëüíîìó äåéñòâèòåëüíî-
ìó ÷èñëó ïîñòàâèì â ñîîòâåòñòâèå åãî ëîãàðèôì ïî îñíîâàíèþ 10. Ðà-
âåíñòâî lg(ab) = lg(a) + lg(b) ïîêàçûâàåò, ÷òî ýòî îòîáðàæåíèå ÿâëÿåòñÿ
èçîìîðôíûì.

2. Ãðóïïà êîðíåé n-é ñòåïåíè èç åäèíèöû ïî óìíîæåíèþ èçîìîðôíà
àääèòèâíîé ãðóïïå êîëüöà Zn êëàññîâ âû÷åòîâ ïî ìîäóëþ n.

3. Ìíîæåñòâî ÷åòíûõ ÷èñåë ìîæíî âçàèìíîîäíîçíà÷íî îòîáðàçèòü íà
ìíîæåñòâî ÷èñåë, êðàòíûõ ÷èñëó 3, åñëè âñÿêîìó ÷åòíîìó ÷èñëó âèäà 2k
ïîñòàâèòü â ñîîòâåòñòâèå ÷èñëî âèäà 3k, ëåæàùåå âî âòîðîì .

Âñÿêîå ìíîæåñòâî ñ îïåðàöèåé èçîìîðôíî, î÷åâèäíî, ñàìîìó ñåáå:
äëÿ ýòîãî äîñòàòî÷íî âçÿòü òîæäåñòâåííîå îòîáðàæåíèå ìíîæåñòâà íà
ñåáÿ. Ñëåäîâàòåëüíî, îòíîøåíèå èçîìîðôèçìà ÿâëÿåòñÿ ðåôëåêñèâíûì.
Ëåãêî âèäåòü, ÷òî îíî òàêæå ÿâëÿåòñÿ ñèììåòðè÷íûì (èç M1

∼= M2 ñëå-
äóåò M2

∼= M1) è òðàíçèòèâíûì (èç M1
∼= M2 è M2

∼= M1 ñëåäóåò
M1
∼= M3). Âûïîëíåíèå òðåõ ýòèõ ñâîéñòâ îçíà÷àåò, ÷òî èçîìîðôèçì ÿâ-

ëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè íà ìíîæåñòâå ãðóïï. Èç îïðåäåëå-
íèÿ èçîìîðôèçìà ñëåäóåò, ÷òî èçîìîðôíûå ìíîæåñòâà èìåþò îäèíàêî-
âóþ ìîùíîñòü, â ÷àñòíîñòè, åñëè îíè êîíå÷íû, òî ñîñòîÿò èç îäèíàêîâîãî
÷èñëà ýëåìåíòîâ.

Èçîìîðôíûå ãðóïïû îòëè÷àþòñÿ äðóã îò äðóãà ïðèðîäîé ñâîèõ ýëå-
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ìåíòîâ è, áûòü ìîæåò, íàçâàíèåì îïåðàöèé. Îíè íåðàçëè÷èìû ñ òî÷êè
çðåíèÿ ñâîéñòâ îïåðàöèé. Âñå, ÷òî ìîæåò áûòü äîêàçàíî äëÿ íåêîòîðî-
ãî ìíîæåñòâà ñ îïåðàöèåé íà îñíîâàíèè ñâîéñòâ ýòîé îïåðàöèè, íî áåç
èñïîëüçîâàíèÿ êîíêðåòíîé ïðèðîäû ýëåìåíòîâ ìíîæåñòâà, àâòîìàòè÷å-
ñêè ïåðåíîñèòñÿ íà âñå ìíîæåñòâà ñ îïåðàöèåé, èçîìîðôíûå äàííîìó.
Òåì ñàìûì àëãåáðàè÷åñêàÿ îïåðàöèÿ âûäåëÿåòñÿ â êà÷åñòâå èñòèííîãî
îáúåêòà èçó÷åíèÿ.

Ïðèìåð 2.3.7. Ïîêàæèòå, ÷òî ôàêîð-ãðóïïà GL(n,P)/SL(n,P) èçî-
ìîðôíà ìóëüòèïëèêàòèâíîé ãðóïïå P] ïîëÿ P.

Îïðåäåëèì îòîáðàæåíèå det : GL(n,P) 7→ P], êîòîðîå êàæäîé ìàòðè-
öå A èç ïîëíîé ëèíåéíîé ãðóïïû GL(n,P) ñòåïåíè n íàä ïîëåì P ñòàâèò
â ñîîòâåòñòâèå åå îïðåäåëèòåëü. Ò.ê. îïðåäåëèòåëü ïðîèçâåäåíèÿ äâóõ
ìàòðèö ðàâåí ïðîèçâåäåíèþ îïðåäåëèòåëåé, ò.å det (AB) = detA · detB,
òî îòîáðàæåíèå det � ãîìîìîðôèçì. Êàæäûé ýëåìåíò a ∈ P] áóäåò îïðå-
äåëèòåëåì ìàòðèöû

A =


a 0 . . . 0
0 1 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . 1

, ïîýòîìó Im det = P]. ßä-

ðî det ñîñòîèò èç ìàòðèö ñ åäèíè÷íûì îïðåäåëèòåëåì, ïîýòîìó Ker
det = SL(n,P) � ñïåöèàëüíàÿ ëèíåéíàÿ ãðóïïà, à ïî òåîðåìå 2.3.4 ïîä-
ãðóïïà SL(n,P) íîðìàëüíà â GL(n,P). Ïî òåîðåìå 2.3.5 ôàêòîð-ãðóïïà
GL(n,P)/SL(n,P) èçîìîðôíà ìóëüòèïëèêàòèâíîé ãðóïïå P] ïîëÿ P.
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Ïðèìåð 2.3.8. Ïóñòü G = Sn � ñèììåòðè÷åñêàÿ ãðóïïà ñòåïåíè n,
à H = {−1; 1} � ìóëüòèïëèêàòèâíàÿ ãðóïïà. Äîêàæèòå, ÷òî îòîáðàæå-
íèå sgn : τ 7→ sgnτ ÿâëÿåòñÿ ãîìîìîðôèçìîì. Íàéäèòå ÿäðî è îáðàç
ãîìîìîðôèçìà sgn.

Ïî óñëîâèþ, ÷åòíûì ïîäñòàíîâêàì ñòàâèòñÿ â ñîîòâåòñòâèå 1, à íå÷åò-
íûì � (−1). Ïîñêîëüêó çíàê ïðîèçâåäåíèÿ ïåðåñòàíîâîê ðàâåí çíàêîâ,
ò.å. sgn (τσ) = sgn τ · sgn σ, òî sgn � ãîìîìîðôèçì. ßäðî Ker sgn ñî-
ñòîèò èç ÷åòíûõ ïîäñòàíîâîê, ïîýòîìó Ker sgn = An � çíàêîïåðåìåííàÿ
ãðóïïà. Ëåãêî âèäåòü, ÷òî sgn � ñþðúåêöèÿ, ïîýòîìó Im sgn = H.
Îïðåäåëåíèå 2.3.8. Ïóñòü A è B � ãðóïïû è ϕ � ãîìîìîðôèçì A â

AutB. Òîãäà ñóùåñòâóåò ãðóïïà G ñî ñëåäóþùèìè ñâîéñòâàìè: G = AB,
B / G è A ∩ B = 1. Ýòó ãðóïïó íàçûâàþò ïîëóïðÿìûì ïðîèçâåäåíèåì
ãðóïï A è B îòíîñèòåëüíî ϕ è îáîçíà÷àþò ÷åðåç G = A[B].
Ïðèìåð 2.3.9.
1. Ñèììåòðè÷åñêàÿ ãðóïïà Sn ðàñêëàäûâàåòñÿ â ïîëóïðÿìîå ïðîèç-

âåäåíèå Sn = [An]〈(12)〉, ò.ê. An íîðìàëüíà â Sn, 〈(12)〉 = {e, (12)} �
ïîäãðóïïà èç äâóõ ýëåìåíòîâ è Sn = An〈(12)〉.

2. Ïîëíàÿ ëèíåéíàÿ ãðóïïà GL(n, F ) ÿâëÿåòñÿ ïîëóïðÿìûì ïðîèçâå-
äåíèåì: GL(n, F ) = [SL(n, F )]{diag(λ, 1, . . . , 1), λ ∈ F\{0}}.
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Ðåàëèçàöèÿ â ñèñòåìå GAP

Ôóíêöèÿ
• DirectProduct(G,H) âîçâðàùàåò ïðÿìîå ïðîèçâåäåíèå ãðóïï, çàäàí-

íûõ â êà÷åñòâå àðãóìåíòîâ.
GAP áóäåò ñòàðàòüñÿ âûáðàòü îïòèìàëüíûé âèä ãðóïïû, êîòîðàÿ ÿâ-

ëÿåòñÿ ïðÿìûì ïðîèçâåäåíèåì äðóãèõ ãðóïï. Íàïðèìåð, ïðÿìîå ïðîèç-
âåäåíèå ãðóïï ïîäñòàíîâîê âíîâü áóäåò ãðóïïîé ïîäñòàíîâîê.

gap> g:=Group((1,2,3),(1,2));;
gap> d:=DirectProduct(g,g,g);
Group( [ (1,2,3), (1,2), (4,5,6), (4,5), (7,8,9), (7,8) ] )
gap> Size(d);
216
gap> IsPermGroup(d);
true

Ïðèìåð 2.3.10. Ïóñòü ãðóïïà G = 〈(1254)(367)〉. Ðàçëîæèìà ëè G
â ïðÿìîå ïðîèçâåäåíèå ñâîèõ ïîäãðóïï?

gap> G:=Group((1,2,5,4)(3,6,7));
Group([ (1,2,5,4)(3,6,7) ])
gap> N:=NormalSubgroups(G);
[ C12, Group([ (1,5)(2,4), (3,6,7) ]), Group([ (1,2,5,4), (1,5)(2,4)
]), Group([ (1,5)(2,4) ]), Group([ (3,6,7) ]), Group(()) ]
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gap> List(N,Size);
[ 12, 6, 4, 2, 3, 1 ]
gap> Intersection(N[3],N[5]);
Group(())
gap> D:=DirectProduct(N[3],N[5]);
Group([ (1,2,4,3), (1,4)(2,3), (5,6,7) ])
gap> D=G;
false
gap> Size(G);
12
gap> Size(D);
12
gap> IsomorphismGroups(G,D);
[ (3,6,7), (1,4,5,2) ] -> [ (5,6,7), (1,2,4,3) ]

Ïðèìåð 2.3.11. Ïóñòü A = 〈(1576)〉, B = 〈(4322)〉 � ïîäãðóïïû
ñèììåòðè÷åñêîé ãðóïïû S8 ñòåïåíè 8. Ñóùåñòâóåò ëè â S8 ïîäãðóïïà
H = A×B ?

gap> A:=Group((1,5,7,6));
Group([ (1,5,7,6) ])
gap> B:=Group((4,3,2,8));
Group([ (2,8,4,3) ])
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gap> D:=DirectProduct(A,B);
Group([ (1,2,4,3), (5,8,7,6) ])
gap> G:=SymmetricGroup(8);
Sym( [ 1 .. 8 ] )
gap> IsSubgroup(G,D);
true

Ïîëóïðÿìîå ïðîèçâåäåíèå ãðóïïû N è ãðóïïû G çàäàåòñÿ ïðè ïîìî-
ùè ôóíêöèè
• SemidirectProduct(G, alpha, N): âîçâðàùàåò ïîëóïðÿìîå ïðîèçâåäå-

íèå ãðóïïû N íà ãðóïïó G, äåéñòâóþùóþ íà N ÷åðåç alpha, ãäå alpha �
ãîìîìîðôèçìîì ãðóïïû G â ãðóïïó àâòîìîðôèçìîâ ãðóïïû N .

Â GAP ñóùåñòâóåò åùå îäèí âàðèàíò çàäàíèÿ ïîëóïðÿìîãî ïðîèçâå-
äåíèÿ:
• SemidirectProduct(autgp,N) � óïðîùåííàÿ çàïèñü ôóíêöèè

SemidirectProduct(autgp,IdentityMapping(autgp),N). Çäåñü autgp äîëæíà
ÿâëÿòüñÿ ãðóïïîé àâòîìîðôèçìîâ ãðóïïû N . Ïðè ýòîì, åñëè autgrp íå
áûëà ïîëó÷åíà ñ ïîìîùüþ îïåðàöèè AutomorphismGroup, ðåêîìåíäóåòñÿ
ïðåäâàðèòåëüíî ïðîâåðèòü, ÷òî autgrp äåéñòâèòåëüíî ñîñòîèò èç ãðóïïî-
âûõ àâòîìîðôèçìîâ, ñ ïîìîùüþ ôóíêöèè IsGroupOfAutomorphisms(autgrp).
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Ïðèìåð 2.3.12. Ïîñòðîéòå ïîëóïðÿìîå ïðîèçâåäåíèå [E32]S3. Çäåñü
E32 � ýëåìåíòàðíàÿ àáåëåâàÿ ïîäãðóïïà ïîðÿäêà 9.

gap> N:=ElementaryAbelianGroup(9);
<pc group of size 9 with 2 generators>
gap> G:=SymmetricGroup(3);
Sym( [ 1 .. 3 ] )
gap> autN:=AutomorphismGroup(N);
<group of size 48 with 3 generators>
gap> c:=ConjugacyClassesSubgroups(autN);;
gap> Size(c);
16
gap> c:=List(c,Representative);
[ <trivial group>, <group of size 2 with 1 generators>, <group of
size 2 with 1 generators>, <group of size 3 with 1 generators>,
<group of size 4 with 2 generators>, <group of size 4 with 2
generators>, <group of size 6 with 2 generators>, <group of size
6 with 2 generators>, <group of size 6 with 2 generators>, <group
of size 8 with 3 generators>, <group of size 8 with 3 generators>,
<group of size 8 with 3 generators>, <group of size 12 with 3
generators>, <group of size 16 with 4 generators>, <group of size
24 with 4 generators>, <group of size 48 with 5 generators> ]
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gap> f:=Filtered(c,i->Size(i)=Size(G));
[ <group of size 6 with 2 generators>, <group of size 6 with 2
generators>, <group of size 6 with 2 generators> ]
gap> autgr1:=f[1];
<group of size 6 with 2 generators>
gap> StructureDescription(last);
"C6"
gap> autgr2:=f[2];
<group of size 6 with 2 generators>
gap> StructureDescription(last);
"S3"
gap> autgr3:=f[3];
<group of size 6 with 2 generators>
gap> StructureDescription(last);
"S3"
gap> S:=SemidirectProduct(autgr2,N);
<pc group with 4 generators>
gap> Size(S);
54
gap> StructureDescription(S);
"((C3 x C3) : C3) : C2"
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2.4. Êëàññû ãðóïï. Ãðóïïû ìàëûõ ïîðÿäêîâ. Èíâàðèàíòû
ðàçðåøèìûõ ãðóïï

Îïðåäåëåíèå 2.4.1. Ðÿä ïîäãðóïï G = H0 ⊇ H1 ⊇ . . . ⊇ Ht = 1
íàçûâàåòñÿ:

1) ñóáíîðìàëüíûì, åñëè Hi+1 / Hi äëÿ âñåõ i = 0, 1, . . . , t− 1;
2) íîðìàëüíûì, åñëè Hi / G äëÿ âñåõ i = 1, . . . , t− 1;
3) ãëàâíûì, åñëè ðÿä ÿâëÿåòñÿ íîðìàëüíûì è Hi/Hi+1 · / G/Hi+1

äëÿ âñåõ i = 0, 1, . . . , t − 1. Â ÷àñòíîñòè, Hi/Hi+1 íàçûâàåòñÿ ãëàâíûì
ôàêòîðîì;

4) êîìïîçèöèîííûì, åñëè ðÿä ÿâëÿåòñÿ ñóáíîðìàëüíûì è ôàêòîð-
ãðóïïà Hi/Hi+1 � ïðîñòàÿ ãðóïïà. Â ÷àñòíîñòè, Hi/Hi+1 íàçûâàåòñÿ
êîìïîçèöèîííûì ôàêòîðîì.
Îïðåäåëåíèå 2.4.2.
Ãðóïïó G íàçûâàþò:
1) ïðèìàðíîé, åñëè |π(G)| = 1;
2) áèïðèìàðíîé, åñëè |π(G)| = 2;
3) íèëüïîòåíòíîé, åñëè âñå ñèëîâñêèå ïîäãðóïïû â ãðóïïå G ;

4) p-ðàçðåøèìîé, åñëè ñóùåñòâóåò íîðìàëüíûé ðÿä, ôàêòîðû êîòîðî-
ãî ëèáî p-ãðóïïû, ëèáî p′-ãðóïïû;

s17 5) ðàçðåøèìîé, åñëè ñóùåñòâóåò òàêîå íàòóðàëüíîå n, ÷òî G(n) =
1. Ðàçðåøèìàÿ ãðóïïà ÿâëÿåòñÿ p-ðàçðåøèìîé äëÿ âñåõ p ∈ π(G). Íàè-
ìåíüøåå íàòóðàëüíîå n, äëÿ êîòîðîãî G(n) = 1, íàçûâàåòñÿ ïðîèçâîäíîé
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äëèíîé ãðóïïû G è îáîçíà÷àåòñÿ ÷åðåç d(G). Äðóãèìè ñëîâàìè, ïîä ïðî-
èçâîäíîé äëèíîé ðàçðåøèìîé ãðóïïû ïîíèìàþò íàèìåíüøóþ èç äëèí å¼
íîðìàëüíûõ ðÿäîâ ñ àáåëåâûìè ôàêòîðàìè;

6) ñâåðõðàçðåøèìîé, åñëè îíà èìååò íîðìàëüíûé ðÿä ñ öèêëè÷åñêèìè
ôàêòîðàìè;

7) ìåòàíèëüïîòåíòíîé, åñëè îíà ñîäåðæèò íèëüïîòåíòíóþ íîðìàëü-
íóþ ïîäãðóïïó, ôàêòîð-ãðóïïà ïî êîòîðîé íèëüïîòåíòíà;

8) ìåòàáåëåâîé, åñëè îíà ñîäåðæèò àáåëåâó íîðìàëüíóþ ïîäãðóïïó,
ôàêòîð-ãðóïïà ïî êîòîðîé àáåëåâà.
Ïðèìåð 2.4.1.
1. Ïðîçâîäíàÿ äëèíà ìåòàáåëåâîé ãðóïïû íå ïðåâûøàåò 2.
2. Ïðîèçâîäíàÿ äëèíà ñèììåòðè÷åñêîé ãðóïïû S3 ðàâíà 2, ò.ê. S3 =

[Z3]Z2.
3. Ïðîèçâîäíàÿ äëèíà ñèììåòðè÷åñêîé ãðóïïû S4 ðàâíà 3, ò.ê. äëÿ

ãðóïïû S4 ñóùåñòâóåò ñëåäóþùèé íîðìàëüíûé ðÿä íàèìåíüøåé äëèíû
ñ àáåëåâûìè ôàêòîðàìè 1 ≤ E4 ≤ A4 ≤ S4. Çäåñü E4 � ýëåìåíòàðíàÿ
àáåëåâàÿ ïîäãðóïïà ïîðÿäêà 4.
Îïðåäåëåíèå 2.4.3. Äèñïåðñèâíàÿ ãðóïïà � ãðóïïà, îáëàäàþùàÿ

íîðìàëüíûì ðÿäîì, ôàêòîðû êîòîðîãî èçîìîðôíû ñèëîâñêèì ïîäãðóï-
ïàì. Áîëåå òî÷íî, ïóñòü φ � íåêîòîðîå óïîðÿäî÷åíèå ïðîñòûõ ÷èñåë. Çà-
ïèñü pφq îçíà÷àåò, ÷òî p ïðåäøåñòâóåò q â óïîðÿäî÷åíèè φ, p 6= q. Ãðóïïà
G ïîðÿäêà pα1

1 p
α2
2 . . . pαn

n íàçûâàåòñÿ φ-äèñïåðñèâíîé, åñëè p1φp2φ . . . φpn è
äëÿ ëþáîãî i ãðóïïàG èìååò íîðìàëüíóþ ïîäãðóïïó ïîðÿäêà pα1

1 p
α2
2 . . . pαi

i ,
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ò.å. ãðóïïà G èìååò íîðìàëüíûé ðÿä

1 ⊂ G1 ⊂ G2 ⊂ . . . ⊂ Gn−1 ⊂ G, (2.4.1)

ãäå |G1| = pα1
1 , |G2| = pα1

1 p
α2
2 , . . . , |Gi| = pα1

1 p
α2
2 · . . . · p

αi

i , . . . , |Gn−1| =
pα1
1 p

α2
2 · . . . · p

αn−1
n−1 . Â ýòîì ñëó÷àå ó ðÿäà (3.4.1) ôàêòîðû èçîìîðôíû

ñèëîâñêèì ïîäãðóïïàì G1/1 ' Gp1, G2/G1 ' Gp2, . . ., Gn/Gn−1 ' Gpn.
Åñëè ïðè ýòîì óïîðÿäî÷åíèå φ òàêîâî, ÷òî pφq âñåãäà âëå÷åò p > q, òî
φ-äèñïåðñèâíàÿ ãðóïïà íàçûâàåòñÿ äèñïåðñèâíîé ïî Îðå. Äèñïåðñèâíîé
ãðóïïîé íàçûâàþò ãðóïïó, ÿâëÿþùóþñÿ φ-äèñïåðñèâíîé äëÿ íåêîòîðîãî
óïîðÿäî÷åíèz φ.
Îïðåäåëåíèå 2.4.4. Ïîäãðóïïîé Ôèòòèíãà ãðóïïû G íàçûâàåòñÿ

ïîäãðóïïà F (G) ãðóïïû G, ÿâëÿþùàÿñÿ ïðîèçâåäåíèåì âñåõ íèëüïî-
òåíòíûõ íîðìàëüíûõ â G ïîäãðóïï.
Îïðåäåëåíèå 2.4.5. Ïóñòü G � ãðóïïà è ïóñòü F0(G) = 1,
F1(G) = F (G) � ïîäãðóïïà Ôèòòèíãà ãðóïïû G,
F2(G)/F1(G) = F (G/F1(G)), . . . , Fi(G)/Fi−1(G) = F (G/Fi−1(G)), . . ..
ßñíî, ÷òî 1 = F0(G) ⊆ F1(G) ⊆ F2(G) ⊆ . . .

Â ðàçðåøèìîé íååäèíè÷íîé ãðóïïå ïîäãðóïïà Ôèòòèíãà îòëè÷íà îò
Ïðèìåð 2.4.2.
1. Íèëüïîòåíòíàÿ äëèíà ãðóïïû S3 ðàâíà 2.
2. Íèëüïîòåíòíàÿ äëèíà ãðóïïû S4 ðàâíà 3.
3. Íèëüïîòåíòíàÿ äëèíà ãðóïïû A4 ðàâíà 2.
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Îïðåäåëåíèå 2.4.6. Äëÿ p-ðàçðåøèìîé ãðóïïû ìîæíî îïðåäåëèòü
(p′, p)-ðÿä:

1 = P0 ⊆ N0 ⊆ P1 ⊆ N1 ⊆ P2 ⊆ . . . ⊆ Pl ⊆ Nl = G,

ãäå Ni/Pi = Op′(G/Pi) � íàèáîëüøàÿ íîðìàëüíàÿ p′-ïîäãðóïïà â G/Pi,
à Pi+1/Ni = Op(G/Ni) � íàèáîëüøàÿ íîðìàëüíàÿ p-ïîäãðóïïà â G/Ni.
Íàèìåíüøåå íàòóðàëüíîå ÷èñëî l òàêîå, ÷òî Nl = G, íàçûâàþò p-äëèíîé
ãðóïïû G è îáîçíà÷àþò ÷åðåç lp(G).
Ïðèìåð 2.4.3.
1. p-äëèíà ìåòàíèëüïîòåíòíîé ãðóïïû íå ïðåâûøàåò 1 äëÿ ïðîèçâîëü-

íîãî ïðîñòîãî ÷èñëà p.
2. 2-äëèíà è 3-äëèíà ñèììåòðè÷åñêîé ãðóïïû S3 ðàâíà 1, ò.ê. S3 = [Z3]Z2.
3. 2-äëèíà ñèììåòðè÷åñêîé ãðóïïû S4 ðàâíà 2, à 3-äëèíà ðàâíà 1, ò.ê.

äëÿ ãðóïïû S4 ñóùåñòâóåò ñëåäóþùèé íîðìàëüíûé ðÿä 1 ≤ E4 ≤ A4 ≤
S4 c 2-ôàêòîðàìè è 3-ôàêòîðàìè.
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Ðåàëèçàöèÿ â ñèñòåìå GAP

Áèáëèîòåêà ãðóïï ìàëûõ ïîðÿäêîâ â ñèñòåìå GAP ñîäåðæèò âñå êî-
íå÷íûå ãðóïïû, ïîðÿäîê êîòîðûõ íå ïðåâûøàåò 2 000, çà èñêëþ÷åíèåì
ãðóïï ïîðÿäêà 1 024. Êàæäàÿ ãðóïïà èç áèáëèîòåêè èìååò ñâîé íîìåð,
îáîçíà÷àþùèé åå òèï èçîìîðôèçìà. Ýòîò íîìåð èìååò âèä [n1, n2], ãäå
n1 � ïîðÿäîê ãðóïïû, n2 � åå íîìåð â êàòàëîãå ãðóïï ïîðÿäêà n1. Ãðóï-
ïó, èìåþùóþ òèï èçîìîðôèçìà [n1, n2], ìîæíî âûçâàòü èç áèáëèîòåêè
ñ ïîìîùüþ ôóíêöèè SmallGroup, íàïðèìåð:

S:=SmallGroup(24,12);
<pc group of size 24 with 4 generators>

Ñ äðóãîé ñòîðîíû, äëÿ ìíîãèõ ãðóïï âîçìîæíî îïðåäåëåíèå èõ òèïà
èçîìîðôèçìà ñ ïîìîùüþ ôóíêöèè IdGroup. Òàê, íàïðèìåð, ñèììåòðè-
÷åñêàÿ ãðóïïà ñòåïåíè 4 ìîæåò áûòü ïîëó÷åíà, êàê ãðóïïà ñ íîìåðîì 12
èç áèáëèîòåêè ãðóïï ïîðÿäêà 24:

S:=SymmetricGroup(4);
Sym( [ 1 .. 4 ] )
gap> IdGroup(S);
[ 24, 12 ]

Äëÿ îòáîðà ãðóïï èç áèáëèîòåêè èñïîëüçóåòñÿ ôóíêöèÿ AllSmallGroups
â êîìáèíàöèè ñ ðàçëè÷íûìè àðãóìåíòàìè, ïåðâûì èç êîòîðûõ âñåãäà
ÿâëÿåòñÿ Size, âòîðûì � ïîðÿäîê òðåáóåìûõ ãðóïï). Äàëåå ìîãóò áûòü
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çàïèñàíû äðóãèå ïàðû àðãóìåíòîâ, ãäå â êàæäîé ïàðå ïåðâûé àðãóìåíò
� ôóíêöèÿ äëÿ îòáîðà ãðóïï, âòîðîé � åå òðåáóåìîå çíà÷åíèå. Â ñëåäó-
þùåì ïðèìåðå ïîëó÷àåòñÿ ñïèñîê âñåõ íåàáåëåâûõ ãðóïï ïîðÿäêà 24:

gap> l:=AllSmallGroups(Size,24, IsAbelian, false);;
gap> Length(l);
12

Òàêèì îáðàçîì, ñóùåñòâóåò 12 òàêèõ ãðóïï.
Ïðèíàäëåæíîñòü ê êëàññó àáåëåâûõ, íèëüïîòåíòíûõ, ðàçðåøèìûõ,

ñâåðõðàçðåøèìûõ è äð. ãðóïï â ñèñòåìå GAP ìîæíî ïðîâåðèòü ïðè ïî-
ìîùè ñëåäóþùèõ ôóíêöèé:
• IsAbelian(G) âîçâðàùàåò ¾true¿, åñëè ãðóïïà G ÿâëÿåòñÿ àáåëåâîé

(êîììóòàòèâíîé) è ¾false¿ � â ïðîòèâíîì ñëó÷àå;
• IsCyclic(G) âîçâðàùàåò ¾true¿, åñëè ãðóïïà G ÿâëÿåòñÿ öèêëè÷å-

ñêîé, è ¾false¿ � â ïðîòèâíîì ñëó÷àå;
• IsAlternatingGroup(G) âîçâðàùàåò ¾true¿, åñëè ãðóïïà G ÿâëÿåòñÿ

çíàêîïåðåìåííîé, è ¾false¿ � â ïðîòèâíîì ñëó÷àå;
• IsElementaryAbelian(G) âîçâðàùàåò ¾true¿, åñëè ãðóïïà G ÿâëÿåòñÿ

ýëåìåíòàðíîé àáåëåâîé, è ¾false¿ � â ïðîòèâíîì ñëó÷àå;
• IsNilpotent(G) âîçâðàùàåò ¾true¿, åñëè ãðóïïà G ÿâëÿåòñÿ íèëüïî-

òåíòíîé, è ¾false¿ � â ïðîòèâíîì ñëó÷àå;
• IsSolvable(G) âîçâðàùàåò ¾true¿, åñëè ãðóïïà G ÿâëÿåòñÿ ðàçðåøè-

ìîé, è ¾false¿ � â ïðîòèâíîì ñëó÷àå;
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• IsSupersolvableGroup(G) âîçâðàùàåò ¾true¿, åñëè ãðóïïà G ÿâëÿåòñÿ
ñâåðõðàçðåøèìîé, è ¾false¿ � â ïðîòèâíîì ñëó÷àå;
• IsSimpleGroup(G) âîçâðàùàåò ¾true¿, åñëè ãðóïïà G ÿâëÿåòñÿ ïðî-

ñòîé, è ¾false¿ � â ïðîòèâíîì ñëó÷àå.
Ïðèìåð 2.4.4. Èññëåäóéòå ñèëîâñêóþ 2-ïîäãðóïïó ñèììåòðè÷åñêîé

ãðóïïû S3.

gap> G:=SymmetricGroup(3);
Sym( [ 1 .. 3 ] )
gap> S2:=SylowSubgroup(G,2);
Group([ (1,2) ])
gap> IsTrivial(S2);
false
gap> IsAbelian(S2);
true
gap> IsCyclic(S2);
true
gap> IsElementaryAbelian(S2);
true
gap> IsNilpotent(S2);
true
gap> IsSolvable(S2);
true
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Èçó÷èòü ñòðîåíèå ðàçðåøèìûõ ãðóïï ìîæíî ïóòåì íàõîæäåíèÿ îöå-
íîê èíâàðèàíòîâ (ïðîèçâîäíîé äëèíû, íèëüïîòåíòíîé äëèíû, p-äëèíû
è äðóãèõ).

Â ñèñòåìå GAP ðåàëèçîâàíà ôóíêöèÿ äëÿ íàõîæäåíèÿ ïðîèçâîäíîé
äëèíû ðàçðåøèìîé ãðóïïû:

• DerivedLength(G) âîçâðàùàåò çíà÷åíèå ïðîèçâîäíîé äëèíû ãðóïïû
G. Åñëè ãðóïïà íå ÿâëÿåòñÿ ðàçðåøèìîé, òî âîçâðàùàåò çíà÷åíèå 0.

gap> G:=AlternatingGroup(5);
Alt( [ 1 .. 5 ] )
gap> DerivedLength(G);
0
gap> G1:=AlternatingGroup(4);
Alt( [ 1 .. 4 ] )
gap> DerivedLength(G1);
2
gap> G2:=SymmetricGroup(4);
Sym( [ 1 .. 4 ] )
gap> DerivedLength(G2);
3
gap> G3:=SymmetricGroup(3);
Sym( [ 1 .. 3 ] )
gap> DerivedLength(G3); 2
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Âñòðîåííîé ôóíêöèè, ñâÿçàííîé ñ íàõîæäåíèåì íèëüïîòåíòíîé äëè-
íû, â ñèñòåìå GAP íåò. Ïîýòîìó âîçíèêàåò ñëåäóþùàÿ çàäà÷à.
Ïðèìåð 2.4.5. Èñïîëüçóÿ îïðåäåëåíèå 2.4.5, íàïèøèòå ôóíêöèþ, êî-

òîðàÿ íàõîäèò íèëüïîòåíòíóþ äëèíó ðàçðåøèìîé ãðóïïû.
Ôóíêöèÿ FittingSubgroup(G) âîçâðàùàåò ïîäãðóïïó Ôèòòèíãà ãðóï-

ïû G.

NilpLength:=function(G)
local i,F;
if IsSolvable(G)<>true then return 0;
else
i:=0;
while IsNilpotent(G)<>true do
F:=FittingSubgroup(G);
G:=FactorGroup(G,F);
i:=i+1;
od;
if i=0 then return 1;
else return 1+i;
�;
�;
end;
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gap> Read("C:/gap4r7/bin/NilpLength.g");
gap> G:=AlternatingGroup(5);
Alt( [ 1 .. 5 ] )
gap> NilpLength(G);
0
gap> G1:=SymmetricGroup(4);
Sym( [ 1 .. 4 ] )
gap> NilpLength(G1);
3
gap> G2:=SymmetricGroup(3);
Sym( [ 1 .. 3 ] )
gap> NilpLength(G2);
2
gap> G3:=AlternatingGroup(4);
Alt( [ 1 .. 4 ] )
gap> NilpLength(G3);
2

Âñòðîåííîé ôóíêöèè, ñâÿçàííîé ñ íàõîæäåíèåì p-äëèíû, â ñèñòåìå
GAP íåò.

Ïðèìåð 2.4.6. Èñïîëüçóÿ îïðåäåëåíèå 2.4.6, íàïèøèòå ôóíêöèþ, êî-
òîðàÿ íàõîäèò p-äëèíó p-ðàçðåøèìîé ãðóïïû.

Áóäåì èñïîëüçîâàòü ôóíêöèè:
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• PCore(G,p): âîçâðàùàåò íàèáîëüøóþ íîðìàëüíóþ p-ïîäãðóïïó ãðóï-
ïû G;
• Core(G,U): âîçâðàùàåò íàèáîëüøóþ íîðìàëüíóþ ïîäãðóïïó ãðóïïû

G, ñîäåðæàùóþñÿ â ïîäãðóïïå U ;
• HallSubgroup(G,pi): âîçâðàùàåò õîëëîâó π-ïîäãðóïïó ãðóïïû G.
Äëÿ íàïèñàíèÿ îñíîâíîãî àëãîðèòìà íàì ïîíàäîáèòñÿ âñïîìîãàòåëü-

íàÿ ôóíêöèÿ äëÿ íàõîæäåíèÿ íàèáîëüøåé íîðìàëüíîé p′-ïîäãðóïïû.

Op':=function(G,p)
local piG,pi,U,G1;
piG:=Set(PrimeDivisors(Size(G)));
pi:=Filtered(piG,m->m<>p);
U:=HallSubgroup(G,pi);
G1:=Core(G,U);
return G1;
end;
plength:=function(G,p,fun)
local N,P,i;
N:=fun(G,p);
i:=0;
while N<>G do
G:=FactorGroup(G,N);
P:=PCore(G,p);
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G:=FactorGroup(G,P);
N:=fun(G,p);
i:=i+1;
od;
return i;
end;
gap> Read("C:/gap4r7/bin/Op'.g");; gap>
Read("C:/gap4r7/bin/plength.g");;
gap> G:=SymmetricGroup(3);
Sym( [ 1 .. 3 ] )
gap> plength(G,3,Op');
1
gap> plength(G,2,Op');
1
gap> G1:=SymmetricGroup(4);
Sym( [ 1 .. 4 ] )
gap> plength(G1,2,Op');
2
gap> plength(G1,3,Op');
1
gap> G2:=AlternatingGroup(4);
Alt( [ 1 .. 4 ] )
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gap> plength(G2,3,Op');
1
gap> plength(G2,2,Op');
1
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ÐÀÇÄÅË 3

ÝËÅÌÅÍÒÛ ÒÅÎÐÈÈ ×ÈÑÅË Â ÑÈÑÒÅÌÅ GAP

3.1. Äåëèìîñòü öåëûõ ÷èñåë

Îïðåäåëåíèå 3.1.1. Öåëîå ÷èñëî a äåëèòñÿ íà öåëîå ÷èñëî b, îòëè÷-
íîå îò íóëÿ, åñëè ñóùåñòâóåò öåëîå ÷èñëî q òàêîå, ÷òî âåðíî ðàâåíñòâî
a = bq.

Ââåäåì ñèìâîëû, îáîçíà÷àþùèå ¾a äåëèòñÿ íà b¿: a...b. Âìåñòî âûðà-
æåíèÿ ¾a äåëèòñÿ íà b¿ ãîâîðÿò òàêæå ¾a êðàòíî b¿, ¾b äåëèòåëü a¿. Òàê
æå, êàê è â øêîëüíîì êóðñå àëãåáðû, ÷èñëà a, b, q íàçûâàåì äåëèìîå,
äåëèòåëü, ÷àñòíîå.

Ëåììà 3.1.1. Ïðîñòåéøèå ñâîéñòâà äåëèìîñòè.
1. Íóëü äåëèòñÿ íà ëþáîå îòëè÷íîå îò íóëÿ öåëîå ÷èñëî a.
2. Ëþáîå öåëîå ÷èñëî äåëèòñÿ íà 1, −1.
3. Ëþáîå öåëîå ÷èñëî a 6= 0 äåëèòñÿ ñàìî íà ñåáÿ.
4. Çíàê ÷èñëà íå âëèÿåò íà äåëèìîñòü, ò.å. åñëè a äåëèòñÿ íà b, òî a

äåëèòñÿ íà (−b), (−a) äåëèòñÿ íà b, (−a) äåëèòñÿ íà (−b).
5. Åñëè a äåëèòñÿ íà b è b äåëèòñÿ íà c, òî a äåëèòñÿ íà c (òðàíçèòèâ-

íîñòü äåëèìîñòè).
6. Åñëè êàæäîå ñëàãàåìîå ñóììû äåëèòñÿ íà íåêîòîðîå öåëîå ÷èñëî,

òî è ñóììà äåëèòñÿ íà ýòî ÷èñëî. (Îáðàòíîå óòâåðæäåíèå íåâåðíî.)
7. Åñëè îäíî èç äâóõ öåëûõ ÷èñåë äåëèòñÿ íà êàêîå-ëèáî öåëîå ÷èñëî
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b, òî ñóììà äåëèòñÿ íà b òîãäà è òîëüêî òîãäà, êîãäà è âòîðîå ÷èñëî
äåëèòñÿ íà b.

8. Åñëè óìåíüøàåìîå è âû÷èòàåìîå äåëÿòñÿ íà öåëîå ÷èñëî b, òî è èõ
ðàçíîñòü äåëèòñÿ íà ýòî ÷èñëî. (Îáðàòíîå óòâåðæäåíèå íåâåðíî.)

9. Åñëè õîòÿ áû îäèí èç ñîìíîæèòåëåé äåëèòñÿ íà êàêîå-ëèáî öåëîå
÷èñëî, òî è ïðîèçâåäåíèå ýòèõ ñîìíîæèòåëåé äåëèòñÿ íà ýòî ÷èñëî. (Îá-
ðàòíîå óòâåðæäåíèå íåâåðíî.)

10. Åñëè a äåëèòñÿ íà b è a 6= 0, òî |a| ≥ |b|.
Îïðåäåëåíèå 3.1.2. Öåëîå ÷èñëî a äåëèòñÿ ñ îñòàòêîì íà öåëîå

÷èñëî b, b 6= 0, åñëè ñóùåñòâóþò öåëûå ÷èñëà q, r òàêèå, ÷òî a = bq + r,
ïðè÷åì 0 ≤ r < |b|.
Òåîðåìà 3.1.1. (Î äåëåíèè ñ îñòàòêîì). Äëÿ ëþáûõ öåëûõ ÷èñåë a

è b (b 6= 0) ñóùåñòâóåò åäèíñòâåííàÿ ïàðà öåëûõ ÷èñåë q, r, óäîâëåòâî-
ðÿþùèõ óñëîâèþ a = bq + r, ãäå 0 ≤ r < |b|.
Ïðèìåð 3.1.1. Ðàçäåëèòå ±658 íà ±37.

Ò.ê. 629 = 37 · 17 < 658 < 37 · 18 = 666, òî 658 = 37 · 17 + 29. Çäåñü
17 � íåïîëíîå ÷àñòíîå, 29 � îñòàòîê.

Ðàçäåëèì −658 íà 37. Ò.ê. 37 · (−18) = −666 < −658 < 37 · (−17) =
−629, òî −658 = 37 · (−18) + 8. Çäåñü −18 � íåïîëíîå ÷àñòíîå, 8 �
îñòàòîê.

Ðàçäåëèì 658 íà−37. Ò.ê. 629 = (−37) · (−17) < 658 < (−37) · (−18) =
666, òî 658 = −37 · (−17)+29. Çäåñü −17 � íåïîëíîå ÷àñòíîå, 29 � îñòà-
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òîê.
Ðàçäåëèì−658 íà−37. Ò.ê. (−37) · 18 = −666 < −658 < (−37) · 17 =

−629, òî−658 = (−37) · 18+8. Çäåñü 18� íåïîëíîå ÷àñòíîå, 8� îñòàòîê.

Îòâåò: 658 = 37 · 17 + 29, −658 = 37 · (−18) + 8, 658 = −37 · (−17) +
29, −658 = (−37) · 18 + 8.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Äåëåíèå öåëûõ ÷èñåë íàöåëî è ñ îñòàòêîì â ñèñòåìå êîìïüþòåðíîé
àëãåáðû GAP ðåàëèçóåòñÿ ïðè ïîìîùè ñëåäóþùèõ ôóíêöèé:
• a/b äåëèò ÷èñëî a íà ÷èñëî b (åñëè a íå äåëèòñÿ íàöåëî íà b, òî

ðåçóëüòàòîì áóäåò ðàöèîíàëüíàÿ äðîáü);
• DivisorsInt(n) âîçâðàùàåò ñïèñîê íàòóðàëüíûõ äåëèòåëåé öåëîãî

÷èñëà n;
• a mod b âîçâðàùàåò îñòàòîê îò äåëåíèÿ a íà b.
Ïðèìåð 3.1.2. Âû÷èñëèòå: 144/12, 32/10.

gap> 144/12;
12
gap> 32/10;
16/5
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Ïðèìåð 3.1.3. Ñêîëüêî ÷èñåë â èíòåðâàëå îò 1 äî 200 äåëèòñÿ íà 7?

gap> l := Filtered( [ 1 .. 200 ], i -> i mod 7 = 0);
[ 7, 14, 21, 28, 35, 42, 49, 56, 63, 70, 77, 84, 91, 98, 105, 112, 119,
126, 133, 140, 147, 154, 161, 168, 175, 182, 189, 196 ]
gap> Length(l);
28

Ïðèìåð 3.1.4. Âûÿñíèòå ÿâëÿåòñÿ ëè ÷èñëî 496 ñîâåðøåííûì.
Íàïîìíèì, ÷òî ñîâåðøåííûì ÷èñëîì íàçûâàåòñÿ òàêîå íàòóðàëüíîå

÷èñëî a, ó êîòîðîãî ñóììà âñåõ íàòóðàëüíûõ äåëèòåëåé ðàâíà 2a.

gap> Sum(DivisorsInt(496));
992

Ïðèìåð 3.1.5. Ðàçðàáîòàéòå ôóíêöèþ äåëåíèÿ ñ îñòàòêîì ÷èñëà a
íà ÷èñëî b.

ostatok:=function(a,b)
local q,r;
r:=a mod b;
q:=(a-r)/b;
Print(a,"=",b,"*",q,"+",r);
return q;
end;
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gap> Read("C:/gap4r7/bin/ostatok.g");
gap> ostatok(658,37);
658=37*17+29
17
gap> ostatok(-658,37);
-658=37*-18+8
-18
gap> ostatok(-658,-37);
-658=-37*18+8
18
gap> ostatok(658,-37);
658=-37*-17+29
-17

3.2. Íàèáîëüøèé îáùèé äåëèòåëü (ÍÎÄ). Àëãîðèòì Åâêëèäà.
Íàèìåíüøåå îáùåå êðàòíîå (ÍÎÊ)

Îïðåäåëåíèå 3.2.1. Îáùèì äåëèòåëåì öåëûõ ÷èñåë a1, a2, . . . , ak,
k ≥ 2 íàçûâàåòñÿ öåëîå ÷èñëî, êîòîðîå äåëèò êàæäîå èç ÷èñåë ai, i = 1, k.

Ïóñòü ñðåäè ÷èñåë ai õîòÿ áû îäíî îòëè÷íî îò íóëÿ. Òîãäà ñóùå-
ñòâóåò êîíå÷íîå ÷èñëî îáùèõ äåëèòåëåé, ñðåäè êîòîðûõ ìîæíî âûáðàòü
íàèáîëüøèé äåëèòåëü (ÍÎÄ). Çàìåòèì, ÷òî îáùèì äåëèòåëåì ëþáîé ñî-
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âîêóïíîñòè öåëûõ ÷èñåë ÿâëÿåòñÿ ÷èñëî 1. Ïîýòîìó íàèáîëüøèé îáùèé
äåëèòåëü ýòèõ ÷èñåë áóäåò ðàâåí ëèáî 1, ëèáî áîëüøå 1, ò.å. ÍÎÄ � ÷èñ-
ëî íàòóðàëüíîå. Áóäåì îáîçíà÷àòü íàèáîëüøèé îáùèé äåëèòåëü öåëûõ
÷èñåë a1, a2, . . . , ak ÷åðåç

ÍÎÄ(a1, a2, . . . , ak).

Îïðåäåëåíèå 3.2.2. Öåëûå ÷èñëà a1, a2, . . . , ak, k ≥ 2, íàçûâàþòñÿ
âçàèìíî ïðîñòûìè, åñëè èõ ÍÎÄ ðàâåí 1.
Îïðåäåëåíèå 3.2.3. Öåëûå ÷èñëà a1, a2, . . . , ak, k ≥ 2, íàçûâàþòñÿ

ïîïàðíî âçàèìíî ïðîñòûìè, åñëè íàèáîëüøèé îáùèé äåëèòåëü ëþáûõ
äâóõ ÷èñåë ýòîé ñîâîêóïíîñòè ðàâåí 1, ò.å. ÍÎÄ(ai, aj) = 1, ãäå i, j = 1, k,
i 6= j.
Òåîðåìà 3.2.1. (î ëèíåéíîì ïðåäñòàâëåíèè íàèáîëüøåãî îáùåãî äå-

ëèòåëÿ öåëûõ ÷èñåë). Íàèáîëüøèé îáùèé äåëèòåëü d öåëûõ ÷èñåë a1, a2, . . . , ak,
k ≥ 2, ïðåäñòàâèì â âèäå öåëî÷èñëåííîé ëèíåéíîé êîìáèíàöèè ýòèõ ÷è-
ñåë, ò.å. â ôîðìå d = x1a1 + x2a2 + . . .+ xkak, ãäå xi ∈ Z, i = 1, k.
Îïðåäåëåíèå 3.2.4. Àëãîðèòìîì Åâêëèäà äëÿ äâóõ öåëûõ ÷èñåë a è

b, b 6= 0, íàçûâàåòñÿ ïðîöåññ ïîñëåäîâàòåëüíîãî äåëåíèÿ, êîòîðûé ìîæ-
íî îïèñàòü ñëåäóþùèìè ðàâåíñòâàìè ñ ñîîòâåòñòâóþùèìè óñëîâèÿìè,
âûïîëíÿåìûìè äëÿ ýòèõ ðàâåíñòâ:

a = bq1 + r1, 0 < r1 < |b|,
b = r1q2 + r2, 0 < r2 < r1,

r1 = r2q3 + r3, 0 < r3 < r2 è ò.ä.
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Âîïðîñ î êîíå÷íîñòè äàííîãî ïðîöåññà ðåøàåòñÿ ñëåäóþùèì îáðàçîì:
çàìåòèì, ÷òî îñòàòêè óäîâëåòâîðÿþò óñëîâèþ |b| > r1 > r2 > r3 > . . .,
ò.å. îáðàçóþò óáûâàþùèé íàòóðàëüíûé ðÿä, êîòîðûé óáûâàòü áåñêîíå÷-
íî íå ìîæåò, ò.ê. ÷èñëà ýòîãî ðÿäà íàòóðàëüíûå. Ñëåäîâàòåëüíî, â ýòîì
ïðîöåññå ÷èñëî îñòàòêîâ êîíå÷íî, à çíà÷èò, è ñàì ïðîöåññ êîíå÷åí. Ýòîò
ïðîöåññ îñòàíîâèò íóëåâîé îñòàòîê, ò.ê. ñëåäóþùèé øàã àëãîðèòìà áóäåò
ñîñòîÿòü â äåëåíèè íà íóëü, ÷òî íåâîçìîæíî.

Ïóñòü rk+1 = 0. Òîãäà ïðåäïîñëåäíèé è ïîñëåäíèé øàãè â àëãîðèòìå
Åâêëèäà çàïèøóòñÿ ñëåäóþùèì îáðàçîì

rk−2 = rk−1qk + rk, 0 < rk < rk−1,
rk−1 = rkqk+1.

Òåîðåìà 3.2.2.Íàèáîëüøèé îáùèé äåëèòåëü äâóõ öåëûõ ÷èñåë ðàâåí
ïîñëåäíåìó íåíóëåâîìó îñòàòêó â àëãîðèòìå Åâêëèäà äëÿ ýòèõ ÷èñåë.
Ïðèìåð 3.2.1. Âû÷èñëèòå ÍÎÄ(300, 85). Âûðàçèòå ÍÎÄ ÷åðåç èñ-

õîäíûå ÷èñëà.
Ñîñòàâèì àëãîðèòì Åâêëèäà äëÿ ÷èñåë 300 è 85. Âûïîëíèì ïîñëå-

äîâàòåëüíî äåëåíèå ñ îñòàòêîì: 300 = 85 · 3 + 45, 85 = 45 · 1 + 40,
45 = 40 · 1 + 5, 40 = 5 · 8. Ïîñëåäíèé îòëè÷íûé îò íóëÿ îñòàòîê â àëãî-
ðèòìå Åâêëèäà ÿâëÿåòñÿ íàèáîëüøèì îáùèì äåëèòåëåì ÷èñåë 300 è 85,
ò.å. ÍÎÄ(300, 85) = 3.

Âûðàçèì ÍÎÄ(300, 85) ÷åðåç èñõîäíûå ÷èñëà 300 è 85, äâèãàÿñü â
àëãîðèòìå Åâêëèäà ñíèçó ââåðõ è ïîñëåäîâàòåëüíî âûðàæàÿ îñòàòêè:
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ÍÎÄ(300, 85) = 5 = 45 − 40 = 45 − (85 − 45) = 2 · 45 − 85 = 2(300 −
85 · 3)− 85 = 2 · 300− 7 · 85. Ïîýòîìó 5 = 2 · 300 + (−7) · 85.

Îòâåò: ÍÎÄ(300, 85) = 5 = 2 · 300 + (−7) · 85.

Îïðåäåëåíèå 3.2.5.Îáùèì êðàòíûì öåëûõ ÷èñåë a1, a2, . . . , ak, k ≥ 2,
îòëè÷íûõ îò íóëÿ íàçûâàåòñÿ öåëîå ÷èñëî, êîòîðîå äåëèòñÿ íà êàæäîå
èç ýòèõ ÷èñåë (ÎÊ).

Î÷åâèäíî, ÷òî äëÿ ëþáîé ñîâîêóïíîñòè öåëûõ ÷èñåë a1, a2, . . . ak, ai 6= 0,
i = 1, k, ñóùåñòâóåò áåñêîíå÷íî ìíîãî îáùèõ êðàòíûõ, íàïðèìåð ÷èñëà
âèäà a1 · a2 · . . . · ak · n, ãäå n ∈ Z.

Çàìåòèì, ÷òî |a1 ·a2 · . . . ·ak| � íàòóðàëüíîå îáùåå êðàòíîå ñîâîêóïíî-
ñòè öåëûõ ÷èñåë a1, a2, . . . , ak, k ≥ 2, ïîýòîìó íàèìåíüøåå íàòóðàëüíîå
îáùåå êðàòíîå ëèáî ðàâíî ýòîìó ÷èñëó, ëèáî ìåíüøå åãî. Åñëè íàòóðàëü-
íîå ÎÊ ìåíüøå |a1 · a2 · . . . · ak|, òî îíî ñîäåðæèòñÿ â ïðîìåæóòêå îò 1
äî |a1 · a2 · . . . · ak|, ãäå íàõîäèòñÿ êîíå÷íîå ÷èñëî íàòóðàëüíûõ ÷èñåë,
à çíà÷èò, è êîíå÷íîå ÷èñëî íàòóðàëüíûõ îáùèõ êðàòíûõ ñîâîêóïíîñòè
a1, a2, . . . , ak, ñðåäè êîòîðûõ íàéäåòñÿ íàèìåíüøåå.

Îïðåäåëåíèå 3.2.6. Íàèìåíüøåå íàòóðàëüíîå ÎÊ öåëûõ ÷èñåë, îò-
ëè÷íûõ îò íóëÿ, íàçûâàåòñÿ íàèìåíüøèì îáùèì êðàòíûì ýòèõ ÷èñåë
è îáîçíà÷àåòñÿ ÍÎÊ(a1, a2, . . . , ak) èëè [a1, a2, . . . , ak], k ≥ 2.

Òåîðåìà 3.2.3. ÍÎÊ(a, b) =
a · b

ÍÎÄ(a, b)
, a, b ∈ N.

Ïðèìåð 3.2.2. Íàéäèòå ÍÎÊ(300, 85).
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Ïî òåîðåìå (3.2.3) èìååì:

ÍÎÊ(300, 85) =
300 · 85

ÍÎÄ(300, 85)
=

300 · 85

5
= 5 100.

Îòâåò: ÍÎÊ(300, 85) = 5 100.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Íàõîæäåíèå ÍÎÄà öåëûõ ÷èñåë â ñèñòåìå GAP ðåàëèçóåòñÿ ïðè ïî-
ìîùè ñëåäóþùèõ ôóíêöèé:
• GcdInt(a, b) âîçâðàùàåò ÍÎÄ öåëûõ ÷èñåë a è b;
• Gcdex(a, b) âîçâðàùàåò çàïèñü, ñîñòîÿùóþ èç ÍÎÄà öåëûõ ÷èñåë a

è b, åãî ëèíåéíîãî ïðåäñòàâëåíèÿ ÷åðåç a è b è ëèíåéíîãî ïðåäñòàâëåíèÿ
0 ÷åðåç ÷èñëà a è b;
• ShowGcd(a,b) âîçâðàùàåò ÍÎÄ öåëûõ ÷èñåë a è b, à òàêæå ðóçóëüòàò

êàæäîãî øàãà àëãîðèòìà Åâêëèäà;
• LcmInt(a, b) âîçâðàùàåò ÍÎK öåëûõ ÷èñåë a è b.
Ïðèìåð 3.2.3. Âû÷èñëèòå ÍÎÄ(300, 85). Âûðàçèòå ÍÎÄ ÷åðåç èñ-

õîäíûå ÷èñëà.
gap> GcdInt(300,85);
5
gap> Gcdex(300,85);
rec( coe�1 := 2, coe�2 := -7, coe�3 := -17, coe�4 := 60, gcd := 5 )



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 103 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

Ïðèìåð 3.2.4. Ðàçðàáîòàéòå ôóíêöèþ, ñ ïîìîùüþ êîòîðîé ìîæíî
ïîëó÷èòü èíôîðìàöèþ î êàæäîì ýòàïå àëãîðèòìà Åâêëèäà.

Âîñïîëüçóåìñÿ ôóíêöèåé ostatok(a,b) èç ïðèìåðà 3.1.5.

euclid:=function(a,b,ostatok)
local r,q;
r:=a mod b;
q:=ostatok(a,b);

Print(a, "= ", b, "* ", q, "+ ", r, "\n ");
while r <> 0 do
a:=b;
b:=r;
r:=a mod b;
q:=ostatok(a,b);
Print(a, "= ", b, "* ", q, "+ ", r, "\n ");
od;
Print("NOD = ", b, "\n ");
return b;
end;
gap> Read("C:/gap4r7/bin/ostatok.g");
gap> Read("C:/gap4r7/bin/euclidPrint.g");
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gap> euclidPrint(300,85,ostatok);
300 = 85 * 3 + 45
85 = 45 * 1 + 40
45 = 40 * 1 + 5
40 = 5 * 8 + 0
NOD = 5

Ýòîò æå ïðèìåð ìîæíî ðåøèòü, èñïîëüçóÿ âñòðîåííóþ ôóíêöèþ
ShowGcd(a,b).

gap> ShowGcd(300,85);
300=3*85 + 45
85=1*45 + 40
45=1*40 + 5
40=8*5 + 0
The Gcd is 5
= 1*45 -1*40
= -1*85 + 2*45
= 2*300 -7*85

Ïðèìåð 3.2.5. Íàéäèòå ÍÎÊ(300, 85).

gap> LcmInt(300,85);
5100
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3.3. Ïðîñòûå ÷èñëà. Ðàçëîæåíèå íàòóðàëüíûõ ÷èñåë íà
ïðîñòûå ìíîæèòåëè. ×èñëîâûå ôóíêöèè

Îïðåäåëåíèå 3.3.1. Íàòóðàëüíîå ÷èñëî íàçûâàåòñÿ ïðîñòûì, åñëè
îíî èìååò òîëüêî äâà íàòóðàëüíûõ äåëèòåëÿ (1 è ñàìî ÷èñëî).

Íàïðèìåð, ÷èñëà 2, 3, 5, 7, 11, 13, 17 ÿâëÿþòñÿ ïðîñòûìè ÷èñëàìè,
ò.ê. êàæäîå èç ýòèõ ÷èñåë èìååò òîëüêî äâà íàòóðàëüíûõ äåëèòåëÿ.
Îïðåäåëåíèå 3.3.2. Íàòóðàëüíîå ÷èñëî íàçûâàåòñÿ ñîñòàâíûì, åñ-

ëè îíî èìååò áîëåå äâóõ íàòóðàëüíûõ äåëèòåëåé (õîòÿ áû îäèí íàòó-
ðàëüíûé äåëèòåëü, îòëè÷íûé îò 1 è ñàìîãî ÷èñëà).
Çàìå÷àíèå 3.3.1. 1. Åäèíèöà íå ÿâëÿåòñÿ íè ïðîñòûì, íè ñîñòàâíûì

÷èñëîì, ò.ê. èìååò òîëüêî îäèí íàòóðàëüíûé äåëèòåëü.
2. Åäèíñòâåííûì ÷åòíûì ïðîñòûì ÷èñëîì ÿâëÿåòñÿ ÷èñëî 2.
Òåîðåìà 3.3.1. (Êðèòåðèé ñîñòàâíîãî ÷èñëà). Íàòóðàëüíîå ÷èñëî

a > 1 ÿâëÿåòñÿ ñîñòàâíûì òîãäà è òîëüêî òîãäà, êîãäà îíî äåëèòñÿ õîòÿ
áû íà îäíî ïðîñòîå ÷èñëî, íå ïðåâîñõîäÿùåå

√
a.

Òåîðåìà 3.3.2. (Êðèòåðèé ïðîñòîãî ÷èñëà). Íàòóðàëüíîå ÷èñëî a > 1
ÿâëÿåòñÿ ïðîñòûì òîãäà è òîëüêî òîãäà, êîãäà îíî íå äåëèòñÿ íè íà îäíî
ïðîñòîå ÷èñëî p, íå ïðåâîñõîäÿùåå

√
a.

Ïðèìåð 3.3.1. Âûÿñíèòå, ïðîñòûì èëè ñîñòàâíûì ÿâëÿåòñÿ ÷èñ-
ëî 101.

Âîñïîëüçóåìñÿ êðèòåðèåì ïðîñòîãî ÷èñëà. Î÷åâèäíî, ÷òî
√

101 ≈ 10, 05.
Ðàññìîòðèì p < 10, ò.å. 2, 3, 5, 7. ×èñëî 101 íå äåëèòñÿ íè íà îäíî èç ýòèõ
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÷èñåë, çíà÷èò, 101 � ïðîñòîå ÷èñëî.
Îòâåò: ÿâëÿåòñÿ.
Òåîðåìà 3.3.3. (Òåîðåìà Åâêëèäà). Ìíîæåñòâî ïðîñòûõ ÷èñåë áåñ-

êîíå÷íî.
Ïðèìåð 3.3.2. Íàéäèòå âîçìîæíûå çíà÷åíèÿ ïðîñòîãî ÷èñëà p, åñëè

èçâåñòíî, ÷òî 4p2 + 1 è 6p2 + 1 � ïðîñòûå ÷èñëà.
Âñå íàòóðàëüíûå ÷èñëà ìîæíî ïðåäñòàâèòü â âèäå 5n, 5n± 1, 5n± 2.

×èñëà âèäà 5n ÿâëÿþòñÿ ïðîñòûìè òîëüêî ïðè n = 1. Â ýòîì ñëó÷àå
p = 5 è 4p2 + 1 = 101, 6p2 + 1 = 151, ò.å. ìû íàøëè îäíî çíà÷åíèå p,
óäîâëåòâîðÿþùåå óñëîâèþ.

Ïîêàæåì, ÷òî äðóãèõ çíà÷åíèé p íåò. Åñëè p = 5n ± 1, òî 4p2 + 1 =
4(20n2 ± 8n + 1) � ÷èñëî ñîñòàâíîå; åñëè p = 5n ± 2, òî 6p2 + 1 =
5(30n2 ± 24n+ 1) � ÷èñëî ñîñòàâíîå.
Òåîðåìà 3.3.4. (Îñíîâíàÿ òåîðåìà àðèôìåòèêè). Ëþáîå íàòóðàëü-

íîå ÷èñëî a > 1 ìîæíî ðàçëîæèòü íà ïðîñòûå ìíîæèòåëè, è ýòî ðàçëî-
æåíèå åäèíñòâåííî ñ òî÷íîñòüþ äî ïîðÿäêà ñëåäîâàíèÿ ìíîæèòåëåé.

Â ðàçëîæåíèè íàòóðàëüíîãî ÷èñëà a íà ïðîñòûå ìíîæèòåëè ìîãóò
âñòðå÷àòüñÿ ðàâíûå ìíîæèòåëè. Ïóñòü ìíîæèòåëü p1 âñòðå÷àåòñÿ α1 ðàç,
p2 � α2 ðàç, ..., pk � αk ðàç. Òîãäà ÷èñëî a ïðèìåò âèä a = pα1

1 ·p
α2
2 ·. . .·p

αn

k ,
αi ∈ N, i = 1, k.

Òàêîå ðàçëîæåíèå íàçûâàåòñÿ êàíîíè÷åñêèì ðàçëîæåíèåì ÷èñëà a.
Ïðèìåð 3.3.3. Íàéäèòå êàíîíè÷åñêîå ðàçëîæåíèå ÷èñëà 3 445.
Î÷åâèäíî, ÷òî ÷èñëî 3 445 äåëèòñÿ íà 5. Òîãäà 3445 = 5 · 689. Ò.ê.
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√
689 < 30, òî íóæíî ïðîâåðèòü âñå ïðîñòûå ÷èñëà íå áîëåå 30. ×èñëà

2, 3, 5, 7, 11 íå äåëÿò 689, à 13 äåëèò 689 = 13 · 53. ×èñëî 53 ÿâëÿåòñÿ
ïðîñòûì. Ò.î., êàíîíè÷åñêîå ðàçëîæåíèå ÷èñëà 3445 èìååò âèä 3445 =
5 · 13 · 53.
Îòâåò: 3445 = 5 · 13 · 53.
Òàáëèöó ïðîñòûõ ÷èñåë, íå ïðåâûøàþùèõ çàäàííîãî íàòóðàëüíîãî

÷èñëà n, ìîæíî ñîñòàâèòü ñëåäóþùèì îáðàçîì. Âûïèøåì âñå íàòóðàëü-
íûå ÷èñëà îò 2 äî n:

2, 3, 4, 5, 6, . . . , n.

Äàëåå âû÷åðêíåì â ïîñëåäîâàòåëüíîñòè âñå ÷èñëà, êðàòíûå 2. Ïåðâîå
íåâû÷åðêíóòîå ÷èñëî 3 ÿâëÿåòñÿ ïðîñòûì. Ýòî ÷èñëî îñòàâëÿåì è çà-
òåì âû÷åðêèâàåì âñå ÷èñëà, êðàòíûå 3. Ïåðâûì íåâû÷åðêíóòûì ÷èñëîì
ïîñëå ýòîãî áóäåò 5, êîòîðîå ÿâëÿåòñÿ ïðîñòûì. Åãî îñòàâëÿåì è äàëåå
âû÷åðêèâàåì âñå ÷èñëà, êðàòíûå 5, è ò.ä. Âû÷åðêíóâ, òàêèì îáðàçîì,
âñå ÷èñëà, êðàòíûå ïðîñòûì ÷èñëàì, íå ïðåâûøàþùèì

√
n, ïîëó÷èì

âñå ïðîñòûå ÷èñëà íà îòðåçêå îò 1 äî n.
Äàííûé ìåòîä âûäåëåíèÿ ïðîñòûõ ÷èñåë íàçûâàåòñÿ ðåøåòîì Ýðà-

òîñôåíà ïî èìåíè äðåâíåãðå÷åñêîãî ìàòåìàòèêà, âïåðâûå èñïîëüçîâàâ-
øåãî åãî.
Ïðèìåð 3.3.4. Íàéäèòå âñå ïðîñòûå ÷èñëà ìåæäó 100 è 110.
Ò.ê.

√
109 ≈ 10, òî íàèìåíüøèé ïðîñòîé äåëèòåëü óêàçàííûõ ÷èñåë
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≤ 7. Âûïèøåì óêàçàííûå ÷èñëà è ïîä÷åðêíåì êðàòíûå 2, 3, 5 è 7: 101,
102, 103, 104, 105, 106, 107, 108, 109. Ò.ê. 101 = 7 · 14 + 3, òî íàèìåíüøåå
êðàòíîå ñåìè ÷èñëî � ÷åòâåðòîå îò 101, ò.å. 105; îíî óæå ïîä÷åðêíóòî,
à ñëåäóþùåå êðàòíîå ñåìè ÷èñëî áîëüøå 109 (ñåäüìîå îò 105). Ñëåäîâà-
òåëüíî, ñðåäè óêàçàííûõ ÷èñåë êðàòíûõ 7 íåò.
Îòâåò: 101, 103, 107 è 109.
Â òåîðèè ÷èñåë ðàññìàòðèâàþòñÿ ðàçíîîáðàçíûå ôóíêöèè f(n), çíà-

÷åíèÿ êîòîðûõ ïðè íàòóðàëüíûõ çíà÷åíèÿõ n ñâÿçàíû ñ àðèôìåòè÷åñêîé
ïðèðîäîé n. Ìíîæåñòâî ðàññìàòðèâàåìûõ ôóíêöèé óäîáíåå íå îãðàíè-
÷èâàòü çàðàíåå êàêèìè-ëèáî òðåáîâàíèÿìè, êðîìå åäèíñòâåííîãî òðåáî-
âàíèÿ: êàæäàÿ ôóíêöèÿ äîëæíà áûòü îïðåäåëåíà äëÿ âñåõ íàòóðàëüíûõ
çíà÷åíèé àðãóìåíòà.
Îïðåäåëåíèå 3.3.3. Ôóíêöèÿ f(x) íàçûâàåòñÿ ÷èñëîâîé, åñëè îíà

îïðåäåëåíà ïðè âñåõ íàòóðàëüíûõ çíà÷åíèÿõ àðãóìåíòà x.
Ðàññìîòðèì ñíà÷àëà ÷èñëîâûå ôóíêöèè τ(n) è σ(n), çàâèñÿùèå îò äå-

ëèòåëåé àðãóìåíòà. Ôóíêöèÿ τ(n) îïðåäåëÿåòñÿ êàê ÷èñëî ïîëîæèòåëü-
íûõ äåëèòåëåé íàòóðàëüíîãî ÷èñëà n, à ôóíêöèÿ σ(n) îïðåäåëÿåòñÿ êàê
ñóììà ïîëîæèòåëüíûõ äåëèòåëåé íàòóðàëüíîãî ÷èñëà n, ò.å.

τ(n) =
∑
d|n

1, σ(n) =
∑
d|n

d.

Ïðèìåð 3.3.5. Åñëè p ïðîñòîå, òî τ(p) = 2. Íàïðèìåð, τ(1) = 1,
τ(18) = 6, ò.ê. ó ÷èñëà 18 øåñòü ïîëîæèòåëüíûõ äåëèòåëåé: 1, 2, 3, 6, 9
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è 18. σ(18) = 1 + 2 + 3 + 6 + 9 + 18 = 39;σ(p) = 1 + p.

Òåîðåìà 3.3.5. Åñëè pα1
1 · p

α2
2 · . . . · pαs

s � êàíîíè÷åñêîå ðàçëîæåíèå
íàòóðàëüíîãî ÷èñëà n, òî

τ(n) = (α1 + 1)(α2 + 1) . . . (αs + 1).

Ïðèìåð 3.3.6. τ(1 000 000) = τ(26 · 56) = 7 · 7 = 49, τ(48 510) =
τ(2 · 32 · 5 · 72 · 11) = 2 · 3 · 2 · 3 · 2 = 72.
Òåîðåìà 3.3.6. Åñëè pα1

1 · p
α2
2 · . . . · pαs

s � êàíîíè÷åñêîå ðàçëîæåíèå
íàòóðàëüíîãî ÷èñëà n, òî

σ(n) =
pα1+1
1 − 1

p1 − 1
· p

α2+1
2 − 1

p2 − 1
· . . . · p

αs+1
s − 1

ps − 1
.

Ïðèìåð 3.3.7. σ(19 800) = σ(23 ·32 ·52 ·11) = 24−1
2−1 ·

33−1
3−1 ·

53−1
5−1 ·

112−1
11−1 =

72 540.
Ïðèìåð 3.3.8. Íàéäèòå íàòóðàëüíîå ÷èñëî x, åñëè èçâåñòíî, ÷òî 12

äåëèò x è τ(x) = 14.
Íàòóðàëüíîå ÷èñëî x çàïèñûâàåòñÿ â âèäå:

x = 2α3βpα1
1 p

α2
2 . . . pαk

k , α ≥ 2, β ≥ 1,

3 < p1 < p2 < . . . < pk, k ≥ 0.

Ïî óñëîâèþ

τ(x) = (α + 1)(β + 1)(α1 + 1) . . . (αk + 1) = 14 = 2 · 7,
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ãäå α + 1 ≥ 3, β + 1 ≥ 2. Ýòî âîçìîæíî ëèøü â ñëó÷àå, êîãäà k = 0,
α + 1 = 7, β + 1 = 2 è x = 26 · 3 = 192.
Îòâåò: 192.

Îïðåäåëåíèå 3.3.4. Ôóíêöèÿ Ýéëåðà ϕ(n) îïðåäåëåíà íà ìíîæåñòâå
N è ïðåäñòàâëÿåò ñîáîé ÷èñëî íàòóðàëüíûõ ÷èñåë, íå ïðåâîñõîäÿùèõ n
è âçàèìíî ïðîñòûõ ñ íèì.

Íàïðèìåð, ϕ(1) = ϕ(2) = 1, ϕ(3) = ϕ(4) = 2 è ò.ä.
Òåîðåìà 3.3.7. ϕ(pn) = pn(1− 1

p) = pn−1(p− 1)

Ñëåäñòâèå 3.3.1. ϕ(p) = p− 1.
Ñëåäñòâèå 3.3.2. Åñëè n = pα1

1 · . . . · p
αt
t , òî

ϕ(n) = pα1
1 (1− 1

p1
) · . . . · pαt

t (1− 1

pt
) =

= n(1− 1

p1
) · . . . · (1− 1

pt
) = pα1−1

1 (p1 − 1) · . . . · pαt−1
t (pt − 1).

Ïðèìåð 3.3.9. ϕ(360) = ϕ(23325) = 4 · 3 · 2 · 4 = 96.

Ïðèìåð 3.3.10. Íàéäèòå âñå ïðîñòûå äåëèòåëè ÷èñëà x èç óðàâíåíèÿ
3ϕ(x) = x.

Ïî óñëîâèþ 3 äåëèò x, çíà÷èò 3 − 1 = 2 äåëèò ϕ(x), à èç ðàâåíñòâà
3ϕ(x) = x ñëåäóåò, ÷òî x äåëèòñÿ íà 6. Áóäåì ñ÷èòàòü, ÷òî

x = 2α3βpα1
1 . . . pαk

k , 3 < p1 < . . . < pk, k ≥ 0.
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Ïðåäïîëîæèì, ÷òî k > 0. Ïî óñëîâèþ

3 · 2α−1 · 3β−1 · 2 · pα1−1
1 (p1 − 1) . . . pαk−1

k (pk − 1) = 2α3βpα1
1 . . . pαk

k ,

ïîýòîìó (p1−1) . . . (pk−1) = p1 . . . pk. Òàê êàê p1 − 1 < . . . < pk − 1 < pk,
òî pk äåëèò (p1−1) . . . (pk−1), ÷òî íåâîçìîæíî. Ïîýòîìó äîïóùåíèå k > 0
íåâåðíî. Çíà÷èò, k = 0 è x = 2α3β.
Îòâåò: 2; 3.
Ïðèìåð 3.3.11. Ðåøèòå óðàâíåíèå ϕ(3x5y) = 40.
Ò.ê. ϕ(3x5y) = 3x−1(3 − 1)5y−1(5 − 1) = 40 = 235, òî 3x−15y−1 = 5.

Ïîýòîìó x = 1, à y = 2.
Îòâåò: (1; 2).

Ðåàëèçàöèÿ â ñèñòåìå GAP

Èññëåäîâàíèå íàòóðàëüíûõ ÷èñåë íà ïðîñòîòó è ðàáîòà ñ îñíîâíûìè
÷èñëîâûìè ôóíêöèÿìè â ñèñòåìå êîìïüþòåðíîé àëãåáðû GAP ðåàëèçó-
åòñÿ ïðè ïîìîùè ñëåäóþùèõ ôóíêöèé:
• Primes âîçâðàùàåò ñïèñîê âñåõ ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ 1

000;
• IsPrimeInt(a) âîçâðàùàåò ðåçóëüòàò true, åñëè íàòóðàëüíîå ÷èñëî a

ïðîñòîå, è ðåçóëüòàò false, åñëè ÷èñëî a ñîñòàâíîå;
• FactorsInt(a) âîçâðàùàåò ñïèñîê ïðîñòûõ äåëèòåëåé çàääàííîãî öå-

ëîãî ÷èñëà a.
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• PrimePowersInt(a) âîçâðàùàåò êàíîíè÷åñêîå ðàçëîæåíèå öåëîãî ÷èñ-
ëà a = pα1

1 · . . . · p
αt
t â âèäå [p1, α1, ..., pt, αt];

• PrintFactorsInt(a) âîçâðàùàåò êàíîíè÷åñêîå ðàçëîæåíèå öåëîãî ÷èñ-
ëà a;
• Sigma(a) âîçâðàùàåò çíà÷åíèå ôóíêöèè σ(a);
• Tau(a) âîçâðàùàåò çíà÷åíèå ôóíêöèè τ(a);
• Phi(a) âîçâðàùàåò çíà÷åíèå ôóíêöèè Ýéëåðà ϕ(a).
Ïðèìåð 3.3.12. Íàéäèòå âñå ïðîñòûå ÷èñëà, íå ïðåâîñõîäÿùèå 1000.

gap> Primes;
[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67,
71, 73, 79, 83, 89, 97, 101, 103, 107, 109, 113, 127, 131, 137, 139,
149, 151, 157, 163, 167, 173, 179, 181, 191, 193, 197, 199, 211,
223, 227, 229, 233, 239, 241, 251, 257, 263, 269, 271, 277, 281,
283, 293, 307, 311, 313, 317, 331, 337, 347, 349, 353, 359, 367,
373, 379, 383, 389, 397, 401, 409, 419, 421, 431, 433, 439, 443,
449, 457, 461, 463, 467, 479, 487, 491, 499, 503, 509, 521, 523,
541, 547, 557, 563, 569, 571, 577, 587, 593, 599, 601, 607,
613, 617, 619, 631, 641, 643, 647, 653, 659, 661, 673, 677, 683,
691, 701, 709, 719, 727, 733, 739, 743, 751, 757, 761, 769, 773,
787, 797, 809, 811, 821, 823, 827, 829, 839, 853, 857, 859, 863,
877, 881, 883, 887, 907, 911, 919, 929, 937, 941, 947, 953, 967,
971, 977, 983, 991, 997 ]
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gap> Primes[1];
2
gap> Primes[8];
19

Ïðèìåð 3.3.13. Âûÿñíèòå, ïðîñòûìè èëè ñîñòàâíûìè ÿâëÿåòñÿ ÷èñ-
ëî 101.

gap> IsPrimeInt(101);
true

Ïðèìåð 3.3.14. Ðàçëîæèòå ÷èñëà 3 445 è 12! íà ïðîñòûå ìíîæèòåëè.

gap> FactorsInt(3445);
[5, 13, 53]
gap> PrimePowersInt(3445);
[5, 1, 13, 1, 53, 1]
gap> PrintFactorsInt(3445);
5*13*53
gap> FactorsInt(Factorial(12));
[ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 5, 5, 7, 11 ]
gap> PrimePowersInt(Factorial(12));
[ 2, 10, 3, 5, 5, 2, 7, 1, 11, 1 ]
gap> PrintFactorsInt(Factorial(12));
2∧10 ∗ 3∧5 ∗ 5∧2 ∗ 7 ∗ 11
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Ïðèìåð 3.3.15. Íàéäèòå τ(1 000 000) è σ(19 800).

gap> DivisorsInt(19800);
[ 1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12, 15, 18, 20, 22, 24, 25, 30, 33, 36,
40, 44, 45, 50, 55, 60, 66, 72, 75, 88, 90, 99, 100, 110, 120, 132,
150, 165, 180, 198, 200, 220, 225, 264, 275, 300, 330, 360, 396,
440, 450, 495, 550, 600, 660, 792, 825, 900, 990, 1100, 1320, 1650,
1800, 1980, 2200, 2475, 3300, 3960, 4950, 6600, 9900, 19800 ]
gap> Sigma(19800);
72540
gap> Sum(DivisorsInt(19800))=Sigma(19800);
true
gap> DivisorsInt(1000000);
[ 1, 2, 4, 5, 8, 10, 16, 20, 25, 32, 40, 50, 64, 80, 100, 125, 160, 200,
250, 320, 400, 500, 625, 800, 1000, 1250, 1600, 2000, 2500, 3125,
4000, 5000, 6250, 8000, 10000, 12500, 15625, 20000, 25000,
31250, 40000, 50000, 62500, 100000, 125000, 200000, 250000,
500000, 1000000 ]
gap> Tau(1000000);
49
gap> Length(DivisorsInt(1000000))=Tau(1000000);
true
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Ïðèìåð 3.3.16. Íàéäèòå íàòóðàëüíîå ÷èñëî x, åñëè èçâåñòíî, ÷òî 12
äåëèò x è τ(x) = 14.

gap> Filtered([1..50000], x-> Tau(x) = 14 and x mod 12 = 0);
[ 192 ]

Ïðèìåð 3.3.17. Íàéäèòå ϕ(360).

gap> Phi(360);
96

Ïðèìåð 3.3.18. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ ëþáûõ öåëûõ a
è b âûäàâàëà âñå ïðîñòûå äåëèòåëè ÷èñëà x èç óðàâíåíèÿ aϕ(x) = bx íà
èíòåðâàëå [1;1000]. Íàéäèòå âñå ïðîñòûå äåëèòåëè ÷èñëà x èç óðàâíåíèÿ
3ϕ(x) = x.

uravn:=function(a,b)
local i,k,s;
for i in [1..1000] do
if a*Phi(i)=b*i then
k:=i;
break; �;
od;
s:=Set(Factors(k));
return s;
end;
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gap> Read("C:/gap4r7/bin/uravn.g");
gap> uravn(3,1);
[ 2, 3 ]

3.4. Îòíîøåíèå ñðàâíåíèÿ â êîëüöå Z

Òåîðåìà 3.4.1. Ïóñòü m � íàòóðàëüíîå ÷èñëî, m > 1. Äëÿ ëþáûõ
öåëûõ ÷èñåë a è b ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

1) a è b èìååþò îäèíàêîâûå îñòàòêè îò äåëåíèÿ íà m;
2) a− b äåëèòñÿ íà m, ò.å. a− b = mq äëÿ ïîäõîäÿùåãî öåëîãî q;
3) a = b+mq äëÿ íåêîòîðîãî öåëîãî q.
Îïðåäåëåíèå 3.4.1. Öåëûå ÷èñëà a è b íàçûâàþòñÿ ñðàâíèìûìè ïî

ìîäóëþ m, åñëè îíè óäîâëåòâîðÿþò îäíîìó èç óñëîâèé òåîðåìû 3.4.1,
è ïèøóò a ≡ b (mod m). Äàííîå ñîîòíîøåíèå ìåæäó öåëûìè ÷èñëàìè
íàçûâàþò ñðàâíåíèåì ïî ìîäóëþ m.
Îïðåäåëåíèå 3.4.2. Ñðàâíåíèåì ïåðâîé ñòåïåíè ñ îäíèì íåèçâåñò-

íûì íàçûâàåòñÿ ñðàâíåíèå ax ≡ b (mod m), ãäå a, b ∈ Z, m ∈ N, a 6≡ 0
(mod m).

Åñëè â ýòî ñðàâíåíèå âìåñòî x áóäåì ïîäñòàâëÿòü ðàçëè÷íûå öåëûå
÷èñëà, òî áóäåì ïîëó÷àòü âåðíûå èëè íåâåðíûå ÷èñëîâûå ñðàâíåíèÿ.
Òå çíà÷åíèÿ x, êîòîðûå äàþò âåðíûå ÷èñëîâûå ñðàâíåíèÿ, íàçûâàþò
ðåøåíèÿìè ñðàâíåíèÿ.



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 117 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

Ëåãêî ïðîâåðèòü, ÷òî åñëè x0 � ðåøåíèå ñðàâíåíèÿ, òî âñå öåëûå
÷èñëà èç êëàññà x0 = {x0 + tm | t ∈ Z} òàêæå áóäóò ðåøåíèÿìè. Òàêèå
ðåøåíèÿ ñ÷èòàþòñÿ îäèíàêîâûìè. Ïîýòîìó ðåøåíèåì ñðàâíåíèÿ ïðèíÿ-
òî ñ÷èòàòü íå îòäåëüíîå ÷èñëî, à öåëûé êëàññ âû÷åòîâ ïî ìîäóëþ m,
óäîâëåòâîðÿþùèõ ñðàâíåíèþ.
Îïðåäåëåíèå 3.4.3. ×èñëîì ðåøåíèé ñðàâíåíèÿ íàçûâàþò ÷èñëî ðå-

øåíèé ñðàâíåíèÿ â êàêîé-ëèáî ïîëíîé ñèñòåìå âû÷åòîâ ïî ìîäóëþ m.
Îïðåäåëåíèå 3.4.4. Ñðàâíåíèÿ íàçûâàþòñÿ ðàâíîñèëüíûìè, åñëè

îíè èìåþò îäèíàêîâûå ðåøåíèÿ.
Òåîðåìà 3.4.2. 1.Åñëè ÍÎÄ(a,m) = 1, òî ñðàâíåíèå èìååò åäèí-

ñòâåííîå ðåøåíèå.
2. Åñëè ÍÎÄ(a,m) = d > 1 è d íå äåëèò b, òî ñðàâíåíèå íå èìååò

ðåøåíèé.
3. Åñëè ÍÎÄ(a,m) = d > 1 è d äåëèò b, òî ñðàâíåíèå èìååò d ðåøå-

íèé ïî ìîäóëþ m: x0, x0 + 2m1, . . . , x0 + (d− 1)m1, ãäå m1 =
m

d
, x0 �

íàèìåíüøèé íåîòðèöàòåëüíûé âû÷åò èç ðåøåíèÿ ñðàâíåíèÿ

a1x = b1 (mod m1), a1 =
a

d
, b1 =

b

d
.

Ïðèìåð 3.4.1. Ðåøèòå ñðàâíåíèå 5x ≡ 6 (mod 7).
1. Ìåòîä ïðîá. Ò.ê. ÍÎÄ(5, 7) = 1, òî ïî òåîðåìå 3.4.2 (1) ñðàâíåíèå

èìååò åäèíñòâåííîå ðåøåíèå. Ïîäñòàâëÿÿ íàèìåíüøèå ïî àáñîëþòíîé
âåëè÷èíå âû÷åòû 0, ±1, ±2, ±3 ïî ìîäóëþ 7 â ñðàâíåíèå, ïîëó÷àåì, ÷òî
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4 ∈ Z7 � èñêîìîå ðåøåíèå ñðàâíåíèÿ.
Îòâåò: 4.
2. Ìåòîä ïðåîáðàçîâàíèÿ êîýôôèöèåíòîâ: èñïîëüçóÿ ñâîéñòâà ñðàâ-

íåíèé, êîýôôèöèåíòû ñðàâíåíèÿ ïðåîáðàçóþò òàê, ÷òîáû êîýôôèöèåíò
ïðè x ñòàë ðàâåí 1.

Â ñðàâíåíèè ê ëåâîé ÷àñòè ïðèáàâèì −7x:

−2x ≡ 6 (mod 7).

Ò.ê. ÍÎÄ(−2, 7) = 1, òî ðàçäåëèì îáå ÷àñòè ïîñëåäíåãî ñðàâíåíèÿ íà
(−2):

x ≡ −3 ≡ 4 (mod 7).

3. Ìåòîä Ýéëåðà: ðåøåíèå íàõîäèòñÿ ïî ôîðìóëå

x ≡ baϕ(m)−1 (mod m).

Ðåøèì èñõîäíîå ñðàâíåíèå ìåòîäîì Ýéëåðà. Ò.ê. ϕ(7) = 6, òî

x ≡ 6 · 56−1 ≡ 6 · 53 · 52 ≡ (−1)(−1) · 4 ≡ 4 (mod 7).

Ïðèìåð 3.4.2. Ðåøèòå ñðàâíåíèå 45x ≡ 31 (mod 100).
Ò.ê. ÍÎÄ(45, 100) = 5 è 31 íå äåëèòñÿ íà 5, òî ïî òåîðåìå 3.4.2 (2)

ñðàâíåíèå ðåøåíèé íå èìååò.
Îòâåò: ðåøåíèé íåò.
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Ïðèìåð 3.4.3. Ðåøèòå ñðàâíåíèå 51x ≡ 141 (mod 234).

Çäåñü ÍÎÄ(51, 234) = 3 è 141 äåëèòñÿ íà 3. Ñëåäîâàòåëüíî, ñðàâíåíèå
èìååò 3 ðåøåíèÿ ïî òåîðåìå 3.4.2 (3).

Ïîñëå äåëåíèÿ îáåèõ ÷àñòåé ñðàâíåíèÿ è ìîäóëÿ íà 3 ïîëó÷èì ñðàâ-
íåíèå 17x ≡ 47 (mod 78). Ïîëó÷åííîå ñðàâíåíèå èìååò åäèíñòâåííîå
ðåøåíèå, ò.ê. ÍÎÄ(17, 78) = 1. Åãî ðåøåíèåì ÿâëÿåòñÿ x ≡ 67 (mod 78)
(ïðîâåðüòå). Òîãäà 67, 145, 223 � ðåøåíèÿ äàííîãî ñðàâíåíèÿ.
Îòâåò: 67, 145, 223.
Ðàññìîòðèì ñèñòåìó ñðàâíåíèé ñïåöèàëüíîãî âèäà

x ≡ a1 (mod m1),

. . . . . . . . . . . . . . . . . .

x ≡ ak (mod mk).

(3.4.1)

Òåîðåìà 3.4.3. (Êèòàéñêàÿ òåîðåìà îá îñòàòêàõ). Åñëè m1, . . . ,mk

ïîïàðíî âçàèìíî ïðîñòû, òî ñèñòåìà ñðàâíåíèé (3.4.1) ðàçðåøèìà. Îïðå-
äåëèì öåëûå ÷èñëà M , Mi, bi óñëîâèÿìè M = m1m2 · . . . ·mk, Mi = M

mi
,

Mibi ≡ ai (mod mi), i = 1, 2, . . . , k,

x0 = M1b1 +M2b2 + . . .+Mkbk.

Òîãäà ìíîæåñòâî öåëûõ ÷èñåë, óäîâëåòâîðÿþùèõ ñèñòåìå ñðàâíåíèé, ñî-
ñòàâëÿåò êëàññ âû÷åòîâ x ≡ x0 (mod M).



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 120 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

Çàìå÷àíèå 3.4.1.Ïîñêîëüêó â óñëîâèÿõ òåîðåìû 3.4.3 ÍÎÄ(Mi,mi) =
1, ñóùåñòâîâàíèå ÷èñåë bi ñëåäóåò èç òåîðåìû 3.4.2. Çàìåòèì òàêæå, ÷òî
÷èñëà bi îïðåäåëÿþòñÿ íå åäèíñòâåííûì ñïîñîáîì. Ïðè èñïîëüçîâàíèè
òåîðåìû 3.4.3 äëÿ ðåøåíèÿ ñèñòåì ñðàâíåíèé ñëåäóåò âûáèðàòü òå èç
íèõ, êîòîðûå äàþò ïî âîçìîæíîñòè ìåíüøèå çíà÷åíèÿ x0.
Ïðèìåð 3.4.4. Ðåøèòå ñèñòåìó ñðàâíåíèé

x ≡ 4 (mod 5),
x ≡ 1 (mod 12),
x ≡ 7 (mod 14).

Èç ïåðâîãî ñðàâíåíèÿ èìååì: x = 5t+ 4.
Ïîäñòàâëÿåì âî âòîðîå ñðàâíåíèå: 5t+4 ≡ 1 (mod 12), 5t ≡ 9 (mod 12),

îòêóäà t ≡ 9 (mod 12), t = 12t1 + 9. Ïîäñòàâëÿÿ íàéäåííîå çíà÷åíèå t
â ðàâåíñòâî x = 5t + 4, íàõîäèì: x = 5(12t1 + 9) + 4 = 60t1 + 49.
Íàéäåííîå çíà÷åíèå x ïîäñòàâëÿåì â òðåòüå ñðàâíåíèå: 60t1 + 49 ≡ 7
(mod 14), 60t1 ≡ ¯42 (mod 14), 4t1 ≡ 0 (mod 14). Äåëèì îáå ÷àñòè ñðàâ-
íåíèÿ è ìîäóëü íà 2: 2t1 ≡ 0 (mod 7), t1 ≡ 0 (mod 7), îòêóäà t1 = 7t2.
Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ t1 â ðàâåíñòâî x = 60t1 + 49, íàõîäèì:
x = 60 · 7t2 + 49 = 420t2 + 49.

Âûïîëíèì ïðîâåðêó: 49− 4 äåëèòñÿ íà 5; 49− 1 äåëèòñÿ íà 12; 49− 7
äåëèòñÿ íà 14.
Îòâåò: x ≡ 49 (mod 22 · 3 · 5 · 7).
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Ïðèìåð 3.4.5. Ðåøèòå ñèñòåìó ñðàâíåíèé
x ≡ 20 (mod 21),
x ≡ 3 (mod 5),
x ≡ 5 (mod 8).

Çäåñü M = 21 · 5 · 8 = 840, M1 = M/m1 = 840/21 = 40, M2 = 168,
M3 = 105. Ðåøàåì ñðàâíåíèÿ:

40x ≡ 20 (mod 21), x = 11 = b1,
168x ≡ 3 (mod 5), x = 1 = b2,
105x ≡ 5 (mod 8), x = 5 = b3.
Âû÷èñëÿåì çíà÷åíèå x0 = M1b1 +M2b2 +M3b3:

x0 = 40 · 11 + 168 · 1 + 105 · 5 = 1133.

Òîãäà x ≡ 1133 ≡ 293 (mod 840).

Îòâåò: x ≡ 293 (mod 840).

Ðåàëèçàöèÿ â ñèñòåìå GAP

Ðåøèòü âîïðîñ î ñðàâíèìîñòè äâóõ öåëûõ ÷èñåë, èñïîëüçóÿ êîìïüþ-
òåðíóþ ñèñòåìó GAP, ìîæíî ñëåäóþùèì îáðàçîì:
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Ïðèìåð 3.4.6. Ïðîâåðüòå, ñðàâíèìû ëè ÷èñëà 35 323 252 è 345 343
ïî ìîäóëþ 17?

gap> a:=35323252;
35323252
gap> b:=345343;
345343
gap> a mod 17=b mod 17;
false
gap> IsInt((a-b)/17);
false

Ïðèìåð 3.4.7. Îñíîâûâàÿñü íà òåîðåìå 3.4.2, ñîñòàâüòå â ñèñòåìå
GAP ïðîãðàììó, ðåøàþùóþ ïðîèçâîëüíîå ñðàâíåíèå ïåðâîé ñòåïåíè
ax ≡ b (mod m).

CongrSol:=function(a,b,m)
local sol, d, a1, b1, m1, x0, k;
sol:=[];
d:=Gcd(a,m);
if d>1 and not IsInt(b/d) then
return [];
else
if d=1 then
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Add(sol, (b*(a∧(Phi(m)-1))) mod m);
return sol;
else
a1:=a/d; b1:= b/d; m1:=m/d;
x0:=CongrSol(a1, b1, m1);
if x0 <> [] then
for k in [0..d-1] do
Add(sol, k*m1+x0);
od;
�;
return sol;
�;
�;
return sol;
end;

Ïðèìåð 3.4.8. Ðåøèòå ñðàâíåíèÿ â ñèñòåìå GAP: 5x ≡ 6 (mod 7),
45x ≡ 31 (mod 100), 51x ≡ 141 (mod 234).

gap> Read("C:/gap4r7/bin/CongrSol.g");
gap> CongrSol(45,31,100);
[ ]
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gap> CongrSol(51,141,234);
[ [ 67 ], [ 145 ], [ 223 ] ]
gap> CongrSol(5,6,7);
[ 4 ]

Ò.ê. ðåøåíèåì ñðàâíåíèÿ ïåðâîé ñòåïåíè ïðèíÿòî ñ÷èòàòü êëàññ âû-
÷åòîâ ïî ìîäóëþ m, òî âñÿêîå ñðàâíåíèå ìîæíî ñâåñòè ê ðåøåíèþ óðàâ-
íåíèÿ ïåðâîé ñòåïåíè ñ êîýôôèöèåíòàìè èç êîëüöà êëàññîâ âû÷åòîâ Zm.
Áóäåì â äàëüíåéøåì èñïîëüçîâàòü ñëåäóþùèå ôóíêöèè:
• ZmodnZ(m) âîçâðàùàåò êîëüöî êëàññîâ âû÷åòîâ Zm;
• ZmodnZObj(r,m) âîçâðàùàåò êëàññ âû÷åòîâ r èç êîëüöà Zm;
• ChineseRem([m1,m2,...,mk], [a1,a2,..., ak]) âîçâðàùàåò ðåøåíèå ñèñòå-

ìû ñðàâíåíèé âèäà (3.4.1).

gap> r:= ZmodnZ(15);
(Integers mod 15)
gap> a:= ZmodnZObj(9,15);
ZmodnZObj( 9, 15 )
gap> b:= ZmodnZObj(13,15);
ZmodnZObj( 13, 15 )
gap> c:=a+b;
ZmodnZObj( 7, 15 )
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Ïðèìåð 3.4.9. Íàïèøèòå â ñèñòåìå GAP ïðîãðàììó, ðåøàþùóþ
óðàâíåíèå ax = b, ãäå a, b ∈ Zm.

CongrSol1:=function(a,b,m)
local x,i,otv;
otv:=[];
for i in [0..m-1] do
x:=ZmodnZObj(i,m);
if ZmodnZObj(a,m)*x=ZmodnZObj(b,m) then
Add(otv,x);
�; od;
return otv; end;
gap> Read("C:/gap4r7/bin/CongrSol1.g");
gap> CongrSol1(45,31,100);
[ ]
gap> CongrSol1(51,141,234);
[ ZmodnZObj( 67, 234 ), ZmodnZObj( 145, 234 ), ZmodnZObj( 223,
234 ) ]
gap> CongrSol1(5,6,7);
[ Z(7)∧4 ]
gap> List(last,Int);
[ 4 ]
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Ïðèìåð 3.4.10. Ðåøèòå ñèñòåìû ñðàâíåíèé


x ≡ 4 (mod 5),
x ≡ 1 (mod 12),
x ≡ 7 (mod 14)

è
x ≡ 20 (mod 21),
x ≡ 3 (mod 5),
x ≡ 5 (mod 8).

gap> ChineseRem([5,12,14],[4,1,7]);
49
gap> ChineseRem([21,5,8],[20,3,5]);
293

Äàííóþ çàäà÷ó ìîæíî ðåøèòü, íå èñïîëüçóÿ âñòðîåííûå ôóíêöèè.

CongrSysSol:=function(a1,b1,m1,a2,b2,m2,a3,b3,m3)
local i, j,otv,c;
otv:=[];
c:=LcmInt(m1,LcmInt(m2,m3));
for i in [1..c] do
if ZmodnZObj(a1,m1)*ZmodnZObj(i,m1)=ZmodnZObj(b1,m1) and
ZmodnZObj(a2,m2)*ZmodnZObj(i,m2)=ZmodnZObj(b2,m2) and
ZmodnZObj(a3,m3)*ZmodnZObj(i,m3)=ZmodnZObj(b3,m3) then
Add(otv,ZmodnZObj(i,c));
�; od;
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return otv;
end;
gap> Read("C:/gap4r7/bin/CongrSysSol.g");
CongrSysSol(7, 3, 11, 3, 1, 7, 3, 2, 5);
[ ZmodnZObj( 299, 385 ) ]
gap> CongrSysSol(1, 13, 16, 1, 3, 10, 1, 9, 14);
[ ZmodnZObj( 93, 560 ) ]

3.5. Ïîðÿäîê ÷èñëà ïî äàííîìó ìîäóëþ

Ïóñòü ÍÎÄ(a,m) = 1, a ∈ Z,m ∈ N.
Îïðåäåëåíèå 3.5.1. Ïîðÿäêîì (ïîêàçàòåëåì) ÷èñëà a ïî ìîäóëþ m

íàçûâàåòñÿ íàèìåíüøåå íàòóðàëüíîå ÷èñëî k òàêîå, ÷òî ak ≡ 1 (mod m)
è îáîçíà÷àåòñÿ ÷åðåç θ(a mod m).

Ïðèìåð 3.5.1. Íàéäèòå θ(2 mod 15).
21, 22, 23 6≡ 1 (mod 15), 24 ≡ 1 (mod 15), çíà÷èò, θ(2 mod 15) = 4.

Îòâåò: 4.
Îïðåäåëåíèå 3.5.2. Åñëè θ(a mod m) = ϕ(m), òî a íàçûâàåòñÿ

ïåðâîîáðàçíûì êîðíåì ïî ìîäóëþ m.
Ïðèìåð 3.5.2. Êàêîé ïîðÿäîê èìååò ÷èñëî 5 ïî ìîäóëþ 12?
Äîëæíû áûòü âûïîëíåíû ñëåäóþùèå òðåáîâàíèÿ:
à) èñêîìûé ïîðÿäîê íàäî èñêàòü ñðåäè äåëèòåëåé ÷èñëà ϕ(m), ãäå m
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� ìîäóëü;
á) èñêîìûé ïîðÿäîê äîëæåí áûòü íàèìåíüøèì èç ïîëîæèòåëüíûõ

ïîêàçàòåëåé, óäîâëåòâîðÿþùèõ ñðàâíåíèþ az ≡ 1 (mod m), ãäå a � èñ-
ïûòóåìîå ÷èñëî.

Â äàííîì ñëó÷àå èìååì:

ÍÎÄ(5, 12) = 1; ϕ(12) = 12 ·
(

1− 1

2

)
·
(

1− 1

3

)
= 4.

Äåëèòåëÿìè 4 ÿâëÿþòñÿ ÷èñëà 1, 2, 4. Òîãäà

51 ≡ 5 (mod 12), 52 ≡ 1 (mod 12).

Cëåäîâàòåëüíî, ÷èñëî 5 èìååò ïîðÿäîê 2 ïî ìîäóëþ 12.
Îòâåò: 2.
Ïðèìåð 3.5.3. Êàêîé ïîðÿäîê èìååò ÷èñëî 4 ïî ìîäóëþ 12?
×èñëà 4 è 12 íå ÿâëÿþòñÿ âçàèìíî ïðîñòûìè, à ñëåäîâàòåëüíî, ñàìà

ïîñòàíîâêà âîïðîñà ÿâëÿåòñÿ îøèáî÷íîé.
Ïðèìåð 3.5.4. Íàéòè íàèìåíüøèé ïåðâîîáðàçíûé êîðåíü ïî ìîäó-

ëþ 7.
Äëÿ íàõîæäåíèÿ íàèìåíüøåãî ïåðâîîáðàçíîãî êîðíÿ ïî ïðîñòîìó ìî-

äóëþ p íåîáõîäèìî è äîñòàòî÷íî:
à) íàéòè âñå ðàçëè÷íûå ïðîñòûå äåëèòåëè ÷èñëà p− 1 (îáîçíà÷èì èõ

p1, p2, . . . , pk);
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á) ïîñëåäîâàòåëüíî ïðîâåðèòü ÷èñëà, âçàèìíî ïðîñòûå ñ ìîäóëåì, íà-
÷èíàÿ ñ ÷èñëà 1; ïåðâîå èç ÷èñåë, êîòîðîå íå óäîâëåòâîðÿåò íè îäíîìó
èç ñðàâíåíèé

q
p−1
p1 ≡ 1 (mod p), . . . , q

p−1
pk ≡ 1 (mod p)

áóäåò èñêîìûì ïåðâîîáðàçíûì êîðíåì.
Èìååì 7− 1 = 6 = 2 · 3. Ò.ê. 12 ≡ 1 (mod 7), òî ÷èñëî 1 íå ÿâëÿåòñÿ

ïåðâîîáðàçíûì êîðíåì ïî ìîäóëþ 7.
Ò.ê. 22 ≡ 4 (mod 7), 23 ≡ 1 (mod 7), òî ÷èñëî 2 íå ÿâëÿåòñÿ ïåðâîîá-

ðàçíûì êîðíåì ïî ìîäóëþ 7.
Ò.ê. 32 ≡ 2 (mod 7), 33 ≡ −1 (mod 7), òî ÷èñëî 3 � íàèìåíüøèé

ïåðâîîáðàçíûé êîðåíü ïî ìîäóëþ 7.
Îòâåò: 3.

Ïóñòü a � ïåðâîîáðàçíûé êîðåíü ïî ïðîñòîìó ìîäóëþ p.

Îïðåäåëåíèå 3.5.3. Åñëè ak ≡ b (mod p), ãäå k � öåëîå íåîòðè-
öàòåëüíîå ÷èñëî, òî ÷èñëî k íàçûâàåòñÿ èíäåêñîì ÷èñëà b ïî ìîäóëþ p
è ïåðâîîáðàçíîìó êîðíþ (îñíîâàíèþ) a è îáîçíà÷àåòñÿ k = indab èëè
k = ind b. Òàêèì îáðàçîì, aindab ≡ b (mod p).

Îïðåäåëåíèå 3.5.4. Åñëè ñðàâíåíèå xn ≡ c (mod p) èìååò ðåøå-
íèÿ, òî c íàçûâàåòñÿ âû÷åòîì ñòåïåíè n ïî ïðîñòîìó ìîäóëþ p, â
ïðîòèâíîì ñëó÷àå � íåâû÷åòîì ñòåïåíè n. Âû÷åò (íåâû÷åò) íàçûâàåò-
ñÿ êâàäðàòè÷íûì ïðè n = 2, êóáè÷åñêèì ïðè n = 3, áèêâàäðàòíûì ïðè
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n = 4.
Îïðåäåëåíèå 3.5.5. Ïóñòü p � ïðîñòîå ÷èñëî, p > 2 è p íå äåëèò a.

Ñèìâîë Ëåæàíäðà

(
a

p

)
çàäàåòñÿ ñëåäóþùèì îáðàçîì:(

a

p

)
=

{
1, åñëè a � êâàäðàòè÷íûé âû÷åò ïî ìîäóëþ p,
−1, åñëè a � êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p.

Äðóãèìè ñëîâàìè,

(
a

p

)
ðàâíî 1, åñëè ñðàâíåíèå x2 ≡ a (mod p) èìååò

äâà ðåøåíèÿ, è

(
a

p

)
ðàâíî −1, åñëè ýòî ñðàâíåíèå íå èìååò .

Ïðèìåð 3.5.5.
(

3

11

)
= 1, ò.ê. ñðàâíåíèå x2 ≡ 3 (mod 11) èìååò äâà

ðåøåíèÿ: x = ±5 (mod 11);

(
2

5

)
= −1, ò.ê. ñðàâíåíèå x2 ≡ 2 (mod 5)

íå èìååò ðåøåíèé.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Íàéòè ïîðÿäîê ýëåìåíòà ïî ìîäóëþ, óêàçàòü âñå ïåðâîîáðàçíûå êîðíè
ïî ìîäóëþ, íàéòè èíäåêñ è ñèìâîë Ëåæàíäðà â ñèñòåìå GAP ìîæíî,
èñïîëüçóÿ ñëåäóþùèå ôóíêöèè:
•OrderMod(a,m) âîçâðàùàåò ïîðÿäîê (ïîêàçàòåëü) ÷èñëà a ïî ìîäóëþ

m. Åñëè ÍÎÄ(a,m) <> 1, òî OrderMod(a,m) âîçâðàùàåò 0;
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• PrimitiveRootMod(m[,start]) âîçâðàùàåò íàèìåíüøèé ïåðâîîáðàç-
íûé êîðåíü ïî ìîäóëþ m. Àðãóìåíò start ÿâëÿåòñÿ öåëûì ÷èñëîì, áîëü-
øå êîòîðîãî äîëæåí áûòü ïåðâîîáðàçíûé êîðåíü ïî ìîäóëþ m;

• IsPrimitiveRootMod(r,m) âîçâðàùàåò true, åñëè r ÿâëÿåòñÿ ïåðâîîá-
ðàçíûì êîðíåì ïî ìîäóëþ m, è false â ïðîòèâíîì ñëó÷àå;

• LogMod(b,a,p) âîçâðàùàåò èíäåêñ ÷èñëà b ïî ìîäóëþ p è ïåðâîîá-
ðàçíîìó êîðíþ (îñíîâàíèþ) a;

• Legendre(n, m) âîçâðàùàåò Ñèìâîë Ëåæàíäðà öåëîãî ÷èñëà n ïî
ìîäóëþ m.

Ïðèìåð 3.5.6. Êàêèå ïîðÿäêè èìåþò ÷èñëà 5 è 4 ïî ìîäóëþ 12?

gap> OrderMod(5,12);
2
gap> OrderMod(4,12);
0

Ïðèìåð 3.5.7. Íàéäèòå íàèìåíüøèé ïåðâîîáðàçíûé êîðåíü ïî ìî-
äóëþ 7.

gap> PrimitiveRootMod(7);
3

Ïðèìåð 3.5.8. Íàéäèòå âñå ïîïàðíî íåñðàâíèìûå ïåðâîîáðàçíûå
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êîðíè ïî ìîäóëþ 17.

gap> PrimitiveRootMod(17,1);
3
gap> PrimitiveRootMod(17,3);
5
gap> PrimitiveRootMod(17,5);
6
gap> PrimitiveRootMod(17,6);
7
gap> PrimitiveRootMod(17,7);
10
gap> PrimitiveRootMod(17,10);
11
gap> PrimitiveRootMod(17,11);
12
gap> PrimitiveRootMod(17,12);
14
gap> PrimitiveRootMod(17,14);
fail
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Ïðèìåð 3.5.9. Íàéäèòå èíäåêñ ÷èñëà 2 ïî ìîäóëþ 7 è ïåðâîîáðàç-
íîìó êîðíþ (îñíîâàíèþ) 5.

gap> IsPrimitiveRootMod(5,7);
true
gap> l:= LogMod( 2, 5, 7 );
4
5∧4 mod 7 = 2;
true

Ïðèìåð 3.5.10. Íàéäèòå
(

3

11

)
è

(
2

5

)
.

gap> Legendre(3,11);
1
gap> Legendre(2,5);
-1
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ÐÀÇÄÅË 4

ÝËÅÌÅÍÒÛ ËÈÍÅÉÍÎÉ ÀËÃÅÁÐÛ Â ÑÈÑÒÅÌÅ GAP

4.1. Ìàòðèöû è îïåðàöèè íàä íèìè

Ïóñòü P � ÷èñëîâîå ïîëå, à m è n � íàòóðàëüíûå ÷èñëà.
Îïðåäåëåíèå 4.1.1. Ïðÿìîóãîëüíàÿ òàáëèöà

A =



a11 a12 ... a1j ... a1n
a21 a22 ... a2j ... a2n

...
ai1 ai2 ... aij ... ain

...
am1 am2 ... amj ... amn

 , i = 1,m, j = 1, n,

ñîñòàâëåííàÿ èç ýëåìåíòîâ ïîëÿ P, íàçûâàåòñÿ ìàòðèöåé ðàçìåðà m íà
n èëè m×n-ìàòðèöåé íàä ïîëåì P, à ÷èñëà aij íàçûâàþòñÿ ýëåìåíòàìè
ýòîé ìàòðèöû. Åñëè m = n, òî A íàçûâàåòñÿ êâàäðàòíîé ìàòðèöåé ïî-
ðÿäêà n. Ìàòðèöó A ìîæíî çàïèñàòü ñîêðàùåííî: A = [aij] , i = 1,m, j =
1, n.

Ìàòðèöû A = [aij] è B = [bij] íàçûâàþòñÿ ðàâíûìè, åñëè îíè èìå-
þò îäèíàêîâóþ ðàçìåðíîñòü è ñîîòâåòñòâóþùèå ýëåìåíòû ýòèõ ìàòðèö
ñîâïàäàþò, ò.å. aij = bij äëÿ âñåõ i è j.
Îïðåäåëåíèå 4.1.2. Ìàòðèöà íàçûâàåòñÿ íóëåâîé, åñëè âñå åå ýëå-

ìåíòû ðàâíû íóëåâîìó ýëåìåíòó ïîëÿ P. Êâàäðàòíàÿ ìàòðèöà ïîðÿäêà
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n íàçûâàåòñÿ åäèíè÷íîé, åñëè

En =


1 0 0 ... 0 0
0 1 0 ... 0 0

...

0 0 0 ... 1 0
0 0 0 ... 0 1

 .

Çäåñü 1 � åäèíè÷íûé ýëåìåíò ïîëÿ P.
Îïðåäåëåíèå 4.1.3. Êâàäðàòíóþ n×n-ìàòðèöó, ó êîòîðîé íà äèàãî-

íàëè íàõîäÿòñÿ ýëåìåíòû a1, a2, ..., an−1, an èç ïîëÿ P, à âíå äèàãîíàëè �
íóëåâîé ýëåìåíò ïîëÿ P, íàçûâàåòñÿ äèàãîíàëüíîé:


a1 0 0 ... 0 0
0 a2 0 ... 0 0

...
0 0 0 ... an−1 0
0 0 0 ... 0 an

 .

Åñëè a1 = a2 = ... = an−1 = an = a, òî äèàãîíàëüíóþ ìàòðèöó
íàçûâàþò ñêàëÿðíîé è îáîíà÷àþò ÷åðåç aEn.

Îïðåäåëåíèå 4.1.4. Âåðõíåé òðåóãîëüíîé ìàòðèöåé íàçûâàþò êâàä-
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ðàòíóþ ìàòðèöó ïîðÿäêà n
a11 a12 a13 ... a1n−1 a1n
0 a22 a23 ... a2n−1 a2n

...

0 0 0 ... an−1n−1 an−1n
0 0 0 ... 0 ann

 ,
à íèæíåé òðåóãîëüíîé ìàòðèöåé ìàòðèöó

a11 0 0 ... 0 0
a21 a22 0 ... 0 0

...
an−11 an−12 an−13 ... an−1n−1 0
an−11 an−12 an−13 ... an−1n−1 ann

 .
Îïðåäåëåíèå 4.1.5. Ñòóïåí÷àòîé íàçûâàåòñÿ ìàòðèöà A = [aij],

îáëàäàþùàÿ ñëåäóþùèìè äâóìÿ ñâîéñòâàìè:
1) åñëè i-ÿ ñòðîêà íóëåâàÿ, òî (i+ 1)-ÿ ñòðîêà òàêæå íóëåâàÿ;
2) åñëè ïåðâûå íåíóëåâûå ýëåìåíòû i-é è (i+1)-é ñòðîê ðàñïîëàãàþòñÿ

â ñòîëáöàõ ñ íîìåðàìè k è l ñîîòâåòñòâåííî, òî k < l.
Çàìåòèì, ÷òî â îïðåäåëåíèè ñòóïåí÷àòîé ìàòðèöû íå òðåáóåòñÿ, ÷òî-

áû îíà áûëà êâàäðàòíîé.
Îïðåäåëåíèå 4.1.6.Ê ýëåìåíòàðíûì ïðåîáðàçîâàíèÿì ñòðîê ìàò-

ðèöû A îòíîñÿòñÿ ñëåäóþùèå ïðåîáðàçîâàíèÿ:
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1) óìíîæåíèå êàêîé-ëèáî ñòðîêè ìàòðèöû A íà íåíóëåâîé ýëåìåíò
ïîëÿ P;

2) ïðèáàâëåíèå ê ñòðîêå ìàòðèöû A äðóãîé åå ñòðîêè, óìíîæåííîé
íà ýëåìåíò ïîëÿ P.
Òåîðåìà 4.1.1. Ëþáóþ íåíóëåâóþ ìàòðèöó ñ ïîìîùüþ ýëåìåíòàð-

íûõ ïðåîáðàçîâàíèé ñòðîê ìîæíî ïðèâåñòè ê ñòóïåí÷àòîìó âèäó.
Îïðåäåëåíèå 4.1.7. Ñóììîé m×n-ìàòðèö A è B íàçûâàåòñÿ òàêàÿ

m× n-ìàòðèöà C, ó êîòîðîé êàæäûé ýëåìåíò cij = aij + bij äëÿ âñåõ i è
j, ò.å.

C = A+B =

 a11 ... a1n
...

am1 ... amn

+

 b11 ... b1n
...

bm1 ... bmn

 =

=

 a11 + b11 ... a1n + b1n
...

am1 + bm1 ... amn + bmn

 .
Îáîçíà÷èì ÷åðåç Mm,n(P) ñîâîêóïíîñòü âñåõ m× n-ìàòðèö ñ ýëåìåí-

òàìè èç P.
Â òåîðåìå 4.1.2. îòìå÷åíû îñíîâíûå ñâîéñòâà ñëîæåíèÿ ìàòðèö.
Òåîðåìà 4.1.2 Äëÿ ëþáûõ ìàòðèö A,B,C ∈ Mm,n(P) ñïðàâåäëèâû

ñëåäóþùèå óòâåðæäåíèÿ:
1) A+B = B + A, ò.å. ñëîæåíèå ìàòðèö êîììóòàòèâíî;
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2) (A+B) + = A+ (B + C), ò.å. ñëîæåíèå ìàòðèö àññîöèàòèâíî;
3) A+O = O + A = A, ãäå O � íóëåâàÿ ìàòðèöà.
Îïðåäåëåíèå 4.1.8. Ïðîèçâåäåíèåì ýëåìåíòà u ∈ P è m× n-ìàò-

ðèöû A íàçûâàåòñÿ òàêàÿ m × n-ìàòðèöà D, ÷òî êàæäûé åå ýëåìåíò
dij = uaij äëÿ âñåõ i è j, ò.å.

D = u

 a11 ... a1n
...

am1 ... amn

 =

 ua11 ... ua1n
...

uam1 ... uamn

 .
Â òåîðåìå 4.1.3 ïåðå÷èñëåíû îñíîâíûå ñâîéñòâà óìíîæåíèÿ ìàòðèöû

íà ÷èñëî.
Òåîðåìà 4.1.3. Äëÿ ëþáûõ ìàòðèö A,B ∈Mm,n(P) è ëþáûõ u, v ∈ P

ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) 1 · A = A, 0 · A = O, ãäå O � íóëåâàÿ ìàòðèöà, 1 � åäèíè÷íûé

ýëåìåíò ïîëÿ P;
2) A+ (−1)A = (−1)A+ A = O;
3) (uv)A = u(vA);
4) u(A+B) = uA+ uB;
5) (u+ v)A = uA+ vA.
Ìàòðèöà (−1)A íàçûâàåòñÿ ïðîòèâîïîëîæíîé ê ìàòðèöå A è îáî-

çíà÷àåòñÿ −A.
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Îïðåäåëåíèå 4.1.9. Ïðîèçâåäåíèåì m×k-ìàòðèöû A è k×n-ìàò-
ðèöû B íàçûâàåòñÿ m× n-ìàòðèöà

AB =


A1B

1 A1B
2 ... A1B

n

A2B
1 A2B

2 ... A2B
n

...

AmB
1 AmB

2 ... AmB
n

 ,
ãäå AiB

j = (ai1ai2...aik)[b1jb2j...bkj] = ai1b1j + ai2b2j + ... + aikbkj � ïðî-
èçâåäåíèå i-îé ñòðîêè ìàòðèöû A è j-ãî ñòîëáöà ìàòðèöû B. Çàìåòèì,
÷òî óìíîæàòü ìàòðèöû ìîæíî òîëüêî ïðè óñëîâèè, ÷òî ÷èñëî ñòîëáöîâ
ïåðâîãî ñîìíîæèòåëÿ ðàâíî ÷èñëó ñòðîê âòîðîãî ñîìíîæèòåëÿ.

Â òåîðåìå 4.1.4 óêàçàíû îñíîâíûå ñâîéñòâà óìíîæåíèÿ ìàòðèö.
Òåîðåìà 4.1.4. 1. Åñëè A � m× n-ìàòðèöà, òî AEn = EmA = A.
2. Åñëè äëÿ ìàòðèöA,B è C îïðåäåëåíî îäíî èç ïðîèçâåäåíèé (AB)C,

A(BC), òî îïðåäåëåíî è äðóãîå, è (AB)C = A(BC). Ò.å. óìíîæåíèå ìàò-
ðèö àññîöèàòèâíî.

3. Óìíîæåíèå ìàòðèö äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ:
� åñëè äëÿ ìàòðèöA,B è C îïðåäåëåíî îäíî èç âûðàæåíèé (A+B)C,

AC +BC, òî îïðåäåëåíî è äðóãîå, è (A+B)C = AC +BC;
� åñëè äëÿ ìàòðèöA,B è C îïðåäåëåíî îäíî èç âûðàæåíèéA(B + C),

AB + AC, òî îïðåäåëåíî è äðóãîå, è A(B + C) = AB + AC.
4. Äëÿ ëþáîãî u ∈ P è ëþáûõ ìàòðèö A è B, äëÿ êîòîðûõ óìíîæåíèå
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AB îïðåäåëåíî, ñïðàâåäëèâî u(AB) = (uA)B = A(uB).
Îïðåäåëåíèå 4.1.10. Êâàäðàòíàÿ ìàòðèöà A ïîðÿäêà n íàçûâàåòñÿ

îáðàòèìîé, åñëè ñóùåñòâóåò ìàòðèöà A−1 òàêàÿ, ÷òî AA−1 = A−1A =
En. Â ýòîì ñëó÷àå ìàòðèöà A−1 íàçûâàåòñÿ îáðàòíîé ê ìàòðèöå A.
Òåîðåìà 4.1.5. Åñëè ìàòðèöà A îáðàòèìà, òî ñ ïîìîùüþ ýëåìåíòàð-

íûõ ïðåîáðàçîâàíèé åå ìîæíî ïðåâðàòèòü â åäèíè÷íóþ ìàòðèöó. Åñëè
ýòè æå ïðåîáðàçîâàíèÿ â òîì æå ïîðÿäêå ïðèìåíèòü ê åäèíè÷íîé ìàò-
ðèöå, òî ïîëó÷èì îáðàòíóþ ìàòðèöó A−1.

Èç òåîðåìû 4.1.5 ñëåäóåò àëãîðèòì íàõîæäåíèÿ ìàòðèöû, îáðàòíîé ê
ìàòðèöå A:

1) ê ìàòðèöå A äîïèñàòü ñïðàâà åäèíè÷íóþ ìàòðèöó E (ïîëó÷èì
ìàòðèöó (A|E));

2) ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàä ìàòðèöåé (A|E)
ïðèéòè ê ìàòðèöå (E|A−1).
Ïðèìåð 4.1.1. Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàéäèòå

îáðàòíóþ ìàòðèöó äëÿ ìàòðèöû

A =

 1 1 −1
2 3 −3
−3 −3 2

 .
Äëÿ âû÷èñëåíèÿ îáðàòíîé ìàòðèöû çàïèøåì ìàòðèöó (A|E), ãäå E

� åäèíè÷íàÿ ìàòðèöà, è ïðåîáðàçóåì åå ñ ïîìîùüþ ýëåìåíòàðíûõ ïðå-
îáðàçîâàíèé ê ìàòðèöå âèäà (E|A−1).
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(A|E) =

 1 1 −1
2 3 −3
−3 −3 2

∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

 .
Äàëåå îò âòîðîé ñòðîêè îòíèìåì ïåðâóþ ñòðîêó, óìíîæåííóþ íà 2, à

ê òðåòüåé ñòðîêå äîáàâèì ïåðâóþ, óìíîæåííóþ íà 3. Ïîëó÷èì: 1 1 −1
0 1 −1
0 0 −1

∣∣∣∣∣∣
1 0 0
−2 1 0
3 0 1

 .
Òåïåðü îò ïåðâîé ñòðîêè îòíèìàåì âòîðóþ: 1 0 0

0 1 −1
0 0 −1

∣∣∣∣∣∣
3 −1 0
−2 1 0
3 0 1

 .
Òðåòüþ ñòðîêó óìíîæèì íà −1: 1 0 0

0 1 −1
0 0 1

∣∣∣∣∣∣
3 −1 0
−2 1 0
−3 0 −1

 .
Òðåòüþ ñòðîêó ïðèáàâèì êî âòîðîé:

(E|A−1) =

 1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣
3 −1 0
−5 1 −1
−3 0 −1

 .
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Îòâåò: A−1 =

 3 −1 0
−5 1 −1
−3 0 −1

 .
Îïðåäåëåíèå 4.1.11. Ìàòðèöà, ïîëó÷åííàÿ èç èñõîäíîé çàìåíîé

ñòðîê íà ñòîëáöû, íàçûâàåòñÿ òðàíñïîíèðîâàííîé.
Äðóãèìè ñëîâàìè, òàíñïîíèðîâàííîé ìàòðèöåé íàçûâàåòñÿ ìàòðèöà,

ó êîòîðîé i− ñòîëáåö ñîâïàäàåò ñ i-îé ñòðîêîé ìàòðèöû A ïðè ëþáîì i =
1, 2, 3, ...,m. Ìàòðèöà, òðàíñïîíèðîâàííàÿ ê ìàòðèöå A, îáîçíà÷àåòñÿ
÷åðåç AT .
Òåîðåìà 4.1.6. Ïóñòü A = [aij], B = [bij] � m × n-ìàòðèöû, u ∈ P.

Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) (AT )T = A;
2) u(AT ) = (uA)T ;
3) (A+B)T = AT +BT ;
4) åñëè m = n, òî (AB)T = BTAT .
Ïðèìåð 4.1.2. Âû÷èñëèòå çíà÷åíèå ìíîãî÷ëåíà A2 + 4A− 2E3, åñëè

A =

 1 1 −1
2 3 −3
−3 −3 2

 .

C =

 1 1 −1
2 3 −3
−3 −3 2

 ·
 1 1 −1

2 3 −3
−3 −3 2

+ 4 ·

 1 1 −1
2 3 −3
−3 −3 2

−
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−2 ·

 1 0 0
0 1 0
0 0 1

 =

 6 7 −6
17 20 −17
−15 −18 16

+

 4 4 −4
8 12 −12
−12 −12 8

−
−

 2 0 0
0 2 0
0 0 2

 =

 8 11 −10
25 30 −29
−27 −30 22

 .
Îòâåò:

 8 11 −10
25 30 −29
−27 −30 22

.
Ðåàëèçàöèÿ â ñèñòåìå GAP

Â ñèñòåìå êîìïüþòåðíîé àëãåáðû GAP n×m-ìàòðèöà çàäàåòñÿ ñëå-
äóþùèì îáðàçîì: [[a11, a12, ..., a1m], [a21, a22, ..., a2m], ..., [an1, an2, ..., anm]].
Â ýòîì ñëó÷àå ìàòðèöà áóäåò âûâåäåíà â âèäå ñïèñêà. Äëÿ âûâîäà ìàò-
ðèöû â ñòàíäàðòíîì âèäå ïðèìåíÿåòñÿ ôóíêöèÿ Display(...). Íàïðèìåð

gap> A:=[[1,2,3],[4,5,6],[7,8,9]];
[ [ 1, 2, 3 ], [ 4, 5, 6 ], [ 7, 8, 9 ] ]
gap> Display(A);
[ [ 1, 2, 3 ],
[ 4, 5, 6 ],
[ 7, 8, 9 ] ]
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Çàäàíèå ìàòðèö ñïåöèàëüíîãî âèäà îñóùåñòâëÿåòñÿ ïðè ïîìîùè ñëå-
äóþùèõ ôóíêöèé ñèñòåìû GAP:
• IdentityMat(m) âîçâðàùàåò åäèíè÷íóþ ìàòðèöó ïîðÿäêà m;
• NullMat(m,n) âîçâðàùàåò íóëåâóþ n×m-ìàòðèöó;
•DiagonalMat([a1, a2, ..., an]) âîçâðàùàåò äèàãîíàëüíóþ ìàòðèöó ñ äèà-

ãîíàëüíûìè ýëåìåíòàìè a1, a2, ..., an;
• RandomMat(m,n [,R]) âîçâðàùàåò ñëó÷àéíóþ n×m-ìàòðèöó ñ ýëå-

ìåíòàìè èç êîëüöà R. Åñëè R íå óêàçàíî, òî ìàòðèöà ôîðìèðóåòñÿ èç
öåëûõ ÷èñåë;
• RandomInvertibleMat(m[,R]) ôîðìèðóåò îáðàòèìóþ m×m-ìàòðèöó

ñ ýëåìåíòàìè èç êîëüöà R. Åñëè R íå óêàçàíî, òî ìàòðèöà ôîðìèðóåòñÿ
èç öåëûõ ÷èñåë.

Îáðàùåíèå ê ýëåìåíòó ìàòðèöû A ïðîèçâîäèòñÿ ñ ïîìîùüþ êîìàíäû
A[i][j], ãäå i è j � íîìåðà ñòðîêè è ñòîëáöà ñîîòâåòñòâåííî. Îòäåëüíûå
ýëåìåíòû ìàòðèöû ìîæíî èçìåíÿòü.

gap> A[3][2];
8
gap> A[3][2]:=100;
100
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gap> Display(A);
[ [ 1, 2, 3 ],
[ 4, 5, 6 ],
[ 7, 100, 9 ] ]

Ïîäìàòðèöû èçâëåêàþòñÿ èëè èçìåíÿþòñÿ ñ ïîìîùüþ ôèãóðíûõ ñêî-
áîê (ïåðâàÿ ïàðà ñêîáîê óêàçûâàåò âûáðàííûå ñòðîêè, âòîðàÿ � ñòîëá-
öû):

gap> A:=RandomMat(5,9);; Display(A);
[ [ -4, 1, -1, -1, 0, 4, 0, 1, 2 ],
[ -4, 3, -2, -3, 0, 0, 3, -2, 1 ],
[ 0, -4, 3, -2, -2, 1, 1, 1, -3 ],
[ -1, 0, -1, -1, 1, -2, 2, 2, 1 ],
[ -1, 0, 1, -2, 5, 0, 0, 3, 2 ] ]
gap> sA:=A{[1,2]}{[3..5]};;Display(sA);
[ [ -1, -1, 0 ],
[ -2, -3, 0 ] ]
gap> sA{[1,2]}{[3]}:=[[99],[100]];; Display(sA);
[ [ -1, -1, 99 ],
[ -2, -3, 100 ] ]
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Îïåðàöèè íàä ìàòðèöàìè â ñèñòåìå GAP:

• A+B � ñóììà ìàòðèö A è B. Åñëè ê ìàòðèöå ïðèáàâèòü ñêàëÿð, òî
íà ñêàëÿð óâåëè÷èòñÿ êàæäûé ýëåìåíò ìàòðèöû;

• A-B � ðàçíîñòü ìàòðèö A è B. Åñëè èç ìàòðèöû âû÷åñòü ñêàëÿð,
òî íà ñêàëÿð óìåíüøèòñÿ êàæäûé ýëåìåíò ìàòðèöû;

• A*B � ïðîèçâåäåíèå ìàòðèö A è B. Ìàòðèöó òàêæå ìîæíî óìíî-
æàòü íà ñêàëÿð è âåêòîð. Ñëåäóåò îòìåòèòü, ÷òî â GAP óìíîæåíèå ìàò-
ðèö îáîáùàåòñÿ, ïîýòîìó îíî âîçìîæíî òàêæå ïðè íåñîîòâåòñòâèè ;

• A � n � âîçâåäåíèå ìàòðèöû A â ñòåïåíü n;

• Inverse(A) âîçâðàùàåò ìàòðèöó, îáðàòíóþ ê ìàòðèöå A. Îáðàòíóþ
ê A ìàòðèöó òàêæå ìîæíî âû÷èñëèòü ñ ïîìîùüþ êîìàíäû A�{-1} èëè
1/A;

• TransposedMat(A) âîçâðàùàåò ìàòðèöó, òðàíñïîíèðîâàíóþ ê ìàò-
ðèöå A.

Ïðèìåð 4.1.3. Âû÷èñëèòå çíà÷åíèå ìíîãî÷ëåíà A2− 2A+ 3E2, åñëè

A =

 1 1 −1
2 1 0
−1 0 1

 .
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gap>A:=[[1,1,-1],[2,1,0],[-1,0,1]];; Display(A);
[ [ 1, 1, -1 ],
[ 2, 1, 0 ],
[ -1, 0, 1 ] ]
gap> A�2-2*A+3*IdentityMat(3);
[ [ 5, 0, 0 ], [ 0, 4, -2 ], [ 0, -1, 3 ] ]
gap> Display(last);
[ [ 5, 0, 0 ],
[ 0, 4, -2 ],
[ 0, -1, 3 ] ]

Ïîïûòêà ïðîèçâåñòè êàêèå-ëèáî äåéñòâèÿ íàä òðàíñïîíèðîâàííîé ñ
ïîìîùüþ ôóíêöèè TransposedMat(A) ìàòðèöåé ïðèâåäåò ê îøèáêå:

gap> B:=TransposedMat(A);;
gap> Display(B);
[ [ 1, 4, 7 ],
[ 2, 5, 100 ],
[ 3, 6, 9 ] ]
gap> B[1][2]:=111;
Lists Assignment: <list> must be a mutable list
not in any function
Entering break read-eval-print loop ...
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you can 'quit;' to quit to outer loop, or
you can 'return;' and ignore the assignment to continue

Äëÿ òîãî ÷òîáû òðàíñïîíèðîâàííàÿ ìàòðèöà áûëà äîñòóïíà äëÿ èç-
ìåíåíèé, íåîáõîäèìî âîñïîëüçîâàòüñÿ ñëåäóþùåé ôóíêöèåé:

• TransposedMatDestructive(A) âîçâðàùàåò ìàòðèöó, òðàíñïîíèðîâà-
íóþ ê ìàòðèöå A. Ïîëó÷åííàÿ ìàòðèöà äîñòóïíà äëÿ èçìåíåíèé.

gap> C:=TransposedMatDestructive(A);;
gap> Display(C);
[ [ 1, 4, 7 ],
[ 2, 5, 100 ],
[ 3, 6, 9 ] ]
gap> C[1][3]:=101;
101
gap> Display(C);
[ [ 1, 4, 101 ],
[ 2, 5, 100 ],
[ 3, 6, 9 ] ]

Ñëåäóþùèå ôóíêöèè ïðåäíàçíà÷åíû äëÿ ïðîâåðêè îïðåäåëåííûõ ñâîéñòâ
ìàòðèö:

• IsDiagonalMat(A) âîçâðàùàåò çíà÷åíèå true, åñëè ìàòðèöà A ÿâëÿ-
åòñÿ äèàãîíàëüíîé. Â ïðîòèâíîì ñëó÷àå âîçâðàùàåò çíà÷åíèå false;
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• IsUppertiangularMat(A) âîçâðàùàåò çíà÷åíèå true, åñëè ìàòðèöà A
ÿâëÿåòñÿ âåðõíåé òðåóãîëüíîé. Â ïðîòèâíîì ñëó÷àå âîçâðàùàåò çíà÷åíèå
false;
• IsLowerTriangularMat(A) âîçâðàùàåò çíà÷åíèå true, åñëè ìàòðèöà A

ÿâëÿåòñÿ íèæíåé òðåóãîëüíîé. Â ïðîòèâíîì ñëó÷àå âîçâðàùàåò çíà÷åíèå
false.

gap> A:=RandomMat(5,4);;Display(A);
[ [ 1, -1, 3, -1 ],
[ -4, -1, -1, 4 ],
[ -1, 2, -4, 1 ],
[ -1, -1, 0, 4 ],
[ 0, 1, 2, -4 ] ]
gap> IsDiagonalMat(A);
false

Ôóíêöèè äëÿ ïðåîáðàçîâàíèÿ ìàòðèö:
• TriangulizeMat(A) ïðåîáðàçóåò ìàòðèöó A â âåðõíþþ òðåóãîëüíóþ

ìàòðèöó;
• DiagonalizeMat(ring, A) ïðåîáðàçóåò ìàòðèöó A, ðàññìàòðèâàåìóþ

íàä êîëüöîì ring, â äèàãîíàëüíóþ.

gap> A:=RandomMat(7,5);;Display(A);
[ [ -2, 1, 1, 1, -3 ],
[ -1, 0, -1, -1, 1 ],



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 150 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

[ -2, 2, 2, 1, -1 ],
[ 0, 1, -2, 5, 0 ],
[ 0, 3, 2, -3, 3 ],
[ 2, 1, 0, 0, -2 ],
[ -3, -2, 1, -4, -3 ] ]
gap> TriangulizeMat(A);Display(A);
[ [ 1, 0, 0, 0, 0 ],
[ 0, 1, 0, 0, 0 ],
[ 0, 0, 1, 0, 0 ],
[ 0, 0, 0, 1, 0 ],
[ 0, 0, 0, 0, 1 ],
[ 0, 0, 0, 0, 0 ],
[ 0, 0, 0, 0, 0 ] ]
gap> IsDiagonalMat(A);
true
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4.2. Îïðåäåëèòåëü ìàòðèöû

Ðàññìîòðèì êâàäðàòíóþ ìàòðèöó A ïîðÿäêà n íàä ïîëåì P

A =


a11 a12 ... a1n
a21 a22 ... a2n

...
an1 an2 ... ann

 .
Îïðåäåëåíèå 4.2.1. Îïðåäåëèòåëåì (èëè äåòåðìèíàíòîì) êâàä-

ðàòíîé ìàòðèöû A íàçûâàåòñÿ ñóììà n! ñëàãàåìûõ, êàæäîå èç êîòîðûõ
åñòü ïðîèçâåäåíèå n ñîìíîæèòåëåé, âçÿòûõ ïî îäíîìó èç êàæäîé ñòðîêè
è êàæäîãî ñòîëáöà ìàòðèöû A ñî çíàêîì sgn τ , ãäå τ � ïîäñòàíîâêà èç
ñèììåòðè÷åñêîé ãðóïïû Sn:

sgn τ =

{
−1, åñëè ïîäñòàíîâêà τ íå÷åòíàÿ,
1, åñëè ïîäñòàíîâêà τ ÷åòíàÿ.

Îïðåäåëèòåëü ìàòðèöû A îáîçíà÷àåòñÿ ÷åðåç det A.
Äðóãèìè ñëîâàìè, îïðåäåëèòåëü ìàòðèöû A � ýòî ýëåìåíò ïîëÿ P,

êîòîðûé âû÷èñëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå:

detA =
∑
τ∈Sn

sgn τa1τ(1)a2τ(2)...anτ(n).

Ôîðìóëû âû÷èñëåíèÿ îïðåäåëèòåëåé âòîðîãî è òðåòüåãî ïîðÿäêà ìîæ-
íî ïðåäñòàâèòü ñ ïîìîùüþ ñëåäóþùèõ ðèñóíêîâ:
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Òåîðåìà 4.2.1.
1. Åñëè ìàòðèöà èìååò íóëåâóþ ñòðîêó èëè íóëåâîé ñòîëáåö, òî åå

îïðåäåëèòåëü ðàâåí íóëþ.
2. detA = detAT , ò.å. ïðè òðàíñïîíèðîâàíèè ìàòðèöû åå îïðåäåëèòåëü

íå ìåíÿåòñÿ.
3. Åñëè ìàòðèöà B ïîëó÷àåòñÿ èç ìàòðèöû A â ðåçóëüòàòå ïåðåñòà-

íîâêè äâóõ ñòðîê, òî detB = −detA.
4. Îïðåäåëèòåëü ìàòðèöû, ó êîòîðîé åñòü ïðîïîðöèîíàëüíûå ñòðîêà-

ìè, ðàâåí íóëþ.
5. Îïðåäåëèòåëü òðåóãîëüíîé ìàòðèöû ðàâåí ïðîèçâåäåíèþ äèàãî-

íàëüíûõ ýëåìåíòîâ.
6. Îïðåäåëèòåëü äèàãîíàëüíîé ìàòðèöû ðàâåí ïðîèçâåäåíèþ äèàãî-

íàëüíûõ ýëåìåíòîâ. Â ÷àñòíîñòè, îïðåäåëèòåëü åäèíè÷íîé ìàòðèöû ðà-
âåí åäèíèöå.
Òåîðåìà 4.2.2. Åñëè A è B � êâàäðàòíûå ìàòðèöû îäíîãî ïîðÿäêà,

òî detAB = detA · detB.
t Îïðåäåëåíèå 4.2.2. Ìàòðèöà íàçûâàåòñÿ íåâûðîæäåííîé, åñëè åå
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îïðåäåëèòåëü îòëè÷åí îò íóëåâîãî ýëåìåíòà ïîëÿ P.
Òåîðåìà 4.2.3. Îáðàòèìàÿ ìàòðèöà A ÿâëÿåòñÿ íåâûðîæäåííîé è

det(A−1) = (detA)−1.
Îïðåäåëåíèå 4.2.3. Ïóñòü A = [aij] � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà

n. Ìèíîðîì ýëåìåíòà akl íàçûâàåòñÿ îïðåäåëèòåëü ìàòðèöû, ïîëó÷åí-
íîé èç ìàòðèöû A ïóòåì âû÷åðêèâàíèÿ k-é ñòðîêè è l-ãî ñòîëáöà. Ìèíîð
ýëåìåíòà akl îáîçíà÷àåòñÿ ÷åðåç Mkl.

Àëãåáðàè÷åñêèì äîïîëíåíèåì ýëåìåíòà akl íàçûâàåòñÿ ýëåìåíò
(−1)k+lMkl è îáîçíà÷àåòñÿ ÷åðåç Akl.
Òåîðåìà 4.2.4(Òåîðåìà Ëàïëàñà). Îïðåäåëèòåëü êâàäðàòíîé ìàòðè-

öû A = [aij] ðàâåí ñóììå ïðîèçâåäåíèé ýëåìåíòîâ êàêîé-ëèáî ñòðîêè
(ñòîëáöà) íà èõ àëãåáðàè÷åñêèå äîïîëíåíèÿ, ò.å.

detA = ak1Ak1 + ak2Ak2 + ...+ aknAkn = a1lA1l + a2lA2l + ...+ anlAnl.

Ïðèìåð 4.2.1. Âû÷èñëèòå îïðåäåëèòåëü∣∣∣∣∣∣
2 1 −1
1 −1 1
−2 1 3

∣∣∣∣∣∣
Ïðèìåíèì òåîðåìó 4.2.4 ê ýëåìåíòàì ïåðâîé ñòðîêè∣∣∣∣∣∣

2 1 −1
1 −1 1
−2 1 3

∣∣∣∣∣∣ = 2 · (−1)1+1 ·
∣∣∣∣ −1 1

1 3

∣∣∣∣+ 1 · (−1)1+2 ·
∣∣∣∣ 1 1
−2 3

∣∣∣∣+



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 154 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

+(−1)·(−1)1+3 ·
∣∣∣∣ 1 −1
−2 1

∣∣∣∣ = 2·1·(−3−1)+1·(−1)·(3+2)−1·1·(1−2) =

= −8− 5 + 1 = −12.

Îòâåò: �12.
Äëÿ êàæäîãî ýëåìåíòà aij êâàäðàòíîé ìàòðèöû A = [aij] âû÷èñëèì

àëãåáðàè÷åñêîå äîïîëíåíèå Aij è ïîñòðîèì ìàòðèöó

A′ =


A11 A21 ... An1

A12 A22 ... An2

...
A1n A2n ... Ann

 ,
êîòîðóþ íàçîâåì ïðèñîåäèíåííîé (èëè âçàèìíîé) ìàòðèöåé ê ìàòðèöå
A.
Òåîðåìà 4.2.5. Åñëè ìàòðèöà A íåâûðîæäåííà, òî îíà îáðàòèìà è

A−1 = 1
detAA

′.
Èòàê, äëÿ íåâûðîæäåííîé ìàòðèöû A ôîðìóëà îáðàòíîé ìàòðèöû

èìååò âèä

A−1 =
1

detA
A′ =

1

detA


A11 A21 ... An1

A12 A22 ... An2

...
A1n A2n ... Ann

 .
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Ïðèìåð 4.2.2. Íàéäèòå îáðàòíóþ ê ìàòðèöå

A =

 2 −1 2
1 0 1
−1 2 −4

 .
Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû A, à çàòåì íàéäåì ïðèñîåäèíåííóþ

ìàòðèöó.

detA =

∣∣∣∣∣∣
2 −1 2
1 0 1
−1 2 −4

∣∣∣∣∣∣ = (0 + 1 + 4)− (0 + 4 + 4) = −3.

A11 = (−1)1+1 ·
∣∣∣∣ 0 1

2 −4

∣∣∣∣ = −2, A12 = (−1)1+2 ·
∣∣∣∣ 1 1
−1 −4

∣∣∣∣ = 3,

A13 = (−1)1+3 ·
∣∣∣∣ 1 0
−1 2

∣∣∣∣ = 2, A21 = (−1)2+1 ·
∣∣∣∣ −1 2

2 −4

∣∣∣∣ = 0,

A22 = (−1)2+2 ·
∣∣∣∣ 2 2
−1 −4

∣∣∣∣ = −6, A23 = (−1)2+3 ·
∣∣∣∣ 2 −1
−1 2

∣∣∣∣ = −3,

A31 = (−1)3+1 ·
∣∣∣∣ −1 2

0 1

∣∣∣∣ = −1, A32 = (−1)3+2 ·
∣∣∣∣ 2 2

1 1

∣∣∣∣ = 0,

A33 = (−1)3+3 ·
∣∣∣∣ 2 −1

1 0

∣∣∣∣ = 1.
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A′ =

 −2 0 −1
3 −6 0
2 −3 1

 , A−1 =
1

3

 −2 0 −1
3 −6 0
2 −3 1

 .
Îòâåò: A−1 =

 2
3 0 1

3

−1 2 0
−2

3 1 −1
3

 .
Ïóñòü B = [bij] � k × l-ìàòðèöà. Çàôèêñèðóåì íàòóðàëüíîå ÷èñëî

r, íå ïðåâîñõîäÿùåå k è l. Âûäåëèì â ìàòðèöå r ñòðîê ñ íîìåðàìè
i1 < i2 < ... < ir è r ñòîëáöîâ ñ íîìåðàìè j1 < j2 < ... < jr. ìàòðè-
öû A, ñòîÿùèå íà ïåðåñå÷åíèè îòìå÷åííûõ ñòðîê è ñòîëáöîâ, îáðàçóþò
êâàäðàòíóþ ìàòðèöó 

bi1j1 bi1j2 ... bi1jr
bi2j1 bi2j2 ... bi2jr

...
birj1 birj2 ... birjr


ïîðÿäêà r. Îïðåäåëèòåëü ýòîé ìàòðèöû íàçûâàåòñÿ ìèíîðîì r-ãî ïîðÿä-
êà ìàòðèöû A. Äëÿ êàæäîãî r < min{k, l} ìîæíî ñîñòàâèòü íåñêîëüêî
ìèíîðîâ r-ãî ïîðÿäêà.
Îïðåäåëåíèå 4.2.3. Ðàíãîì ìàòðèöû B íàçûâàåòñÿ òàêîå íàòóðàëü-

íîå ÷èñëî r, ÷òî ñðåäè ìèíîðîâ r-ãî ïîðÿäêà ìàòðèöû B èìååòñÿ õîòÿ áû
îäèí íå ðàâíûé íóëþ, à âñå ìèíîðû (r+1)-ãî ïîðÿäêà, åñëè òàêèå ìîæíî
ñîñòàâèòü, ðàâíû íóëþ. Ðàíã B ìàòðèöû îáîçíà÷àåòñÿ ÷åðåç r(B).



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 157 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

Ðàíã íåíóëåâîé ìàòðèöû âñåãäà≥ 1. Ó íóëåâîé ìàòðèöû âñå ýëåìåíòû
ðàâíû íóëþ, è åå ðàíã ñ÷èòàþò ðàâíûì 0.
Òåîðåìà 4.2.6.
1. Ïðè ýëåìåíòàðíûõ ïðåîáðàçîâàíèÿõ ðàíã ìàòðèöû íå ìåíÿåòñÿ.
2. Ðàíã ñòóïåí÷àòîé ìàòðèöû ðàâåí ÷èñëó åå íåíóëåâûõ ñòðîê.
Èç òåîðåìû 4.2.6 ñëåäóåò àëãîðèòì âû÷èñëåíèÿ ðàíãà ìàòðèöû A:
1) ïðèâåñòè ìàòðèöó A ê ñòóïåí÷àòîìó âèäó ñ ïîìîùüþ ýëåìåíòàð-

íûõ ïðåîáðàçîâàíèé;
2) ÷èñëî íåíóëåâûõ ñòðîê ïîëó÷èâøåéñÿ ñòóïåí÷àòîé ìàòðèöû áóäåò

ðàíãîì ìàòðèöû A.
Ïðèìåð 4.2.8. Âû÷èñëèòå ðàíã ìàòðèöû

A =


1 −1 1 −4 2
2 2 3 1 0
0 −1 3 1 3
1 0 −2 −5 −1

 .
Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèâåäåì ìàòðèöóA ê ñòó-

ïåí÷àòîìó âèäó:

A =


1 −1 1 −4 2
2 2 3 1 0
0 −1 3 1 3
1 0 −2 −5 −1

⇔


1 −1 1 −4 2
0 4 1 9 −4
0 −1 3 1 3
0 1 −3 −1 −3

⇔
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⇔


1 −1 1 −4 2
0 1 1

4
9
4 −1

0 −1 3 1 3
0 1 −3 −1 −3

⇔


1 −1 1 −4 2
0 1 1

4
9
4 −1

0 0 13
4

13
4 2

0 0 −13
4 −

13
4 −2

⇔

⇔


1 −1 1 −4 2
0 1 1

4
9
4 −1

0 0 1 1 8
13

0 0 0 0 0

 .
Ñëåäîâàòåëüíî, r(A) = 3.
Îòâåò: r(A) = 3.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Äëÿ îïðåäåëåíèÿ ðàíãà ìàòðèöû è âû÷èñëåíèÿ åå îïðåäåëèòåëÿ èñ-
ïîëüçóþòñÿ ñëåäóþùèå ôóíêöèè:
• RankMat(A) âîçâðàùàåò ðàíã ìàòðèöû A;
• DeterminantMat(A) âû÷èñëÿåò îïðåäåëèòåëü ìàòðèöû A.
Ïðèìåð 4.2.9. Âû÷èñëèòå ðàíã ìàòðèöû

A =


1 −2 1 −4 2
2 −4 3 1 0
0 1 −1 3 1
4 −7 4 −4 5

 .
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gap> A:=[[1,-2,1,-4,2],[2,-4,3,1,0],[0,1,-1,3,1],[4,-7,4,-4,5]];; gap>
Display(A);
[ [ 1, -2, 1, -4, 2 ],
[ 2, -4, 3, 1, 0 ],
[ 0, 1, -1, 3, 1 ],
[ 4, -7, 4, -4, 5 ] ]
gap> Rank(A);
3

Ïðèìåð 4.2.10. Âû÷èñëèòå îïðåäåëèòåëü∣∣∣∣∣∣
1 2 −1
2 −1 −2
−2 −1 1

∣∣∣∣∣∣ .
gap> B:=[[1,2,-1],[2,-1,-2],[-2,-1,1]];;
gap> Display(B);
[ [ 1, 2, -1 ],
[ 2, -1, -2 ],
[ -2, -1, 1 ] ]
gap> Determinant(B);
5
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Ïðèìåð 4.2.11. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ àëãåáðàè-
÷åñêèõ äîïîëíåíèé.

AlgDop:=function(A,n,i,j)
local Rez,X,D,k1,k2;
Rez:=(-1)�(i+j);
X:=RandomMat(n-1,n-1);
for k1 in [1..n] do
for k2 in [1..n] do
if k1<i then
if k2<j then
X[k1][k2]:=A[k1][k2];
else
if k2>j then
X[k1][k2-1]:=A[k1][k2];
�;
�;
else
if k1>i then
if k2<j then
X[k1-1][k2]:=A[k1][k2];
else
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if k2>j then
X[k1-1][k2-1]:=A[k1][k2];
�;
�;
�;
�;
od;
od;
D:=DeterminantMat(X);
Rez:=Rez*D;
return Rez;
end;
gap> Read("C:/gap4r7/bin/AlgDop.g");
gap> A:=RandomMat(7,7);; Display(A);
[ [ -1, 0, 0, -1, -1, 1, 0 ],
[ 1, -5, -4, 3, -6, -3, 3 ],
[ -2, 0, 1, -2, -1, -6, -1 ],
[ -1, -1, 4, 2, 2, 1, 1 ],
[ -1, -4, 4, -1, 2, 0, -1 ],
[ 3, 3, -1, -1, 3, 1, 0 ],
[ 1, 1, -2, 3, -1, 3, -3 ] ]
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gap> AlgDop(A,7,1,2);
-3380
gap> AlgDop(A,7,6,1);
-7485
gap> AlgDop(A,7,5,7);
926
gap> AlgDop(A,7,3,2);
-1439
gap> B:=RandomMat(3,3);; Display(B);
[ [ -3, -1, -2 ],
[ -3, 1, 0 ],
[ -1, -2, -1 ] ]
gap> AlgDop(B,3,3,2);
6
gap> AlgDop(B,3,1,3);
7
gap> AlgDop(B,3,2,3);
-5
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Ïðèìåð 4.2.12. Ðàçðàáîòàéòå ôóíêöèþ äëÿ ïîñòðîåíèÿ ïðèñîåäè-
íåííîé (âçàèìíîé) ìàòðèöû ê çàäàííîé ìàòðèöe A. Ïîñòðîéòå ïðèñî-
åäèíåííóþ ìàòðèöó ê ìàòðèöå

A =

 1 2 1
1 4 1
−1 5 2

 .
MutualMat:=function(A,n)
local Rez,i,j;
Rez:=RandomMat(n,n);
for i in [1..n] do
for j in [1..n] do
Rez[j][i]:=AlgDop(A,n,i,j);
od;
od;
return Rez;
end;

Òåïåðü ñ ïîìîùüþ ðàçðàáîòàíîé ôóíêöèè MutualMat ïîñòðîèì ïðè-
ñîåäèíåííóþ ê A ìàòðèöó:
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gap> A:=[[1,2,1],[1,4,1],[-1,5,2]];; Display(A);
[ [ 1, 2, 1 ],
[ 1, 4, 1 ],
[ -1, 5, 2 ] ]
gap> Read("C:/gap4r7/bin/AlgDop.g");
gap> Read("C:/gap4r7/bin/MutualMat.g");
gap> MutualMat(A,3);; Display(last);
[ [ 3, 1, -2 ],
[ -3, 3, 0 ],
[ 9, -7, 2 ] ]

4.3. Ñèñòåìû ëèíåéíûõ óðàâíåíèé (ÑËÓ)

Îïðåäåëåíèå 4.3.1. Ñèñòåìîé k ëèíåéíûõ óðàâíåíèé (ÑËÓ) ñ l
íåèçâåñòíûìè x1, x2, ..., xl íàä ïîëåì P íàçûâàåòñÿ ñîâîêóïíîñòü

a11x1 + a12x2 + ...+ a1lxl = b1,

a21x1 + a22x2 + ...+ a2lxl = b2,
...
ak1x1 + ak2x2 + ...+ aklxl = bk.

(4.3.1)

Çäåñü aij � ýëåìåíòû ïîëÿ P, êîòîðûå íàçûâàþòñÿ êîýôôèöèåíòàìè,
à ýëåìåíòû bi òàêæå ïðèíàäëåæàò P è íàçûâàþòñÿ ñâîáîäíûìè êîýôôè-
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öèåíòàìè ñèñòåìû.
Ñèñòåìà 4.3.1, èìåþùàÿ õîòÿ áû îäíî ðåøåíèå, íàçûâàåòñÿ ñîâìåñò-

íîé, à ñèñòåìà, íå èìåþùàÿ íè îäíîãî ðåøåíèÿ, � íåñîâìåñòíîé. Åñëè
ÑËÓ èìååò åäèíñòâåííîå ðåøåíèå, òî åå íàçûâàþò îïðåäåëåííîé, åñëè
ðåøåíèé áîëüøå îäíîãî, òî íåîïðåäåëåííîé.

Èç êîýôôèöèåíòîâ ïðè íåèçâåñòíûõ â ñèñòåìå 4.3.1 ñîñòàâèì k × l-ìàò-
ðèöó

A =


a11 a12 ... a1l
a21 a22 ... a2l
...
ak1 ak2 ... akl

 ,
êîòîðàÿ íàçûâàåòñÿ ìàòðèöåé ñèñòåìû óðàâíåíèé 4.3.1. Åñëè ê íåé
äîïèñàòü ñòîëáåö ñâîáîäíûõ êîýôôèöèåíòîâ, òî ïîëó÷èì ðàñøèðåííóþ
ìàòðèöó ñèñòåìû óðàâíåíèé 4.3.1:

A =


a11 a12 ... a1l
a21 a22 ... a2l
...
ak1 ak2 ... akl

∣∣∣∣∣∣∣∣
b1
b2
...

bk

 .
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Ôîðìó 4.3.1 çàïèñè ÑËÓ íàçûâàþò êîîðäèíàòíîé, à ôîðìó AX = B,
ãäå A � ìàòðèöà ñèñòåìû 4.3.1, à

B =


b1
b2
...
bk

 , X =


x1
x2
...
xk


íàçûâàþò ìàòðè÷íîé.

4.3.1. Ìåòîä Ãàóññà ðåøåíèÿ ÑËÓ

Ìåòîä Ãàóññà (èëè ìåòîä ïîñëåäîâàòåëüíîãî èñêëþ÷åíèÿ íåèçâåñò-
íûõ), îñíîâàí íà ïðèâåäåíèè ñèñòåìû ëèíåéíûõ óðàâíåíèé ê ñòóïåí÷à-
òîìó âèäó. Ïðîöåññ ðåøåíèÿ ïî ìåòîäó Ãàóññà ñîñòîèò èç äâóõ ýòàïîâ.

Íà ïåðâîì ýòàïå îñóùåñòâëÿåòñÿ òàê íàçûâàåìûé ïðÿìîé õîä, êîãäà
ïóòåì ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàä ñòðîêàìè ñèñòåìó ïðèâîäÿò ê
ñòóïåí÷àòîé. Ïîä ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè ñèñòåìû ëèíåé-
íûõ óðàâíåíèé ïîíèìàþòñÿ ñëåäóþùèå ïðåîáðàçîâàíèÿ:

1) óìíîæåíèå êàêîãî-ëèáî óðàâíåíèÿ íà íåíóëåâîé ýëåìåíò ïîëÿ P;
2) ïðèáàâëåíèå ê îäíîìó óðàâíåíèþ äðóãîãî óðàâíåíèÿ, óìíîæåííîãî

íà ïðîèçâîëüíûé ýëåìåíò ïîëÿ P.
Çàìåòèì, ÷òî åñëè â ïðîöåññå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷à-

åì óðàâíåíèå
0x1 + 0x2 + ...0xl = 0,
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òî òàêîå óðàâíåíèå ìîæíî óáðàòü èç ñècòåìû, ò.ê. åìó óäîâëåòâîðÿþò
âñå ýëåìåíòû ïîëÿ P.

Åñëè â ïðîöåññå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèõîäèì ê óðàâíå-
íèþ

0x1 + 0x2 + ...0xl = b, b 6= 0,

òî ñèñòåìà ñ òàêèì óðàâíåíèåì áóäåò íåñîâìåñòíîé, ò.ê. åìó íå óäîâëå-
òâîðÿåò íè îäèí íàáîð ýëåìåíòîâ ïîëÿ P.

Íà âòîðîì ýòàïå îñóùåñòâëÿåòñÿ îáðàòíûé õîä ìåòîäà Ãàóññà, êî-
òîðûé çàêëþ÷àåòñÿ â ïîñëåäîâàòåëüíîì âûðàæåíèè ïåðåìåííûõ. Ýòà
ïðîöåäóðà íà÷èíàåòñÿ ñ ïîñëåäíåãî óðàâíåíèÿ, èç êîòîðîãî âûðàæàþò
ñîîòâåòñòâóþùóþ áàçèñíóþ ïåðåìåííóþ (ïåðâàÿ ïåðåìåííàÿ ñëåâà, êî-
ýôôèöèåíò ïðè êîòîðîé îòëè÷åí îò íóëÿ) è ïîäñòàâëÿþò â ïðåäûäóùèå
óðàâíåíèÿ, è òàê äàëåå, ïîäíèìàÿñü ïî ¾ñòóïåíüêàì¿ íàâåðõ.

Ò.ê. êàæäîìó ýëåìåíòàðíîìó ïðåîáðàçîâàíèþ ñèñòåìû ñîîòâåòñâòóåò
ýëåìåíòàðíîå ïðåîáðàçîâàíèå ðàñøèðåííîé ìàòðèöû ýòîé ñèñòåìû, òî
âìåñòî ñèñòåìû ìîæíî îïåðèðîâàòü ñ ðàñøèðåííîé ìàòðèöåé.
Òåîðåìà 4.3.1 (Òåîðåìà Êðîíåêåðà-Êàïåëëè). Ñèñòåìà 4.3.1 ñîâìåñò-

íà òîãäà è òîëüêî òîãäà, êîãäà ðàíã åå îñíîâíîé ìàòðèöû ðàâåí ðàíãó
åå ðàñøèðåííîé ìàòðèöû. Ïðè÷åì ñîâìåñòíàÿ ñèñòåìà îïðåäåëåíà, åñëè
åå ðàíã ðàâåí ÷èñëó ïåðåìåííûõ äàííîé ñèñòåìû.

Ìåòîä Ãàóññà èäåàëüíî ïîäõîäèò äëÿ ðåøåíèÿ ñèñòåì óðàâíåíèé, ó
êîòîðûõ ìàòðèöà ñèñòåìû íå ÿâëÿåòñÿ êâàäðàòíîé (÷åãî íå ñêàæåøü
ïðî ìåòîä Êðàìåðà è ìàòðè÷íûé ìåòîä), ò.å. ìåòîä Ãàóññà � íàèáîëåå
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óíèâåðñàëüíûé ìåòîä äëÿ íàõîæäåíèÿ ðåøåíèÿ ëþáîé ñèñòåìû ëèíåé-
íûõ óðàâíåíèé. Îí ðàáîòàåò â ñëó÷àå, êîãäà ñèñòåìà èìååò áåñêîíå÷íî
ìíîãî ðåøåíèé èëè íåñîâìåñòíà.

Äëÿ èëëþñòðàöèè ìåòîäà Ãàóññà ðàññìîòðèì íåñêîëüêî ïðèìåðîâ.
Ïðèìåð 4.3.1. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé

x1 + 2x2 + 3x3 = 4,
5x1 + 6x2 + 7x3 = 8,
9x1 + 18x2 + 27x3 = 2016.

Äëÿ ðåøåíèÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé ìåòîäîì Ãàóññà çàïèøåì
ðàñøèðåííóþ ìàòðèöó ñèñòåìû:

A =

 1 2 3
5 6 7
9 18 27

∣∣∣∣∣∣
4
8

2016

 .
C ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèâåäåì ðàñøèðåííóþ

ìàòðèöó ê ñòóïåí÷àòîìó âèäó:

A =

 1 2 3
0 −4 −8
0 0 0

∣∣∣∣∣∣
4
−12
1980

 .
Ïîñëåäíåå óðàâíåíèå èìååò âèä 0 = const. Ïîýòîìó ñèñòåìà íåñîâ-

ìåñòíà è, ñëåäîâàòåëüíî, íå èìååò ðåøåíèé.
Îòâåò: íåò ðåøåíèé.
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Ïðèìåð 4.3.2. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé
x1 + 2x2 + 3x3 = 4,
5x1 + 6x2 + 7x3 = 8,
9x1 + 10x2 + 12x3 = 12.

Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó ñèñòåìû:

A =

 1 2 3
5 6 7
9 10 12

∣∣∣∣∣∣
4
8
12

 .
Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèâåäåì ðàñøèðåííóþ

ìàòðèöó ñèñòåìû ê ñòóïåí÷àòîìó âèäó. Ïîëó÷èì

A =

 1 2 3
0 −4 −8
0 0 1

∣∣∣∣∣∣
4
−12

0

 .
Òàêèì îáðàçîì, íà÷àëüíàÿ ñèñòåìà ðàâíîñèëüíà ñëåäóþùåé ñòóïåí-

÷àòîé ñèñòåìå: 
x1 + 2x2 + 3x3 = 4,
x2 + 2x3 = 3,
x3 = 0.

Ñèñòåìà ëèíåéíûõ óðàâíåíèé ñîâìåñòíàÿ è îïðåäåëåííàÿ. Åäèíñòâåí-
íîå ðåøåíèå ñèñòåìû x1 = −2, x2 = 3, x3 = 0.
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Îòâåò: x1 = −2, x2 = 3, x3 = 0.
Ïðèìåð 4.3.3. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé

x1 + 2x2 + 3x3 = 4,
5x1 + 6x2 + 7x3 = 8,
9x1 + 18x2 + 27x3 = 36.

Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó ñèñòåìû:

A =

 1 2 3
5 6 7
9 18 27

∣∣∣∣∣∣
4
8
36

 .
Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ïðèâåäåì ðàñøèðåííóþ

ìàòðèöó ñèñòåìû ê ñòóïåí÷àòîìó âèäó. Ïîëó÷èì

A =

 1 2 3
0 1 2
0 0 0

∣∣∣∣∣∣
4
3
0

 .
Ïîñëåäíþþ ñòðîêó ìàòðèöû ìîæíî óáðàòü, ò.ê. îíà íóëåâàÿ:

A =

[
1 2 3
0 1 2

∣∣∣∣ 4
3

]
.

Ñèñòåìà ëèíåéíûõ óðàâíåíèé ñîâìåñòíàÿ è íåîïðåäåëåííàÿ. Ïîëó÷èì
ñèñòåìó {

x1 + 2x2 + 3x3 = 4,
x2 + 2x3 = 3,
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ãäå x1, x2 � áàçèñíûå ïåðåìåííûå, x3 � ñâîáîäíàÿ ïåðåìåííàÿ.
Ïðèäàäèì íåèçâåñòíîé x3 ïðîèçâîëüíîå çíà÷åíèå èç ïîëÿ äåéñòâè-

òåëüíûõ ÷èñåë: x3 = λ. Èç âòîðîãî óðàâíåíèÿ ïîëó÷åííîé ñèñòåìû âûðà-
çèì ïåðåìåííóþ x2 ÷åðåç x3: x2 = 3−2x3 = 3−2λ. Ïîäñòàâèì ïîëó÷åííîå
âûðàæåíèå äëÿ x2 â ïåðâîå óðàâíåíèå ñèñòåìû è âûðàçèì ïåðåìåííóþ
x1 ÷åðåç ïåðåìåííóþ x3: x1 = 4−2x2−3x3 = 4−2(3−2λ)−3λ = −2+λ.

Ò.ê. ïîñëåäíÿÿ ñèñòåìà ðàâíîñèëüíà èñõîäíîé, òî ôîðìóëû
x1 = −2 + λ,
x2 = 3− 2λ,
x3 = λ

ïðè ïðîèçâîëüíîì λ äàþò íàì ðåøåíèÿ çàäàííîé ñèñòåìû.
Îòâåò: x1 = −2 + λ, x2 = 3 − 2λ, x3 = λ, ãäå λ èìååò ïðîèçâîëüíîå

äåéñòâèòåëüíîå çíà÷åíèå.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé â ñèñòåìå GAP ñóùåñòâóåò
äâå ôóíêöèè:
• NullspaceMat(A) âîçâðàùàåò áàçèñ ïðîñòðàíñòâà ðåøåíèé ñèñòåìû

X · A = 0;
• SolutionMat(A, B) âîçâðàùàåò âåêòîð X, êîòîðûé ÿâëÿåòñÿ ðåøå-

íèåì óðàâíåíèÿ X · A = B. Âîçâðàùàåò fail, åñëè òàêîãî âåêòîðà íå



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 172 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

ñóùåñòâóåò.
Ïðèìåð 4.3.4. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé

x1 + 2x2 + 3x3 = 4,
5x1 + 6x2 + 7x3 = 8,
9x1 + 18x2 + 27x3 = 2016.

Âûïîëíèì ïðîâåðêó ñîâìåñòíîñòè ÑËÓ ïî òåîðåìå Êðîíåêåðà-Êàïåëëè:

gap> A:=[[1,2,3],[5,6,7],[9,18,27]];;
gap> Ar:=[[1,2,3,4],[5,6,7,8],[9,18,27,2016]];;
gap> Rank(Ar)=Rank(A);
false

Ò.ê. ðàíã ìàòðèöû A íå ðàâåí ðàíãó ðàñøèðåííîé ìàòðèöû Ar, ñèñòå-
ìà ÿâëÿåòñÿ íåñîâìåñòíîé. Åñëè ìû ê ýòîé ñèñòåìå ïðèìåíèì ôóíêöèþ
SolutionMat(A, B), òî GAP âûäàñò ñîîáùåíèå fail.

gap> At:=TransposedMatDestructive(A);;
gap> B:=[4,8,2016];;
gap> SolutionMat(At,B);
fail
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Ïðèìåð 4.3.5. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé
x1 + 2x2 + 3x3 = 4,
5x1 + 6x2 + 7x3 = 8,
9x1 + 10x2 + 12x3 = 12.

Âûïîëíèì ïðîâåðêó ñîâìåñòíîñòè ÑËÓ ïî òåîðåìå Êðîíåêåðà-Êàïåëëè:

gap> A:=[[1,2,3],[5,6,7],[9,10,12]];; Display(A);
[ [ 1, 2, 3 ],
[ 5, 6, 7 ],
[ 9, 10, 12 ] ]
gap> Ar:=[[1,2,3,4],[5,6,7,8],[9,10,12,12]];; Display(Ar);
[ [ 1, 2, 3, 4 ],
[ 5, 6, 7, 8 ],
[ 9, 10, 12, 12 ] ]
gap> Rank(A);
3
gap> Rank(Ar)=Rank(A);
true

Ñëåäîâàòåëüíî, ñèñòåìà ÿâëÿåòñÿ ñîâìåñòíîé. Ò.ê. ðàíã ìàòðèöû ðà-
âåí êîëè÷åñòâó ïåðåìåííûõ, òî ñèñòåìà ÿâëÿåòñÿ îïðåäåëåííîé. Ïðè-
ìåíåíèå ôóíêöèè SolutionMat(A, B) âûäàñò âåêòîð, ÿâëÿþùèéñÿ åäèí-
ñòâåííûì ðåøåíèåì ñèñòåìû.
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gap> At:=TransposedMatDestructive(A);; Display(At);
[ [ 1, 5, 9 ],
[ 2, 6, 10 ],
[ 3, 7, 12 ] ]
gap> B:=[4,8,12];
[ 4, 8, 12 ]
gap> SolutionMat(At,B);
[ -2, 3, 0 ]

Ïðèìåð 4.3.6. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé
x1 + 2x2 + 3x3 = 4,
5x1 + 6x2 + 7x3 = 8,
9x1 + 18x2 + 27x3 = 36.

Âûïîëíèì ïðîâåðêó ñîâìåñòíîñòè ÑËÓ ïî òåîðåìå Êðîíåêåðà-Êàïåëëè:

gap> A:=[[1,2,3],[5,6,7],[9,18,27]];; Display(A);
[ [ 1, 2, 3 ],
[ 5, 6, 7 ],
[ 9, 18, 27 ] ]
gap> Ar:=[[1,2,3,4],[5,6,7,8],[9,18,27,36]];; Display(Ar);
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[ [ 1, 2, 3, 4 ],
[ 5, 6, 7, 8 ],
[ 9, 18, 27, 36 ] ]
gap> Rank(A);
2
gap> Rank(Ar)=Rank(A);
true

Ñëåäîâàòåëüíî, ñèñòåìà ÿâëÿåòñÿ ñîâìåñòíîé. Ò.ê. ðàíã ìàòðèöû ìåíü-
øå êîëè÷åñòâà ïåðåìåííûõ, òî ñèñòåìà ÿâëÿåòñÿ íåîïðåäåëåííîé. Åñëè
ìû ïðèìåíèì ê ñèñòåìå 4.3.1 ôóíêöèþ SolutionMat(A, B), òî ïîëó÷èì
òîëüêî îäíî ðåøåíèå.

gap> At:=TransposedMatDestructive(A);; Display(At);
[ [ 1, 5, 9 ],
[ 2, 6, 18 ],
[ 3, 7, 27 ] ]
gap> B:=[4,8,36];
[ 4, 8, 36 ]
gap> SolutionMat(At,B);
[ -2, 3, 0 ]

Äëÿ ïîëó÷åíèÿ îáùåãî ðåøåíèÿ ñèñòåìû âèäà XA = B â ñëó÷àå
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íåîïðåäåëåííîñòè ïîñòðîèì áàçèñ ïðîñòðàíñòâà ðåøåíèé ñèñòåìûXA = 0.

gap> NullspaceMat(At);
[ [ 1, -2, 1 ] ]

Òîãäà ðåøåíèåì áóäåò ÿâëÿòüñÿ è ñëåäóþùèé âåêòîð:

gap> M:=SolutionMat(At,B)+5/2*NullspaceMat(At)[1];
[ 1/2, -2, 5/2 ]

Âûïîëíèì ïðîâåðêó:

gap> M*At=B;
true

Èçìåíÿÿ êîýôôèöèåíò ïðè NullspaceMat(A)[1], áóäåì ïîëó÷àòü ðàç-
ëè÷íûå ðåøåíèÿ íàøåé ñèñòåìû.
Ïðèìåð 4.3.7. Ðàçðàáîòàéòå ôóíêöèþ ðåøåíèÿ ÑËÓ âèäà AX = B,

ãäå A � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n.

GAUSS:=function(A,B,n)
local RankA, RankAR, AT, AR, Ar, d, R, BazisR;
RankA:=Rank(A);
d:=DeterminantMat(A);
AT:=TransposedMatDestructive(A);
Ar:=AT;
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Add(Ar,B);
AR:=TransposedMatDestructive(Ar);
RankAR:=Rank(AR);
A:=AR{[1..n]}{[1..n]};
AT:=TransposedMatDestructive(A);
if RankAR<>RankA then
R:="Net resheniy";
Print(R,"\n");
else
if RankAR=RankA and d<>0 then
R:=SolutionMat(AT,B);
return R;
else
R:=SolutionMat(AT,B);
BazisR:=NullspaceMat(AT)[1];
Print(R,"+K * " ,BazisR, " , gde K - proizvol'noe deystvitel'noe
chislo" , "\n");
�;
�;
end;

Òåïåðü, èñïîëüçóÿ ðàçðàáîòàííóþ ôóíêöèþ GAUSS, ðåøèì ÑËÓ èç
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ïðèìåðîâ 4.3.4, 4.3.5 è 4.3.6. Äëÿ ýòîãî çàïóñòèì ôóíêöèþ GAUSS:

gap> Read("C:/gap4r7/bin/GAUSS.g");

Ðåøåíèå ÑËÓ èç ïðèìåðà 4.3.4:

gap> A1:=[[1,2,3],[5,6,7],[9,18,27]];;
gap> B1:=[4,8,2016];;
gap> n:=3;;

gap> GAUSS(A1,B1,n);
Net resheniy

Ðåøåíèå ÑËÓ èç ïðèìåðà 4.3.5:

gap> A2:=[[1,2,3],[5,6,7],[9,10,12]];;
gap> B2:=[4,8,12];;
gap> n:=3;;
gap> GAUSS(A2,B2,n);
[ -2, 3, 0 ]
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Ðåøåíèå ÑËÓ èç ïðèìåðà 4.3.6:

gap> A3:=[[1,2,3],[5,6,7],[9,18,27]];;
gap> B3:=[4,8,36];;
gap> n:=3;;
gap> GAUSS(A3,B3,n);
[ -2, 3, 0 ]+K*[ 1, -2, 1 ], gde K - proizvol'noe deystvitel'noe chislo

4.3.2. Ìåòîä Êðàìåðà ðåøåíèÿ ÑËÓ

Åñëè ÷èñëî óðàâíåíèé ðàâíî ÷èñëó íåèçâåñòíûõ (k = l) è îïðåäå-
ëèòåëü ìàòðèöû ñèñòåìû îòëè÷åí îò íóëÿ, òî ñèñòåìà íàçûâàåòñÿ êðà-
ìåðîâñêîé. Êðàìåðîâñêàÿ ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå
îïðåäåëÿåòñÿ ïî ôîðìóëàì

xi =
∆i

∆
, i = 1, 2, ..., k,

ãäå ∆ = detA � îïðåäåëèòåëü ìàòðèöû ñèñòåìû, à ∆i � îïðåäåëèòåëü
ìàòðèöû, êîòîðàÿ ïîëó÷åíà èç A çàìåíîé i-ãî ñòîëáöà íà ñòîëáåö ñâî-
áîäíûõ ÷ëåíîâ.
Ïðèìåð 4.3.8. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé

2x1 + 5x2 + 4x3 = 30,
x1 + 3x2 + 2x3 = 150,
2x1 + 10x2 + 9x3 = 110.
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Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû ñèñòåìû

∆ = detA =

∣∣∣∣∣∣
2 5 4
1 3 2
2 10 9

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 −1 0
1 3 2
0 4 5

∣∣∣∣∣∣ =

∣∣∣∣ −1 0
4 5

∣∣∣∣ = 5.

Âû÷èñëèì îïðåäåëèòåëè ∆i, i = 1, 2, 3, ãäå ∆i � îïðåäåëèòåëü ìàò-
ðèöû, ó êîòîðîé â i-ì ñòîëáöå ñòîÿò ñâîáîäíûå êîýôôèöèåíòû 30, 150,
110, à îñòàëüíûå ñòîëáöû, êàê ó ìàòðèöû ñèñòåìû.

∆1 =

∣∣∣∣∣∣
30 5 4
150 3 2
110 10 9

∣∣∣∣∣∣ =

∣∣∣∣∣∣
30 5 4
150 3 2
−10 −190 −7

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 −25 −17
0 −147 −103
−10 −10 −7

∣∣∣∣∣∣ =

= −10 · (−1)1+3 ·
∣∣∣∣ −25 −17
−147 −103

∣∣∣∣ = −10 · (−1)1+3 · ((−25) · (−103)−

−(−147) · (−17)) = 760,

∆2 =

∣∣∣∣∣∣
2 30 4
1 150 2
2 110 9

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 −270 0
1 150 2
0 −190 5

∣∣∣∣∣∣ = (−1)1+2 ·
∣∣∣∣ −270 0
−190 −5

∣∣∣∣ =

= (−1)1+2 · (−270) · 5 = 1350,

∆3 =

∣∣∣∣∣∣
2 5 30
1 3 150
2 10 110

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 −1 −270
1 3 150
0 4 −190

∣∣∣∣∣∣ = (−1)1+2 ·
∣∣∣∣ −1 −270

4 −190

∣∣∣∣ =
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= (−1)1+2 · ((−1) · (−190)− 4 · (−270)) = −(190 + 1080) = −1270.

Íàõîäèì ðåøåíèå:

x1 =
∆1

∆
=
−760

5
= −152, x2 =

∆2

∆
=

1350

5
= 270,

x3 =
∆3

∆
=
−1270

5
= −254.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Ïðèìåð 4.3.9. Ñîñòàâèòü ôóíêöèþ äëÿ ðåøåíèÿ ÑËÓ ìåòîäîì Êðà-
ìåðà. Ñ ïîìîùüþ ïîëó÷åííîé ôóíêöèè ðåøèòü ñèñòåìó ëèíåéíûõ óðàâ-
íåíèé 

2x1 + 5x2 + 4x3 = 30,
x1 + 3x2 + 2x3 = 150,
2x1 + 10x2 + 9x3 = 110.

Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû ñèñòåìû:

gap>A:=[[2,5,4],[1,3,2],[2,10,9]];; Display(A);
[ [ 2, 5, 4 ],
[ 1, 3, 2 ],
[ 2, 10, 9 ] ]
gap> Determinant(A);
5
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Ñëåäîâàòåëüíî, ñèñòåìà ÿâëÿåòñÿ êðàìåðîâñêîé. Ðàçðàáîòàåì ôóíê-
öèþ, ðåøàþùóþ ÑËÓ ìåòîäîì Êðàìåðà.

KRAMER:=function(A,B,n)
local D, l, i, j, k, X, Dx;
D:=DeterminantMat(A);
if D<>0 then
l:=[];
for k in [1..n] do
X:=NullMat(n,n);
for i in [1..n] do
for j in [1..n] do
X[i][j]:=A[i][j];
od;
od;
for i in [1..n] do
X[i][k]:=B[i];
od;
Dx:=DeterminantMat(X);
l[k]:=Dx/D;
od;
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Print(l,"\n");
else Print("Systema ne yavlyaetsya Kramerovskoy" ,"\n");
�;
end;

Òåïåðü ðåøèì ñèñòåìó, âîñïîëüçîâàâøèñü ôóíêöèåé KRAMER:

gap> Read("C:/gap4r4/bin/KRAMER.g");
gap> KRAMER(A,B,3);
[ -152, 270, -254 ]

4.3.3. Ìàòðè÷íûé ìåòîä ðåøåíèÿ ÑËÓ

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ óðàâíåíèé 3.4.1 â ìàòðè÷íîé ôîðìå

AX = B. (3.4.2)

Åñëè ìàòðèöà A ÿâëÿåòñÿ íåâûðîæäåííîé, òî äëÿ íåå ñóùåñòâóåò îáðàò-
íàÿ A−1. Äîìíîæèì îáå ÷àñòè ðàâåíñòâà 3.4.2 íà A−1 ñëåâà. Ïîëó÷èì
ôîðìóëó äëÿ íàõîæäåíèÿ X:

A−1(AX) = A−1B,X = A−1B.
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Ïðèìåð 4.3.10. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé
3x1 + 2x2 − x3 = 4,
2x1 − x2 + 5x3 = 23,
x1 + 7x2 − x3 = 5.

Äëÿ íà÷àëà óáåäèìñÿ â òîì, ÷òî îïðåäåëèòåëü ìàòðèöû ñèñòåìû ëè-
íåéíûõ óðàâíåíèé íå ðàâåí íóëþ:

detA =

∣∣∣∣∣∣
3 2 −1
2 −1 5
1 7 −1

∣∣∣∣∣∣ = 3− 14 + 10− (1 + 105− 4) = −105.

Òåïåðü âû÷èñëèì àëãåáðàè÷åñêèå äîïîëíåíèÿ äëÿ ýëåìåíòîâ ìàòðè-
öû ñèñòåìû. Îíè íàì ïîíàäîáÿòñÿ äëÿ íàõîæäåíèÿ îáðàòíîé ìàòðèöû.

A11 = (−1)1+1 ·
∣∣∣∣ −1 5

7 −1

∣∣∣∣ = −34;A12 = (−1)1+2 ·
∣∣∣∣ 2 5

1 −1

∣∣∣∣ = 7;

A13 = (−1)1+3 ·
∣∣∣∣ 2 −1

1 7

∣∣∣∣ = 15;A21 = (−1)2+1 ·
∣∣∣∣ 2 −1

7 −1

∣∣∣∣ = −5;

A22 = (−1)2+2 ·
∣∣∣∣ 3 −1

1 −1

∣∣∣∣ = −2;A23 = (−1)2+3 ·
∣∣∣∣ 3 2

1 7

∣∣∣∣ = −19;

A31 = (−1)3+1 ·
∣∣∣∣ 2 −1
−1 5

∣∣∣∣ = 9;A32 = (−1)3+2 ·
∣∣∣∣ 3 −1

2 5

∣∣∣∣ = −17;



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 185 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

A33 = (−1)3+3 ·
∣∣∣∣ 3 2

2 −1

∣∣∣∣ = −7.

Íàõîäèì îáðàòíóþ ê A ìàòðèöó:

A−1 =
1

detA

 A11 A21 A31

A12 A22 A32

A31 A32 A33

 =
1

−103

 −34 −5 9
7 −2 −17
15 −19 −7

 =

=

 −34
−103

−5
−103

9
−103

7
−103

−2
−103

−17
−103

15
−103

−19
−103

−7
−103

 .
Òîãäà

X =

 x1
x2
x3

 = A−1B =

 −34
−103

−5
−103

9
−103

7
−103

−2
−103

−17
−103

15
−103

−19
−103

−7
−103

 ·
 4

23
5

 =

 2
1
4

 .
Îòâåò: x1 = 2, x2 = 1, x3 = 4.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Ïðèìåð 4.3.11. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé
3x1 + 2x2 − x3 = 4,
2x1 − x2 + 5x3 = 23,
x1 + 7x2 − x3 = 5.
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Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû ñèñòåìû:

gap> A:=[[3,2,-1],[2,-1,5],[1,7,-1]];; Display(A);
[ [ 3, 2, -1 ],
[ 2, -1, 5 ],
[ 1, 7, -1 ] ]
gap> Determinant(A);
-103

Ò.ê. îïðåäåëèòåëü ìàòðèöû ñèñòåìû îòëè÷åí îò íóëÿ, òî ñèñòåìà ÿâ-
ëÿåòñÿ Êðàìåðîâñêîé. Íàéäåì ðåøåíèå:

gap> B:=[4,23,5];
[ 4, 23, 5 ]
gap> A � (-1)*B;
[ [ 2 ], [ 1 ], [ 4 ] ]
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ÐÀÇÄÅË 5

ÊÎËÜÖÎ ÌÍÎÃÎ×ËÅÍÎÂ Â ÑÈÑÒÅÌÅ GAP. ÂÂÅÄÅÍÈÅ
Â ÒÅÎÐÈÞ ÃÀËÓÀ

5.1. Êîëüöî ìíîãî÷ëåíîâ

Ïóñòü P � ýòî ïðîèçâîëüíîå ïîëå, 0 è 1 � íóëåâîé è åäèíè÷íûé ýëå-
ìåíò ïîëÿ P.
Îïðåäåëåíèå 5.1.1.Ìíîãî÷ëåíîì (ïîëèíîìîì) îò ïåðåìåííîé x íàä

ïîëåì P íàçûâàåòñÿ âûðàæåíèå

f(x) = a0x
0 + a1x

1 + a2x
2 + ...+ anx

n, (5.1.1)

ãäå n ∈ N\{0}, ai ∈ P, i = 0, n íàçûâàþòñÿ êîýôôèöèåíòàìè ìíîãî÷ëåíà
f(x). Íàèáîëüøåå ÷èñëî k ∈ N \ {0}, òàêîå ÷òî ak 6= 0 ∈ P íàçûâàåòñÿ
ñòåïåíüþ ìíîãî÷ëåíà f(x) è îáîçíà÷àåòñÿ ÷åðåç deg f(x) = k.
Ïðèìåð 5.1.1. Ñòåïåíü ìíîãî÷ëåíà f(x) = 9x0 + 0 · x + 2x2 + 0 · x3

ðàâíà 2, ò.å. deg f(x) = 2.
Ðàññìîòðèì ìíîãî÷ëåí f(x) = a0x

0. Åñëè a0 6= 0, òî ñòåïåíü ìíîãî-
÷ëåíà f(x) ðàâíà 0. Åñëè æå a0 = 0, òî ñòåïåíü ìíîãî÷ëåíà f(x) = 0 · x0
íå îïðåäåëåíà, à ñàì ìíîãî÷ëåí íàçûâàåòñÿ íóëåâûì.

Åñëè deg f(x) = k, òî êîýôôèöèåíò ak íàçûâàåòñÿ ñòàðøèì.
Îïðåäåëåíèå 5.1.2.Ìíîãî÷ëåí, ñòàðøèé êîýôôèöèåíò êîòîðîãî ðà-

âåí åäèíèöå 1 ∈ P, íàçûâàåòñÿ íîðìèðîâàííûì.



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 188 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

Îïðåäåëåíèå 5.1.3. Äâà ìíîãî÷ëåíà f(x) è g(x) íàä ïîëåì P íà-
çûâàþòñÿ ðàâíûìè àëãåáðàè÷åñêè, åñëè ðàâíû èõ êîýôôèöèåíòû ïðè
îäèíàêîâûõ ñòåïåíÿõ è îíè îòëè÷àþòñÿ ëèøü ñëàãàåìûìè ñ íóëåâûìè
êîýôôèöèåíòàìè. Åñëè äâà ìíîãî÷ëåíà f(x) è g(x) ðàâíû, òî ïèøóò
f(x) = g(x).

Ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ îò ïåðåìåííîé x íàä ïîëåì P îáîçíà÷à-
åòñÿ ÷åðåç P[x].

Ïóñòü f(x) = a0x
0 + a1x

1 + a2x
2 + ... + anx

n ∈ P[x] è g(x) = b0x
0 +

b1x
1 + b2x

2 + ...+ bnx
n ∈ P[x]. Ïðåäïîëîæèì, ÷òî n ≥ m.

Îïðåäåëåíèå 5.1.4. Ñóììîé ìíîãî÷ëåíîâ f(x) è g(x) íàçûâàåòñÿ
ìíîãî÷ëåí

f(x) + g(x) = c0x
0 + c1x

1 + c2x
2 + ...+ cnx

n,

ãäå ci = ai + bi, i = 0, n (çäåñü èìååòñÿ ââèäó, ÷òî åñëè i > m, òî bi = 0).
Îïðåäåëåíèå 5.1.5. Ïðîèçâåäåíèåì ìíîãî÷ëåíîâ f(x) è g(x) íàçû-

âàåòñÿ ìíîãî÷ëåí

f(x) · g(x) = d0x
0 + d1x

1 + d2x
2 + ...+ dn+mx

n+m,

ãäå di =
∑

q+p=i apbq, i = 0, n+m.
Ïðèìåð 5.1.2. Ðàññìîòðèì äâà ìíîãî÷ëåíà: f(x) = a0x

0+a1x
1+a2x

2

è g(x) = b0x
0 + b1x

1. Òîãäà

f(x) + g(x) = (a0 + b0)x
0 + (a1 + b1)x

1 + a2x
2
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è

f(x) · g(x) = (a0b0)x
0 + (a0b1 + a1b0)x

1 + (a2b0 + a1b1)x
2 + (a2b1)x

3.

Ïðèâåäåì ñâîéñòâà ñòåïåíåé ìíîãî÷ëåíîâ.

1. Åñëè f(x) è g(x) íåíóëåâûå ìíîãî÷ëåíû èç P[x], òî ñòåïåíü ìíîãî-
÷ëåíà f(x) + g(x) íå ïðåâîñõîäèò ìàêñèìóìà ñòåìåíåé ìíîãî÷ëåíîâ
f(x) è g(x), ò.å.

deg (f(x) + g(x)) ≤ max{deg f(x), deg g(x)}.

2. Åñëè f(x) è g(x) íåíóëåâûå ìíîãî÷ëåíû èç P[x], òî ñòåïåíü ìíîãî-
÷ëåíà f(x)·g(x) ðàâíà ñóììå ñòåïåíåé ñîìíîæèòåëåé, ò.å. deg (f(x)·
g(x)) ≤ deg f(x) + deg g(x).

Òåîðåìà 5.1.1. Ìíîæåñòâî P[x] ñî ñëîæåíèåì è óìíîæåíèåì ÿâëÿ-
åòñÿ êîëüöîì ñ åäèíèöåé 1 · x0, ãäå 1 � åäèíè÷íûé ýëåìåíò ïîëÿ P.
Îïðåäåëåíèå 5.1.6. Êîëüöî P[x] íàçûâàåòñÿ êîëüöîì ìíîãî÷ëåíîâ

îò îäíîé ïåðåìåííîé x íàä ïîëåì P.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Ìíîãî÷ëåí îò îäíîé ïåðåìåííîé â ñèñòåìå GAP çàäàåòñÿ ñëåäóþùèì
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îáðàçîì. Ñíà÷àëà îïðåäåëÿåòñÿ êîëüöî êîýôôèöèåíòîâ, à çàòåì òðàíñ-
öåíäåíòíûé ýëåìåíò íàä ýòèì êîëüöîì:

gap> Q:=Rationals;
Rationals
gap> x:=Indeterminate(Q);
x1

Òîëüêî ïîñëå ýòîãî ìíîãî÷ëåíû ìîæíî çàäàâàòü ïðèâû÷íûì îáðàçîì:

gap> f:=1+2*x+3*x�2+5*x�4;
1+2*x_1+3*x_1�2+5*x_1�4
gap> g:=(x-2)*(x+1/2);
x_1�2-3/2*x_1-1

Íå ñìîòðÿ íà òî, ÷òî ïåðåìåííàÿ áûëà îáîçíà÷åíà êàê , ïðè âûâîäå
îíà îáîçíà÷àåòñÿ êàê x_1. Äëÿ òîãî, ÷òîáû ýòîãî èçáåæàòü íóæíî åå
îïðåäåëèòü ñëåäóþùèì îáðàçîì:

gap> x:=Indeterminate(Q,"x");
x
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Òîãäà îïðåäåëåííûå âûøå ìíîãî÷ëåíû f è g áóäóò âûãëÿäåòü òàê:

gap> f:=1+2*x+3*x�2+5*x�4;
5*x�4+3*x�2+2*x+1
gap> g:=(x-2)*(x+1/2);
x�2-3/2*x-1

Íèæå ïðîäåìîíñòðèðîâàíû äåéñòâèÿ íàä ìíîãî÷ëåíàìè � ñëîæåíèå,
âû÷èòàíèå, óìíîæåíèå, ñðàâíåíèå:

gap> f+g;
5*x�4+4*x�2+1/2*x
gap> f-g;
5*x�4+2*x�2+7/2*x+2
gap> f*g;
5*x�6-15/2*x�5-2*x�4-5/2*x�3-5*x�2-7/2*x-1
gap> f=g;
false

Äëÿ îïðåäåëåíèÿ ñòåïåíè ìíîãî÷ëåíà â GAP ñóùåñòâóåò ôóíêöèÿ
DegreeIndeterminate. Íàïðèìåð:

gap> DegreeIndeterminate(f,x);
4
gap> DegreeIndeterminate(f*g,x);
6
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Äëÿ ðàáîòû ñ êîýôôèöèåíòàìè ìíîãî÷ëåíà â GAP åñòü äâå ôóíêöèè:

• PolynomialCoe�cientsOfPolynomial � âîçâðàùàåò ñïèñîê êîýôôè-
öèåíòîâ ìíîãî÷ëåíà;

• LeadingCoe�cient(f); � âîçâðàùàåò êîýôôèöèåíò ïðè ñòàðøåì ÷ëåíå
ìíîãî÷ëåíà f . Íàïðèìåð:

gap> PolynomialCoe�cientsOfPolynomial(f,x);
[ 1, 2, 3, 0, 5 ]
gap> LeadingCoe�cient(f)
5

Àññîöèèðîâàííîñòü ìíîãî÷ëåíîâ ïðîâåðÿåòñÿ c ïîìîùüþ ôóíêöèè
IsAssociated:

gap> g:=(x-2)*(x+1/2);
x2 − 3/2 ∗ x− 1
gap> h:=5*x-1;
5*x-1
gap> IsAssociated(g,h);
false
gap> IsAssociated(h,x-1/5);
true
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5.2. Äåëåíèå â êîëüöå ìíîãî÷ëåíîâ

Òåîðèÿ äåëèìîñòè â êîëüöå ìíîãî÷ëåíîâ P[x] âî ìíîãîì ïàðàëëåëüíà
òåîðèè äåëèìîñòè â êîëüöå öåëûõ ÷èñåë Z.
Îïðåäåëåíèå 5.2.1. Ìíîãî÷ëåí f(x) ∈ P[x] äåëèòñÿ â êîëüöå P[x]

íà ìíîãî÷ëåí φ(x) ∈ P[x], φ(x) 6= 0, åñëè ñóùåñòâóåò ìíîãî÷ëåí q(x) ∈
P[x] òàêîé, ÷òî f(x) = φ(x) · q(x). Â äàííîì ñëó÷àåò ìíîãî÷ëåí f(x)
íàçûâàåòñÿ äåëèìûì (êðàòíûì ìíîãî÷ëåíó φ(x)), ìíîãî÷ëåí φ(x) � äå-
ëèòåëåì ìíîãî÷ëåíà f(x), à q(x) � ÷àñòíûì ïðè äåëåíèè f(x) íà φ(x).
Åñëè ìíîãî÷ëåí f(x) äåëèòñÿ íà ìíîãî÷ëåí φ(x), òî ïèøóò f(x)

...φ(x).
Â òåîðåìå 5.2.1 ïðèâåäåíû ïðîñòåéøèé ñâîéñòâà äåëèìîñòè â êîëü-

öå ìíîãî÷ëåíîâ P[x] (àíàëîãè÷íû ñâîéñòâàì äåëèìîñòè â êîëüöå öåëûõ
÷èñåë Z).
Òåîðåìà 5.2.1. Äëÿ íåíóëåâûõ ìíîãî÷ëåíîâ èç P[x] ñïðàâåäëèâû

ñëåäóþùèå ñâîéñòâà:

1) f(x)
...f(x);

2) åñëè f(x)
...φ(x) è φ(x)

...ψ(x), òî f(x)
...ψ(x);

3) åñëè g(x)
...f1(x) è g(x)

...f2(x), òî g(x)
...(f1(x) · φ1(x) ± f2(x) · φ2(x))

äëÿ ëþáûõ φ1(x) è φ2(x) èç P[x];

4) åñëè g(x)
...f(x), òî a · g(x)

...f(x) äëÿ ëþáîãî íåíóëåâîãî ýëåìåíòà a
èç ïîëÿ P ;

5) åñëè f(x)
...φ(x) è φ(x)

...f(x), òî f(x) = a · φ(x) äëÿ ëþáîãî íåíó-
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ëåâîãî ýëåìåíòà a èç ïîëÿ P;. Åñëè ê òîìó æå ñòàðøèå êîýôôèöèåíòû
ìíîãî÷ëåíîâ f(x) è φ(x) ðàâíû, òî f(x) = φ(x).
Îïðåäåëåíèå 5.2.2. Ìíîãî÷ëåíû f(x) è φ(x) èç êîëüöà P[x], êîòî-

ðûå îòëè÷àþòñÿ òîëüêî îáðàòèìûì â P ìíîæèòåëåì íàçûâàþòñÿ àññî-
öèèðîâàííûìè.

Çàìåòèì, ÷òî äåëåíèå â êîëüöå P[x] òàêæå êàê è â êîëüöå öåëûõ ÷èñåë
Z íå âñåãäà âîçìîæíî.
Îïðåäåëåíèå 5.2.3. Ìíîãî÷ëåí f(x) ∈ P[x] äåëèòñÿ ñ îñòàòêîì â

êîëüöå P[x] íà ìíîãî÷ëåí φ(x) ∈ P[x], φ(x) 6= 0, åñëè ñóùåñòâóþò òàêèå
ìíîãî÷ëåíû q(x) ∈ P [x] è r(x) ∈ P[x], ÷òî f(x) = φ(x) · q(x) + r(x) è
deg r(x) ≤ deg φ(x).

Ìíîãî÷ëåíû q(x) è r(x) íàçûâàþòñÿ ñîîòâåòñâòåííî íåïîëíûì ÷àñò-
íûì è îñòàòêîì ïðè äåëåíèè f(x) íà φ(x).
Òåîðåìà 5.2.2. (Î äåëåíèè ñ îñòàòêîì â êîëüöå ìíîãî÷ëåíîâ). Âñÿ-

êèé ìíîãî÷ëåí f(x) ∈ P[x] îäíîçíà÷íî äåëèòñÿ ñ îñòàòêîì â êîëüöå P[x]
íà íåíóëåâîé ìíîãî÷ëåí φ(x) ∈ P[x], ò.å. ñóùåñòâóåò åäèíñòâåííàÿ ïàðà
ìíîãî÷ëåíîâ f(x) è φ(x) èç P[x], äëÿ êîòîðûõ f(x) = φ(x) · q(x) + r(x)
è deg r(x) ≤ deg φ(x).
Îïðåäåëåíèå 5.2.4. Åñëè ìíîãî÷ëåí d(x) äåëèò ìíîãî÷ëåíû f(x)

è g(x), òî d(x) íàçûâàåòñÿ îáùèì äåëèòåëåì f(x) è g(x). Åñëè, êðîìå
òîãî, d(x) äåëèòñÿ íà ëþáîé äðóãîé îáùèé äåëèòåëü ìíîãî÷ëåíîâ f(x)
è g(x), òî d(x) íàçûâàåòñÿ íàèáîëüøèì îáùèì äåëèòåëåì.
Çàìå÷àíèå. Â îòëè÷èå îò íàèáîëüøåãî îáùåãî äåëèòåëÿ öåëûõ ÷è-
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ñåë, íàèáîëüøèé îáùèé äåëèòåëü ìíîãî÷ëåíîâ îïðåäåëÿòåñÿ íåîäíîçíà÷-
íî. Ïîýòîìó ÷åðåç ÍÎÄ(f(x), g(x)) îáîçíà÷àåòñÿ ìíîæåñòâî âñåõ íàè-
áîëüøèõ îáùèõ äåëèòåëåé ìíîãî÷ëåíîâ f(x) è g(x). Ñîãëàñíî ï.5 òåîðå-
ìû 5.2.1 âñå íàèáîëüøèå îáùèå äåëèòåëè äâóõ ìíîãî÷ëåíîâ f(x) è g(x)
îòëè÷àþòñÿ äðóã îò äðóãà íà íåíóëåâîé ýëåìåíò ïîëÿ P.

Íàèáîëüøèé îáùèé äåëèòåëü ìíîãî÷ëåíîâ íàõîäèòñÿ ñ ïîìîùüþ àë-
ãîðèòìà Åâêëèäà, êîòîðûé îñíîâàí íà ìíîãîêðàòíîì ïðèìåíåíèè òåîðå-
ìû î äåëåíèè ñ îñòàòêîì (àíàëîãè÷íî íàõîæäåíèþ ÍÎÄ öåëûõ ÷èñåë).

Ïóñòü f(x) è g(x) äâà íåíóëåâûõ ìíîãî÷ëåíà íàä ïîëåì P. Òîãäà ìîæ-
íî çàïèñàòü öåïî÷êó ðàâåíñòâ.

f(x) = g(x)q1(x) + r1(x), deg r1(x) < deg g(x),
g(x) = r1(x)q2(x) + r2(x), deg r2(x) < deg r1(x),
r1(x) = r2(x)q3(x) + r3(x), deg r3(x) < deg r2(x),

· · ·
rn−3(x) = rn−2(x)qn−1(x) + rn−1(x), deg rn−1(x) < deg rn−2(x),

rn−2(x) = rn−1(x)qn(x) + rn(x), deg rn(x) < deg rn−1(x),
rn−1(x) = rn(x)qn+1(x)

Ïîñêîëüêó ñòåïåíè îñòàòêîâ ñòðîãî óáûâàþò

deg g(x) > deg r1(x) > deg r2(x) > · · · > deg rn−1(x) > deg rn(x),

òî ÷åðåç êîíå÷íîå ÷èñëî øàãîâ ïîÿâèòñÿ îñòàòîê ðàâíûé íóëþ.
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Òåîðåìà 5.2.3. Äëÿ ëþáûõ äâóõ íåíóëåâûõ ìíîãî÷ëåíîâ f(x) è g(x)
ïîñëåäíèé íåíóëåâîé îñòàòîê â àëãîðèòìå Åâêâëèäà äëÿ ýòèõ ìíîãî÷ëå-
íîâ ïðèíàäëåæèò ìíîæåñòâó ÍÎÄ(f(x), g(x)).
Îïðåäåëåíèå 5.2.5. Ìíîãî÷ëåíû fi(x) èç P[x] (i = 1, n) íàçûâàþò-

ñÿ âçàèìíî ïðîñòûìè, åñëè èõ íàèáîëüøèì îáùèì äåëèòåëåì ÿâëÿåòñÿ
ìíîãî÷ëåí íóëåâîé ñòåïåíè.
Îïðåäåëåíèå 5.2.6. Îáùèì êðàòíûì íåíóëåâûõ ìíîãî÷ëåíîâ fi(x)

èç P[x] (i = 1, n) íàçûâàåòñÿ òàêîé ìíîãî÷ëåí k(x) ∈ P [x], êîòîðûé
äåëèòñÿ íà êàæäûé ìíîãî÷ëåí fi(x), ò.å. k(x)

...fi(x) äëÿ i = 1, n.
Îïðåäåëåíèå 5.2.7. Íàèìåíüøèì îáùèì êðàòíûì (ÍÎÊ) íåíó-

ëåâûõ ìíîãî÷ëåíîâ fi(x) èç P[x] (i = 1, n) íàçûâàåòñÿ òàêîå èõ îáùåå
êðàòíîå, êîòîðîå ÿâëÿåòñÿ äåëèòåëåì âñÿêîãî îáùåãî êðàòíîãî ýòèõ ìíî-
ãî÷ëåíîâ.

Ðåàëèçàöèÿ â ñèñòåìå GAP

• Ôóíêöèÿ Quotient(f,g) âîçâðàùàåò ÷àñòíîå îò äåëåíèÿ ìíîãî÷ëåíà
f íà ìíîãî÷ëåí g, åñëè òàêîå äåëåíèå âûïîëíèìî, è fail � â ïðîòèâíîì
ñëó÷àå.

gap> f:=1+2*x+3*x�2+5*x�4;
5*x�4+3*x�2+2*x+1
gap> g:=(x-2)*(x+1/2);
x�2-3/2*x-1
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gap> Quotient(f,g);
fail
gap> Quotient(g,x-2);
x+1/2

•Ôóíêöèè EuclideanQuotient è EuclideanRemainder èñïîëüçóþòñÿ äëÿ
äåëåíèÿ ìíîãî÷ëåíà íà ìíîãî÷ëåí ñ îñòàòêîì. Äàííûå ôóíêöèè âîçâðà-
ùàþò íåïîëíîå ÷àñòíîå è îñòàòîê ñîîòâåòñòâåííî:

gap>q:=EuclideanQuotient(f,g);
5*x�2+15/2*x+77/4
gap> r:=EuclideanRemainder(f,g);
307/8*x+81/4

Íåñëîæíî ïðîâåðèòü, ÷òî ýòî äåéñòâèòåëüíî òàê:

gap> f1:=g*q+r;
5*x�4+3*x�2+2*x+1
gap> f=f1;

• Ôóíêöèÿ Gcd âîçâðàùàåò íàèáîëüøèé îáùèé äåëèòåëü ìíîãî÷ëå-
íîâ:

gap>Gcd(f,g);
1
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gap> Gcd(g,x-2);
x-2

• Ôóíêöèÿ GcdRepresentation íàõîäèò ëèíåéíîå ïðåäñòàâëåíèå íàè-
áîëüøåãî îáùåãî äåëèòåëÿ:

gap>v:=GcdRepresentation(f,g);
[ -614/1649*x+1245/1649,
3070/1649*x�3-1620/1649*x�2+146/97*x-404/1649 ]

Ïðîâåðèì, ÷òî îíî íàéäåíî ïðàâèëüíî:

gap> Gcd(f,g)=f*v[1]+g*v[2];
true

• Ôóíêöèÿ Lcm âû÷èñëÿåò íàèìåíüøåå îáùåå êðàòíîå ìíîãî÷ëåíîâ:

gap>Lcm(f,g);
x�6-3/2*x�5-2/5*x�4-1/2*x�3-x�2-7/10*x-1/5

5.3. Íåïðèâîäèìûå ìíîãî÷ëåíû. Ðàçëîæåíèå ìíîãî÷ëåíîâ íà
íåïðèâîäèìûå ìíîæèòåëè

Ðàññìîòðèì ìíîãî÷ëåí f(x) ∈ P[x], deg f(x) ≥ 1. Äåëèòåëÿìè ìíîãî-
÷ëåíà f(x) áóäóò âñå ìíîãî÷ëåíû íóëåâîé ñòåïåíè è âñå àññîöèèðîâàí-
íûå ñ íèì ìíîãî÷ëåíû a0f(x) (a0 � íåíóëåâîé ýëåìåíò ïîëÿ P). Åñëè
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ìíîãî÷ëåí f(x) íå èìååò äðóãèõ äåëèòåëåé â êîëüöå P[x], òî îí íàçû-
âàåòñÿ íåïðèâîäèìûì. Ìíîãî÷ëåí, êîòîðûé íå ÿâëÿåòñÿ íåïðèâîäèìûì
íàä ïîëåì P, íàçûâàåòñÿ ïðèâîäèìûì.
Çàìå÷àíèå. Ïðèâîäèìîñòü ìíîãî÷ëåíîâ çàâèñèò îò ïîëÿ. Íàïðèìåð,

ìíîãî÷ëåí x2 − 2 = (x −
√

2)(x +
√

2) íåïðèâîäèì íàä Q, íî ïðèâîäèì
íàä R.

Â ñëåäóþùåé òåîðåìå ïðèâîäÿòñÿ ñâîéñòâà íåïðèâîäèìûõ ìíîãî÷ëå-
íîâ.

Òåîðåìà 5.3.1. Ìíîãî÷ëåíû íàä ïîëåì P îáëàäàþò ñëåäóþùèìè
ñâîéñòâàìè:

1) âñÿêèé ìíîãî÷ëåí ïåðâîé ñòåïåíè íåïðèâîäèì íàä ïîëåì P;
2) åñëè ìíîãî÷ëåí p(x) íåïðèâîäèì íàä ïîëåì P, òî íàä ýòèì ïîëåì

íåïðèâîäèìûì áóäåò è ëþáîé àññîöèèðîâàííûé ñ p(x) ìíîãî÷ëåí, ò.å.
ìíîãî÷ëåí af(x) òàêæå íåïðèâîäèì íàä ïîëåì P äëÿ ëþáîãî íåíóëåâîãî
ýëåìåíòà a ïîëÿ P;

3) åñëè ìíîãî÷ëåí f(x) íåïðèâîäèì íàä ïîëåì P, òî äëÿ ëþáîãî ìíî-
ãî÷ëåíà g(x) ∈ P[x] ëèáî f(x) äåëèò g(x), ëèáî ìíîãî÷ëåíû f(x) è g(x)
âçàèìíî ïðîñòû;

4) åñëè ïðîèçâåäåíèå f(x)g(x) äåëèòñÿ íà íåïðèâîäèìûé ìíîãî÷ëåí
h(x), òî ëèáî f(x) äåëèòñÿ íà h(x), ëèáî g(x) äåëèòñÿ íà h(x).

Òåîðåìà 5.3.2. Âñÿêèé ìíîãî÷ëåí f(x) ∈ P[x], deg f(x) ≥ 1 ìîæåò
áûòü ðàçëîæåí â ïðîèçâåäåíèå íåïðèâîäèìûõ íàä ïîëåì P ìíîãî÷ëåíîâ.
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Åñëè èìåþòñÿ äâà òàêèõ ðàçëîæåíèÿ

f(x) = φ1(x) · φ2(x) · ... · φs(x) = ψ1(x) · ψ2(x) · ... · ψk(x),

òî s = k è ïðè ïîäõîäÿùåé íóìåðàöèè φi(x) = aiψi(x) äëÿ i = 1, 2, ..., s,
ãäå ai � íåíóëåâûå ýëåìåíòû ïîëÿ P.
Îïðåäåëåíèå 5.3.1.Ìíîãî÷ëåí, ñòàðøèé êîýôôèöèåíò êîòîðîãî ðà-

âåí 1, íàçûâàåòñÿ óíèòàðíûì.
Ïóñòü p(x) � íåïðèâîäèìûé äåëèòåëü ìíîãî÷ëåíà f(x) ∈ P[x]. Åñëè

pk(x) äåëèò ìíîãî÷ëåí f(x), pk+1(x) íå äåëèò f(x), òî p(x) íàçûâàåòñÿ k-
êðàòíûì íåïðèâîäèìûì ìíîæèòåëåì. Åñëè k = 1, òî p(x) íàçûâàåòñÿ
ïðîñòûì íåïðèâîäèìûì ìíîæèòåëåì.

Ðàññìîòðèì ðàçëîæåíèå ìíîãî÷ëåíà f(x) íà íåïðèâîäèìûå ìíîæè-
òåëè:

f(x) = φ1(x) · φ2(x) · ... · φs(x).

Åñëè âûíåñòè çà ñêîáêè ñòàðøèå êîýôôèöèåíòû âñåõ íåïðèâîäèìûõ
ìíîæèòåëåé, à çàòåì ñîáðàòü ñîâïàäàþùèå ìíîæèòåëè âìåñòå, òî ïîëó-
÷èì êàíîíè÷åñêîå ðàçëîæåíèå ìíîãî÷ëåíà

f(x) = apk11 (x) · pk22 (x) · ... · pknn (x),

ãäå pi(x) � óíèòàðíûå íåïðèâîäèìûå ïîïàðíî âçàèìíî ïðîñòûå ìíîãî-
÷ëåíû.
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Ñ ïîìîùüþ êàíîíè÷åñêèõ ðàçëîæåíèé ìíîãî÷ëåíîâ ìîæíî îïðåäëÿòü
íàèáîëüøèé îáùèé äåëèòåëü è íàèìåíüøåå îáùåå êðàòíîå ìíîãî÷ëåíîâ.
Òåîðåìà 5.3.3. 1. Íàèáîëüøèì îáùèì äåëèòåëåì íåíóëåâûõ ìíîãî-

÷ëåíîâ f(x) è g(x) ÿâëÿåòñÿ ïðîèçâåäåíèå âñåõ îáùèõ óíèòàðíûõ íåïðè-
âîäèìûõ ìíîæèòåëåé êàíîíè÷åñêèõ ðàçëîæåíèé ìííîãî÷ëåíîâ f(x) è
g(x), ïðè÷åì êàæäûé ìíîæèòåëü áåðåòñÿ â íàèìåíüøåé ñòåïåíè.
2. Íàèìåíüøèì îáùèì êðàòíûì íåíóëåâûõ ìíîãî÷ëåíîâ f(x) è g(x)

ÿâëÿåòñÿ ïðîèçâåäåíèå âñåõ óíèòàðíûõ íåïðèâîäèìûõ ìíîæèòåëåé êà-
íîíè÷åñêèõ ðàçëîæåíèé ìíîãî÷ëåíîâ f(x) è g(x), ïðè÷åì êàæäûé ìíî-
æèòåëü áåðåòñÿ â íàèáîëüøåé ñòåïåíè.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Äëÿ ðàçëîæåíèÿ ìíîãî÷ëåíà íà ìíîæèòåëè â GAP ïðèìåíÿåòñÿ ôóíê-
öèÿ Factors. Â ñëåäóþùåì ïðèìåðå âèäíî, ÷òî ïåðâûé èç ìíîãî÷ëåíîâ
ÿâëÿåòñÿ íåïðèâîäèìûì íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë, à âòîðîé � íåò:

gap> f:=1+2*x+3*x�2+5*x�4;
5*x�4+3*x�2+2*x+1
gap> Factors(f);
[ 5*x�4+3*x�2+2*x+1 ]
gap> g:=(x-2)*(x+1/2);
x�2-3/2*x-1
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gap> Factors(g);
[ x-2, x+1/2 ]

Îäíàêî íåïðèâîäèìîñòü ìíîãî÷ëåíîâ ìîæíî ïðîâåðèòü è ñ ïîìîùüþ
ôóíêöèè IsIrreducibleRingElement:

gap>IsIrreducibleRingElement(g);
false
gap> IsIrreducibleRingElement(h);
true

5.4. Ïðîèçâîäíàÿ ìíîãî÷ëåíà. Êîðíè ìíîãî÷ëåíà

Ïóñòü P � ïîëå íóëåâîé õàðàêòåðèñòèêè, ò.å. na 6= 0 ∈ P äëÿ âñåõ
n ∈ N è íåíóëåâûõ ýëåìåíòîâ a ïîëÿ P.

Äëÿ ìíîãî÷ëåíà

f(x) = a0x
n + a1x

n−1 + ...+ an−1x+ an

íàä ïîëåì P (deg f(x) = n ≥ 1) ïðîèçâîäíàÿ îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì

f ′(x) = na0x
n−1 + (n− 1)a1x

n−2 + ...+ an−1.

Òàê êàê P � ïîëå íóëåâîé õàðàêòåðèñòèêè, òî na0 6= 0 ∈ P è deg f ′(x) =
n− 1.
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Òåîðåìà 5.4.1. Ïóñòü P � ïîëå íóëåâîé õàðàêòåðèñòèêè, f(x) è g(x)
ìíîãî÷ëåíû íàä ïîëåì P. Òîãäà:

1) a′ = 0 äëÿ âñåõ a ∈ P;
2) (af(x))′ = af ′(x) äëÿ ëþáîãî a ∈ P;
3) (f(x) + g(x))′ = f ′(x) + g′(x);
4) (f(x) · g(x))′ = f ′(x) · g(x) + f(x) · g′(x);
5) (fk(x))′ = kfk−1(x) · f ′(x) äëÿ k ∈ N.
Îïðåäåëåíèå 5.4.1. Çíà÷åíèåì ìíîãî÷ëåíà f(x) ∈ P[x] ïðè x =

c ∈ P íàçûâàåòñÿ ñóììà

a0x
n + a1c

n−1 + ...+ an−1c+ an

è îáîçíà÷àåòñÿ ÷åðåç f(c). Åñëè f(c) = 0, òî ýëåìåíò c íàçûâàþò êîðíåì
ìíîãî÷ëåíà f(x).
Òåîðåìà 5.4.2(Áåçó) Ýëåìåíò c ∈ P ÿâëÿåòñÿ êîðíåì íåíóëåâîãî

ìíîãî÷ëåíà f(x) ∈ P[x] òîãäà è òîëüêî òîãäà, êîãäà (x− c) äåëèò f(x).
Îïðåäåëåíèå 5.4.2. Ýëåìåíò c ∈ P íàçûâàåòñÿ k-êðàòíûì êîðíåì

ìíîãî÷ëåíà f(x) ∈ P[x] èëè êîðíåì êðàòíîñòè k, åñëè f(x) äåëèòñÿ íà
(x − c)k, íî íå äåëèòñÿ íà (x − c)k+1. Êîðåíü êðàòíîñòè 1 íàçûâàåòñÿ
ïðîñòûì.
Òåîðåìà 5.4.3. Ýëåìåíò c ∈ P ÿâëÿåòñÿ k-êðàòíûì êîðíåì íåíóëå-

âîãî ìíîãî÷ëåíà f(x) ∈ P[x] òîãäà è òîëüêî òîãäà, êîãäà

f(x) = (x− c)kq(x) è q(c) 6= 0.
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Òåîðåìà 5.4.4. Åñëè c ∈ P ÿâëÿåòñÿ k-êðàòíûì êîðíåì íåíóëåâîãî
ìíîãî÷ëåíà f(x) íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè, òî c � (k − 1)-
êðàòíûé êîðåíü ïðîèçâîäíîé f ′(x). Â ÷àñòíîñòè, c � ïðîñòîé êîðåíü
ìíîãî÷ëåíà f(x), åñëè f(c) = 0 è f ′(c) 6= 0.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ìíîãî÷ëåíà â GAP ïðèìåíÿåòñÿ ôóíê-
öèÿ Derivative:

gap> f:=1+2*x+3*x�2+5*x�4;
5*x�4+3*x�2+2*x+1
gap> Derivative(f);
20*x�3+6*x+2
gap> Derivative(last);
60*x�2+6
gap> Derivative(last);
120*x
gap> Derivative(last);
120
gap> Derivative(last);
0

Ôóíêöèÿ Value(f,a) âû÷èñëÿåò çíà÷åíèå ìíîãî÷ëåíà f ïðè çàäàííîì
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çíà÷åíèè ïåðåìåííîé x = a:

gap> g:=(x-2)*(x+1/2);
x2 − 3/2 ∗ x− 1
gap> Value(g,0);
-1

C ïîìîùüþ ôóíêöèè RootsOfUPol ìîæíî íàéòè ðàöèîíàëüíûå êîðíè
ìíîãî÷ëåíîâ.

f:=1+2*x+3*x�2+5*x�4;
5*x�4+3*x�2+2*x+1
gap> RootsOfUPol(f); [ ]
gap> g:=(x-2)*(x+1/2);
x�2-3/2*x-1
gap> RootsOfUPol(g);
[ 2, -1/2 ]

Òåïåðü ïðîâåðèì âòîðîé èç ðåçóëüòàòîâ:

gap> Value(g,2);
0
gap> Value(g,-1/2);
0

Çàìå÷àíèå. Ñèñòåìà GAP ïîçâîëÿåò ðàáîòàòü ñ ìíîãî÷ëåíàìè îò
íåñêîëüêèõ ïåðåìåííûõ.
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5.5. Ââåäåíèå â òåîðèþ Ãàëóà

Íåïóñòîå ìíîæåñòâî P ñ äâóìÿ áèíàðíûìè àëãåáðàè÷åñêèìè îïåðà-
öèÿìè (ñëîæåíèåì è óìíîæåíèåì) íàçûâàåòñÿ ïîëåì, åñëè âûïîëíÿþòñÿ
ñëåäóþùèå óñëîâèÿ:

1) ìíîæåñòâî P ñ îïåðàöèåé ñëîæåíèÿ ÿâëÿåòñÿ àáåëåâîé ãðóïïîé;
2) ìíîæåñòâî P ∗ = P \ {0} âñåõ íåíóëåâûõ ýëåìåíòîâ ñ îïåðàöèåé

óìíîæåíèÿ òàêæå ÿâëÿåòñÿ àáåëåâîé ãðóïïîé;
3) îïåðàöèÿ ñëîæåíèÿ ñâÿçàíà ñ îïåðàöèåé óìíîæåíèÿ çàêîíîì äèñ-

òðèáóòèâíîñòè: a(b+ c) = ab+ ac äëÿ ëþáûõ a, b, c ∈ P .
Äðóãèìè ñëîâàìè, ïîëåì íàçûâàåòñÿ êîììóòàòèâíîå êîëüöî ñ åäèíè-

öåé, â êîòîðîì êàæäûé íåíóëåâîé ýëåìåíò îáðàòèì. Íóëåâîé è åäèíè÷-
íûé ýëåìåíòû ïîëÿ ïðèíÿòî îáîçíà÷àòü ÷åðåç 0 è 1 ñîîòâåòñòâåííî.

Ïîñêîëüêó ìíîæåñòâî P ∗ = P \ {0} âñåõ íåíóëåâûõ ýëåìåíòîâ ïîëÿ
ñ îïåðàöèåé óìíîæåíèÿ ÿâëÿåòñÿ àáåëåâîé ãðóïïîé, òî ëþáîå ïîëå P
ñîäåðæèò íå ìåíåå äâóõ ýëåìåíòîâ, îíî âñåãäà ñîäåðæèò ýëåìåíòû 0 è 1,
ïðè÷åì â ëþáîì ïîëå 0 6= 1. Ïîëå íå ìîæåò ñîäåðæàòü äåëèòåëåé íóëÿ.

Ïðèìåð 5.5.1. Ïðèìåðû ïîëåé: Q, Q(
√
p) = {a+ b

√
p | a, b ∈ Q}, R,

ïðè÷åì Q ⊂ Q(
√
p) ⊂ R. Êîëüöî Zp êëàññîâ âû÷åòîâ, çäåñü p � ïðîñòîå

÷èñëî.

Õàðàêòåðèñòèêà ïîëÿ

Ïóñòü P � íåêîòîðîå ïîëå, 0, 1 � íóëåâîé è åäèíè÷íûé ýëåìåíòû.
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Ïðè n ∈ N çàïèñü n1 îçíà÷àåò ñóììó

1 + . . .+ 1︸ ︷︷ ︸
n

.

Âîçìîæíû äâå ñèòóàöèè.
Äëÿ ëþáîãî íàòóðàëüíîãî n âñåãäà n1 6= 0. Â ýòîì ñëó÷àå ãîâîðÿò,

÷òî ïîëå P èìååò õàðàêòåðèñòèêó íóëü.
Äëÿ íåêîòîðîãî íàòóðàëüíîãî n âûïîëíÿåòñÿ ðàâåíñòâî n1 = 0. Íàè-

ìåíüøåå n ñ ýòèì ñâîéñòâîì íàçûâàþò õàðàêòåðèñòèêîé ïîëÿ P .
×åðåç char P îáîçíà÷àþò õàðàêòåðèñòèêó ïîëÿ P . ßñíî, ÷òî char Q =

char Q(
√
p) = char R = 0, char Zp = p.

Ñâîéñòâà õàðàêòåðèñòèêè ïîëÿ

1) Åñëè char P = 0, òî na 6= 0 äëÿ ëþáûõ n ∈ N è a ∈ P \ {0}.
2) Åñëè char P = p 6= 0, òî p � ïðîñòîå ÷èñëî, è pa = 0 äëÿ âñåõ

a ∈ P .
3) Åñëè char P = p 6= 0, òî (x+ y)p = xp + yp äëÿ âñåõ x, y ∈ P .

Êîíå÷íûå ïîëÿ

Ïîëå, â êîòîðîì êîíå÷íîå ÷èñëî ýëåìåíòîâ, íàçûâàåòñÿ êîíå÷íûì ïî-
ëåì èëè ïîëåì Ãàëóà. ×èñëî ýëåìåíòîâ êîíå÷íîãî ïîëÿ P íàçûâàåòñÿ
ïîðÿäêîì ïîëÿ è îáîçíà÷àåòñÿ ÷åðåç |P |. Ïðèìåðîì êîíå÷íîãî ïîëÿ ñëó-
æèò êîëüöî Zp êëàññîâ âû÷åòîâ ïî ïðîñòîìó ìîäóëþ p. Â ÷àñòíîñòè, äëÿ
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ëþáîãî ïðîñòîãî p ñóùåñòâóåò êîíå÷íîå ïîëå èç p ýëåìåíòîâ. Ïîëå Ãàëóà
ïîðÿäêà q îáîçíà÷àþò ÷åðåç GF (q) èëè ÷åðåç Fq. Äàëåå âìåñòî Zp áóäåì
ïèñàòü Fp, à êëàññû âû÷åòîâ èç Fp â ïðèìåðàõ îáîçíà÷àòü áåç ÷åðòû.

Ñâîéñòâà ïîëåé Ãàëóà

1) Õàðàêòåðèñòèêà êîíå÷íîãî ïîëÿ � âñåãäà ïðîñòîå ÷èñëî è åñëè P �
êîíå÷íîå ïîëå õàðàêòåðèñòèêè p, òî |P | = pm äëÿ íåêîòîðîãî m ∈ N.

2) Ëþáûå äâà êîíå÷íûõ ïîëÿ ðàâíûõ ïîðÿäêîâ èçîìîðôíû ìåæäó
ñîáîé.

3) Ïóñòü p è n ∈ N. Òîãäà ñóùåñòâóåò ïîëå ïîðÿäêà pn.
4) Åñëè P � êîíå÷íîå ïîëå, òî P ∗ = P \ {0} ñ îïåðàöèåé óìíîæåíèÿ

ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé.

Ðàñøèðåíèÿ ïîëåé è àëãåáðàè÷åñêèå ýëåìåíòû

1. Ïóñòü K � íåêîòîðîå ðàñøèðåíèå ïîëÿ F . Òîãäà íà K ìîæíî ñìîò-
ðåòü êàê íà âåêòîðíîå ïðîñòðàíñòâî íàä F îòíîñèòåëüíî ñëîæåíèÿ è
óìíîæåíèÿ íà ýëåìåíòû èç F . Åñëè K êîíå÷íîìåðíî íàä F , òî K íàçû-
âàþò êîíå÷íûì ðàñøèðåíèåì ïîëÿ F . Ðàçìåðíîñòü K íàä F íàçûâàþò
ñòåïåíüþ ïîëÿ K íàä ïîëåì F è îáîçíà÷àþò ÷åðåç [K : F ].

2. Ïóñòü K � ðàñøèðåíèå ïîëÿ F . Ýëåìåíò θ ∈ K íàçûâàåòñÿ àëãåá-
ðàè÷åñêèì íàä F , åñëè θ ÿâëÿåòñÿ êîðíåì íåêîòîðîãî íåíóëåâîãî ìíîãî-
÷ëåíà èç F [x]. Åñëè F = Q, òî ýëåìåíò θ íàçûâàåòñÿ àëãåáðàè÷åñêèì.
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3.Ìèíèìàëüíûì ìíîãî÷ëåíîì àëãåáðàè÷åñêîãî ýëåìåíòà θ íàä ïîëåì
F íàçûâàåòñÿ íåíóëåâîé íîðìèðîâàííûé ìíîãî÷ëåí íàèìåíüøåé ñòåïå-
íè èç F [x], êîðíåì êîòîðîãî ÿâëÿåòñÿ θ. ßñíî, ÷òî ìèíèìàëüíûé ìíîãî-
÷ëåí åäèíñòâåí è íåïðèâîäèì íàä F . Åãî ñòåïåíü íàçûâàåòñÿ ñòåïåíüþ
ýëåìåíòà θ íàä ïîëåì F .
Ïðèìåð 5.5.2. Äîêàæèòå, ÷òî ýëåìåíò 1 + 3

√
2 ÿâëÿåòñÿ àëãåáðàè÷å-

ñêèì è óêàæèòå åãî ìèíèìàëüíûé ìíîãî÷ëåí.
Ïóñòü α = 1+ 3

√
2. Òîãäà α−1 = 3

√
2 è (α−1)3 = 2. Ðàñêðûâàÿ ñêîáêè,

ïîëó÷èì α3 − 3α2 + 3α− 3 = 0. Çíà÷èò, α ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà
f(x) = x3 − 3x2 + 3x − 3. Ïî êðèòåðèþ Ýéçåíøòåéíà ìíîãî÷ëåí f(x)
ÿâëÿåòñÿ íåïðèâîäèìûì, à, çíà÷èò, îí ìèíèìàëåí äëÿ ýëåìåíòà 1 + 3

√
2.

Ïîñòðîåíèå ïîëåé Ãàëóà

1. Ïîëå F (α) � íàçûâàåòñÿ ïðîñòûì ðàñøèðåíèåì ïîëÿ F , åñëè
F (α) � íàèìåíüøåå ðàñøèðåíèå ïîëÿ F , ñîäåðæàùåå α. Ýëåìåíò α íà-
çûâàåòñÿ ïîðîæäàþùèì ýëåìåíòîì ïîëÿ F (α).
2. Ïðîñòîå ðàñøèðåíèå F (α) íàçûâàåòñÿ ïðîñòûì àëãåáðàè÷åñêèì

ðàñøèðåíèåì ïîëÿ F , åñëè α ÿâëÿåòñÿ àëãåáðàè÷åñêèì ýëåìåíòîì íàä F .

Âûÿñíèì èç êàêèõ ýëåìåíòîâ ñîñòîèò ïðîñòîå ðàñøèðåíèå F (α) ïîëÿ
F è êàêîé îíî èìååò ïîðÿäîê.
3.Ïóñòü F � ïîëå è f ∈ F [x]. Äëÿ òîãî ÷òîáû ôàêòîð-êîëüöî F [x]/(f)

áûëî ïîëåì íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ìíîãî÷ëåí f áûë íåïðèâî-
äèì íàä F .
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4. Èçó÷èì ñòðîåíèå êîëüöà F [x]/(f), ãäå f ïðîèçâîëüíûé íåíóëåâîé
ìíîãî÷ëåí èç F [x]. Ýòî êîëüöî ñîñòîèò èç êëàññîâ âû÷åòîâ [g] = g+ (f),
ãäå g ∈ F [x]. Äâà êëàññà âû÷åòîâ g + (f) è h + (f) ñîâïàäàþò â òîì
è òîëüêî òîì ñëó÷àå, êîãäà g ≡ h (mod f), ò. å. êîãäà ìíîãî÷ëåí g¯h
äåëèòñÿ íà f . Ýòî ðàâíîñèëüíî òðåáîâàíèþ, ÷òîáû g è h äàâàëè îäèí è
òîò æå îñòàòîê ïðè äåëåíèè íà f . Â êëàññå âû÷åòîâ g + (f) ñîäåðæèòñÿ
åäèíñòâåííûé ìíîãî÷ëåí r ∈ F [x], äëÿ êîòîðîãî deg r < deg f ; ýòîò ìíî-
ãî÷ëåí ïðîñòî ÿâëÿåòñÿ îñòàòêîì ïðè äåëåíèè g íà f . Ïðîöåññ ïåðåõîäà
îò g ê r íàçûâàåòñÿ ïðèâåäåíèåì ïî ìîäóëþ f . Ðàçëè÷íûå ýëåìåíòû,
îáðàçóþùèå êîëüöî F [x]/(f), ìîæíî òåïåðü îïèñàòü ÿâíî: à èìåííî ýòî
êëàññû âû÷åòîâ r + (f), ãäå r ïðîáåãàåò âñå ìíîãî÷ëåíû èç F [] ñòåïåíè,
ìåíüøåé ÷åì deg f .

Ïðèìåð 5.5.3. Íàéäèòå ýëåìåíòû êîëüöà F2[x]/(x2+x+1) è ñîñòàâü-
òå òàáëèöó èõ ñëîæåíèÿ è óìíîæåíèÿ. ßâëÿåòñÿ ëè F2[x]/(x2 + x + 1)
ïîëåì?

Ïóñòü f(x) = x2 +x+ 1. Ìíîãî÷ëåíû ñòåïåíè 2 è 3 íåïðèâîäèìû íàä
ïîëåì F òîãäà è òîëüêî òîãäà, êîãäà îí íå èìååò êîðíåé â ïîëå F . Òàê
êàê f(0) = 1, f(1) = 1, òî f(x) íå èìååò ëèíåéíûõ ìíîæèòåëåé, çíà÷èò
f(x) íåïðèâîäèì íàä F2 è F2[x]/(x2 + x+ 1) � ïîëå. ßñíî, ÷òî

F2[x]/(x2 + x+ 1) = {a+ bx | a, b ∈ Z2} = {0, 1, x, x+ 1}.

Ïîñòðîèì òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ äëÿ ýëåìåíòîâ ýòîãî ïîëÿ.
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Íàïðèìåð, (x+ 1) + x = 2x+ 1 = 0 + 1 = 1, x(x+ 1) = x2 + x.

(+) 0 1 x x+ 1

0 0 1 x x+ 1

1 1 0 x+ 1 x

x x x+ 1 0 1
x+ 1 x+ 1 x 1 0

(·) 0 1 x x+ 1

0 0 0 0 0
1 0 1 x x+ 1

x 0 x x+ 1 1
x+ 1 0 x+ 1 1 x

5. Ïóñòü K � ðàñøèðåíèå ïîëÿ F è θ ∈ K � àëãåáðàè÷åñêèé ýëåìåíò
ñòåïåíè n íàä ïîëåì F è f ∈ F [x] � åãî ìèíèìàëüíûé ìíîãî÷ëåí. Òîãäà:
a) ñóùåñòâóåò èçîìîðôèçì ψ ïîëÿ F [x]/(f) íà ïîëå F (θ) òàêîé, ÷òî

ψ(x) = θ è ψ(a) = a äëÿ ëþáîãî a ∈ F ;
b) 1, θ, θ2, . . . , θn−1 � áàçèñ ïðîñòðàíñòâà F (θ) íàä F è ñëåäîâàòåëü-

íî, F (θ) � êîíå÷íîå ðàñøèðåíèå ñòåïåíè n íàä ïîëåì F .

Âûâîä. Òàêèì îáðàçîì, åñëè F (θ) � êîíå÷íîå ðàñøèðåíèå ñòåïåíè
n íàä ïîëåì F ïîðÿäêà q, òî F (θ) ∼= Fqn.

Ïðèìåð 5.5.4. Ñôîðìèðóéòå ïîëå F4 ïðè ïîìîùè íåïðèâîäèìîãî
íàä ïîëåì F2 ìíîãî÷ëåíà f(x) = x2+x+1. Ïîñòðîéòå òàáëèöû ñëîæåíèÿ
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è óìíîæåíèÿ äëÿ ýëåìåíòîâ ýòîãî ïîëÿ.
Ïóñòü α � êîðåíü ìíîãî÷ëåíà f(x), íå ïðèíàäëåæàùèé ïîëþ F2, ò.å.

α2 = α + 1. Òîãäà 1, α � áàçèñ ïðîñòðàíñòâà F4 íàä ïîëåì F2 è ëþáîé
ýëåìåíò èç F4 îäíîçíà÷íî ïðåäñòàâèì â âèäå a + bα, ãäå a, b ∈ F2, ò.å.
F4 = {0, 1, α, α + 1}. Ïîñòðîèì òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ äëÿ
ýëåìåíòîâ ýòîãî ïîëÿ.

Íàïðèìåð, (α + 1) + α = 2α + 1 = 0 + 1 = 1, α(α + 1) = α2 + α =
α + 1 + α = 2α + 1 = 0 + 1 = 1

(+) 0 1 α α + 1

0 0 1 α α + 1

1 1 0 α + 1 α

α α α + 1 0 1
α + 1 α + 1 α 1 0

(·) 0 1 α α + 1

0 0 0 0 0
1 0 1 α α + 1

α 0 α α + 1 1
α + 1 0 α + 1 1 α
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Ïðèìèòèâíûå ýëåìåíòû è ìíîãî÷ëåíû

1. Ïóñòü Fq � êîíå÷íîå ïîëå ïîðÿäêà q. Òîãäà ìóëüòèïëèêàòèâíàÿ
ãðóïïà F ∗q ÿâëÿåòñÿ öèêëè÷åñêîé.

2. Îáðàçóþùèé ýëåìåíò öèêëè÷åñêîé ãðóïïû F ∗q íàçûâàåòñÿ ïðèìè-
òèâíûì ýëåìåíòîì ïîëÿ Fq. Î÷åâèäíî, ÷òî ïîëå Fq ñîäåðæèò ϕ(q − 1)
ïðèìèòèâíûõ ýëåìåíòîâ, ãäå ϕ � ôóíêöèÿ Ýéëåðà.

3. Íîðìèðîâàííûé íåïðèâîäèìûé ìíîãî÷ëåí f ∈ Fq[x] íàçûâàåòñÿ
ïðèìèòèâíûì íàä ïîëåì Fq, åñëè f â êà÷åñòâå êîðíÿ èìååò ïðèìèòèâ-
íûé ýëåìåíò θ ïîëÿ Fqm, ãäå m = degf . Çàìåòèì, ÷òî òàêîé f ÿâëÿåòñÿ
ìèíèìàëüíûì ìíîãî÷ëåíîì äëÿ θ íàä ïîëåì Fq.
Ïðèìåð 5.5.5. Íàéäèòå âñå ïðèìèòèâíûå ýëåìåíòû â ïîëå F9, îáðà-

çîâàííîì ïðè ïîìîùè íåïðèâîäèìîãî íàä ïîëåì F3 ìíîãî÷ëåíà f(x) =
x2 + 1.

ßñíî, ÷òî F9 = {a+ bα | a, b ∈ F3} = {0, 1, 2, α, α+ 1, α+ 2, 2α, 2α+
1, 2α + 2}, ãäå α � êîðåíü ìíîãî÷ëåíà f(x), íå ïðèíàäëåæàùèé ïîëþ
F3. Íàéäåì ñòåïåíè êàæäîãî ýëåìåíòà, ó÷èòûâàÿ, ÷òî α2 = −1 = 2. Èç
òàáëèöû ìû âèäèì, ÷òî 1+α, 2+α, 1+2α, 2+2α ÿâëÿþòñÿ ïðèìèòèâíûìè
ýëåìåíòàìè â ïîëå F9.
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x x2 x4 x8

1 1 1 1 1
2 1 1 1 2
α 2 1 1 4

α + 1 2α 2 1 8
α + 2 α 2 1 8

2α 2 1 1 4
2α + 1 α 2 1 8
2α + 2 2α 2 1 8

Ïðèìåð 5.5.6. Âû÷èñëèòå (α + 1)−3 è (α + 1)101 â ïîëå F4, îáðà-
çîâàííîì ïðè ïîìîùè íåïðèâîäèìîãî íàä ïîëåì F2 ìíîãî÷ëåíà f(x) =
x2 + x+ 1. Çäåñü, α ∈ F4 � êîðåíü ìíîãî÷ëåíà f(x).

Ïîëå F4 = {0, 1, α, α+ 1}. Äëÿ âû÷èñëåíèÿ (α+ 1)−3 è (α+ 1)101 âîñ-
ïîëüçóåìñÿ òàáëèöåé óìíîæåíèÿ ýëåìåíòîâ ïîëÿ èç ïðèìåðà 10.3. ßñíî,
÷òî (α + 1)−3 = ((α + 1)−1)3 = α3 = α2 · α = (α + 1)α = 1. Òàê êàê
|α + 1| = 3, òî (α + 1)101 = (α + 1)3·33+2 = (α + 1)3·33α2 = α2 = α + 1.

Îòâåò: 1, α + 1.

Ïðèìåð 5.5.7. Ðåøèòå íàä ïîëåì F8 ñ êîðíåì α ìíîãî÷ëåíà x3 +x+

1 ∈ F2[x] ñèñòåìó óðàâíåíèé

{
(α2 + 1)x+ (α2 + α + 1)y = 1,
α2x+ (α + 1)y = α2 + 1.

.

Ïîñêîëüêó 23 − 1 = 7 � ÷èñëî ïðîñòîå, òî âñå íåíóëåâûå ýëåìåíòû
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ïîëÿ F8 åñòü ñòåïåíè α. Òàê êàê õàðàêòåðèñòèêà ïîëÿ F8 ðàâíà 2, òî
−1 = 1 è α3 = α + 1. Òîãäà α4 = α2 + α, α5 = α3 + α2 = α2 + α + 1,
α6 = α3 + α2 + α = α2 + 1, α7 = α3 + α = α+ α+ 1 = 1. Âîñïîëüçóåìñÿ
ïðàâèëîì Êðàìåðà. Îïðåäåëèòåëü ìàòðèöû êîýôôèöèåíòîâ ñèñòåìû

δ =

∣∣∣∣ α2 + 1 α2 + α + 1
α2 α + 1

∣∣∣∣ = α3 + α2 + α + 1 + α4 + α3 + α2 = α2 + 1

δx =

∣∣∣∣ 1 α2 + α + 1
α2 + 1 α + 1

∣∣∣∣ = α + 1 + α4 + α3 + α2 + α2 + α + 1 =

= α4 + α3 = (α2 + α) + (α + 1) = α2 + 1;

δy =

∣∣∣∣ α2 + 1 1
α2 α2 + 1

∣∣∣∣ = α4 + 1 + α2 = α + 1.

Ñëåäîâàòåëüíî,

x = δx/δ = 1; y = δy/δ = (α + 1)/(α2 + 1) = 1/α3 = α4 = α2 + α.

Îòâåò: x = 1, y = α2 + α.
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ÐÀÇÄÅË 6

ÂÂÅÄÅÍÈÅ Â ÀËÃÅÁÐÀÈ×ÅÑÊÓÞ ÒÅÎÐÈÞ
ÊÎÄÈÐÎÂÀÍÈß

6.1. Ââåäåíèå â êðèïòîãðàôèþ

Ïðåäìåòîì èçó÷åíèÿ êðèïòîãðàôèè (êðèïòîãðàôèÿ ñ ãðå÷åñêîãî îçíà-
÷àåò: êðèïòî � ñêðûòî, ãðàôî � ïèøó) ÿâëÿåñÿ øèôðîâàíèå èíôîðìàöèè
ñ öåëüþ åå çàùèòû îò íåñàíêöèîíèðîâàííîãî äîñòóïà. Èç îðèãèíàëüíî-
ãî äîêóìåíòà (îáû÷íûé òåêñò, öèôðîâîå èçîáðàæåíèå, çâóêîâîé ñèãíàë
è äð.), êîòîðûé íàçûâàþò îòêðûòûì òåêñòîì, ïðè øèôðîâàíèè îáðà-
çóåòñÿ åãî çàøèôðîâàííàÿ âåðñèÿ, êîòîðóþ íàçûâàþò øèôðîòåêñòîì,
çàêðûòûì òåêñòîì, êðèïòîãðàììîé. Åñëè øèôðîâàíèå òåêñòà � ïðÿìàÿ
çàäà÷à, òî äåøèôðîâàíèå, ò.å. ïðåâðàùåíèå øèôðîâàííîãî òåêñòà â îò-
êðûòûé, � îáðàòíàÿ çàäà÷à.

Îñíîâíûå çàäà÷è êðèïòîãðàôèè:

• îáåñïå÷åíèå êîíôèäåíöèàëüíîñòè � çàùèòà èíôîðìàöèè îò îçíà-
êîìëåíèÿ ñ íåé òðåòüèìè ëèöàìè;

• îáåñïå÷åíèå öåëîñòíîñòè � ãàðàíòèðîâàíèå, ÷òî èíôîðìàöèÿ ïðè
õðàíåíèè èëè ïåðåäà÷å íå èçìåíèëàñü;

• àóòåíòèôèêàöèÿ � ýòî ïîäòâåðæäåíèå ïîäëèííîñòè ñòîðîí (èäåíòè-
ôèêàöèÿ);
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• îáåñïå÷åíèå íåâîçìîæíîñòè îòêàçàòüñÿ îò àâòîðñòâà � ïðåäîòâðà-
ùåíèå îòêàçà îò ôàêòà ïåðåäà÷è ñîîáùåíèÿ.

Ñòåãàíîãðàôèÿ � ýòî íàóêà î ñêðûòîé ïåðåäà÷å èíôîðìàöèè ïóòåì
ñîõðàíåíèÿ â òàéíå ñàìîãî ôàêòà ïåðåäà÷è.

Ðàññìîòðèì ïðèìåðû ñòåíîãðàôèè.

• Íà ãîëîâå ðàáà, êîòîðàÿ áðèëàñü íàãîëî, çàïèñûâàëîñü íóæíîå ñî-
îáùåíèå. Êîãäà âîëîñû ðàáà äîñòàòî÷íî îòðàñòàëè, åãî îòïðàâëÿëè
ê àäðåñàòó, êîòîðûé ñíîâà áðèë ãîëîâó ðàáà è ñ÷èòûâàë ïîëó÷åííîå
ñîîáùåíèå.

• Çàïèñü ñèìïàòè÷åñêèìè ÷åðíèëàìè íà ïðåäìåòàõ îäåæäû, íîñîâûõ
ïëàòêàõ è òàê äàëåå.

• Øêîëüíàÿ øïàðãàëêà.

• Ñêðûòàÿ èíôîðìàöèÿ â àóäèî è âèäåî ïîòîêàõ.

Îñíîâíûå âèäû êðèïòîãðàôèè:

• ñèììåòðè÷åñêàÿ êðèïòîãðàôèÿ (êðèïòîãðàôèÿ ñ çàêðûòûì êëþ-
÷îì) � êëþ÷è äëÿ øèôðîâàíèÿ è äåøèôðîâàíèÿ ñîâïàäàþò èëè
ìîãóò ëåãêî âû÷èñëÿòüñÿ îäèí èç äðóãîãî. Çäåñü çàùèòà èíôîðìà-
öèè îáåñïå÷åíà ñåêðåòíîñòüþ êëþ÷åé (íóæåí òàéíûé êàíàë îáìåíà
êëþ÷àìè);
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• àññèìåòðè÷åñêàÿ êðèïòîãðàôèÿ (êðèïòîãðàôèÿ ñ îòêðûòûì êëþ-
÷îì) � åñëè îäèí èç êëþ÷åé (êëþ÷ øèôðîâàíèÿ), íàçûâàåìûé îò-
êðûòûì êëþ÷îì, èçâåñòåí âñåì ïîëüçîâàòåëÿì, âêëþ÷àÿ êðèïòî-
àíàëèòèêà, à äðóãîé êëþ÷ èçâåñòåí òîëüêî ïåðåäàþùåé èëè ïðèíè-
ìàþùåé ñòîðîíå.

Â ñèììåòðè÷åñêîé êðèïòîãðàôèè âûäåëÿþò:

• ìîíîàëôàâèòíûé øèôð � çàìåíà àëôàâèòà èñõîäíîãî òåêñòà äðó-
ãèì àëôàâèòîì ÷åðåç çàìåíó áóêâ äðóãèìè áóêâàìè èëè ñèìâîëàìè;

• ïîëèàëôàâèòíûé øèôð � èñïîëüçóåòñÿ íåñêîëüêî àëôàâèòîâ øèô-
ðîòåêñòà. Êàæäàÿ áóêâà èñõîäíîãî òåêñòà ìîæåò øèôðîâàòüñÿ ïî-
ðàçíîìó;

• øèôð ïåðåñòàíîâêè.

Ðàññìîòðèì ìîíîàëôàâèòíûå øèôðû.

•Øèôð Öåçàðÿ. Â I âåêå í.ý. Þëèé Öåçàðü âî âðåìÿ âîéíû ñ ãàëëàìè,
ïåðåïèñûâàÿñü ñî ñâîèìè äðóçüÿìè â Ðèìå, çàìåíÿë â ñîîáùåíèè ïåðâóþ
áóêâó ëàòèíñêîãî àëôàâèòà ¾A¿ íà ÷åòâåðòóþ ¾D¿, âòîðóþ ¾B¿ � íà ïÿ-
òóþ ¾E¿, íàêîíåö, ïîñëåäíþþ � íà òðåòüþ â ñîîòâåòñòâèè ñî ñëåäóþùåé
òàáëèöåé:
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A B C D E F G H I J K L M
D E F G H I J K L M N O P

N O P Q R S T U V W X Y Z
Q R S T U V W X Y Z A B C

Â ðóññêîì âàðèàíòå ýòà òàáëèöà âûãëÿäèò òàê:

À Á Â Ã Ä Å � Æ Ç È É Ê Ë Ì Í Î Ï
Ã Ä Å � Æ Ç È É Ê Ë Ì Í Î Ï Ð Ñ Ò

Ð Ñ Ò Ó Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ ß
Ó Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ ß À Á Â

Ïðèìåð 6.1.1. Äîíåñåíèå Þ. Öåçàðÿ Ñåíàòó î ïîáåäå íàä ïîíòèé-
ñêèì öàðåì ¾Ïðèøåë, óâèäåë, ïîáåäèë¿ âûãëÿäåëî òàê: YHQL YLGL
YLFL (ËÀÒ.). Åñëè áû åãî çàøèôðîâàëè íà ðóññêîì ÿçûêå, òî ïîëó÷è-
ëîñü áû: ÒÓËÛÈÎ ÖÅËÆÇÎ ÒÑÄÇÆËÎ (ÐÓÑ.)

• Ïëÿøóùèå ÷åëîâå÷êè (ðèñóíîê 6.1). Äàííûé øèôð ÿâëÿåòñÿ êëàñ-
ñè÷åñêèì ïðèìåðîì øèôðà çàìåíû, âñòðå÷àþùåãîñÿ â õóäîæåñòâåííîé
ëèòåðàòóðå (Ê. Äîéëÿ). Áóêâû çàìåíåíû íà ñèìâîëè÷åñêèå ôèãóðêè ëþ-
äåé.

¾Öåëü èçîáðåòàòåëÿ ýòîé ñèñòåìû çàêëþ÷àëàñü, î÷åâèäíî, â òîì, ÷òî-
áû ñêðûòü, ÷òî ýòè çíà÷êè ÿâëÿþòñÿ ïèñüìåíàìè, è âûäàòü èõ çà äåòñêèå
ðèñóíêè¿ (Ø.Õîëìñ)
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Ðèñ. 6.1: Ìîíîàëôàâèòíûé øèôð ¾ïëÿøóùèå ÷åëîâå÷êè¿

Ðèñ. 6.2: Ìîíîàëôàâèòíûé øèôð ¾ïðîñòàÿ çàìåíà¿

• Ïðîñòàÿ çàìåíà (ðèñóíîê 6.2).

• Äèñê è ëèíåéêà Ýíåÿ (ðèñóíîê 6.3). Íà äèñêå äèàìåòðîì 10-15 ñì è
òîëùèíîé 1-2 ñì âûñâåðëèâàëèñü îòâåðñòèÿ ïî ÷èñëó áóêâ àëôàâèòà. Â
öåíòðå äèñêà � ¾êàòóøêà¿ ñ íàìîòàííîé íà íåé íèòêîé. Ïðè çàøèôðîâà-
íèè íèòêà ¾âûòÿãèâàëàñü¿ ñ êàòóøêè è ïîñëåäîâàòåëüíî ïðîòÿãèâàëàñü
÷åðåç îòâåðñòèÿ â ñîîòâåòñòâèè ñ áóêâàìè øèôðóåìîãî òåêñòà.

Ëèíåéêà Ýíåÿ: â ìåñòå ïðîõîæäåíèÿ íèòêè ÷åðåç îòâåðñòèå çàâÿçû-
âàëñÿ óçåëîê.

Ðàññìîòðèì íåêîòðûå ïîëèàëôàâèòíûå øèôðû.

• Øèôð Âèæåíåðà (1586 ãîä, ðèñóíîê 6.4).
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Ðèñ. 6.3: Ìîíîàëôàâèòíûé øèôð ¾äèñê è ëèíåéêà Ýíåÿ¿

Â ïðîöåññå øèôðîâàíèÿ (è äåøèôðîâàíèÿ) ÷àñòî èñïîëüçóåòñÿ òàê
íàçûâàåìàÿ ¾òàáëèöà Âèæåíåðà¿, êîòîðàÿ óñòðîåíà ñëåäóþùèì îáðà-
çîì: â ïåðâîé ñòðîêå âûïèñûâàåòñÿ âåñü àëôàâèò, â êàæäîé ñëåäóþùåé
îñóùåñòâëÿåòñÿ öèêëè÷åñêèé ñäâèã íà îäíó áóêâó. Òàê ïîëó÷àåòñÿ êâàä-
ðàòíàÿ òàáëèöà, ÷èñëî ñòîðîí êîòîðîé ðàâíî ÷èñëó ñòîëáöîâ è ðàâíî
÷èñëó áóêâ â àëôàâèòå. ×òîáû çàøèôðîâàòü êàêîå-íèáóäü ñîîáùåíèå,
ïîñòóïàþò ñëåäóþùèì îáðàçîì. Âûáèðàåòñÿ ñëîâî-ëîçóíã è ïîäïèñû-
âàåòñÿ ñ ïîâòîðåíèåì íàä áóêâàìè ñîîáùåíèÿ. ×òîáû ïîëó÷èòü øèô-
ðîâàííûé òåêñò, íàõîäÿò î÷åðåäíîé çíàê ëîçóíãà, íà÷èíàÿ ñ ïåðâîãî â
âåðòèêàëüíîì àëôàâèòå, à åìó ñîîòâåòñòâóþùèé çíàê ñîîáùåíèÿ â ãî-
ðèçîíòàëüíîì. Íà ïåðåñå÷åíèè âûäåëåííûõ ñòîëáöà è ñòðîêè íàõîäèì
çàøèôðîâàííóþ áóêâó

•Øèôðàòîð Òîìàñà Äæåôôåðñîíà (1790 ãîä, ðèñóíîê 6.5). Äåðåâÿí-
íûé öèëèíäð ðàçðåçàåòñÿ íà 36 äèñêîâ. Ýòè äèñêè íàñàæèâàþòñÿ íà îäíó
îáùóþ îñü òàêèì îáðàçîì, ÷òîáû îíè ìîãëè íåçàâèñèìî âðàùàòüñÿ íà
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Ðèñ. 6.4: Øèôð Âèæåíåðà

íåé. Äëÿ ëàòèíèöû êîëè÷åñòâî êëþ÷åé 36!26!, ò.å. ïîðÿäêà 1060.
Êëþ÷:
� ïîðÿäîê ðàñïîëîæåíèÿ áóêâ íà êàæäîì äèñêå;
� ïîðÿäîê ðàñïîëîæåíèÿ ýòèõ äèñêîâ íà îáùåé îñè.
Ýòî èçîáðåòåíèå ñòàëî ïðåäâåñòíèêîì ïîÿâëåíèÿ òàê íàçûâàåìûõ äèñ-

êîâûõ øèôðàòîðîâ, íàøåäøèõ øèðîêîå ðàñïðîñòðàíåíèå â XX âåêå.

• Øèôðîâàëüíàÿ ìàøèíà Ýíèãìà (20-å ãîäà XX âåêà, (ðèñóíîê 6.6).
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Ðèñ. 6.5: Øèôðàòîð Òîìàñà Äæåôôåðñîíà

Ðèñ. 6.6: Øèôðîâàëüíàÿ ìàøèíà Ýíèãìà

Ïåðå÷èñëèì íåêîòîðûå øèôðû ïåðåñòàíîâêè.

• Ïðèáîð ñöèòàëà (V â. äî í. ý., ðèñóíîê 6.7)). ßâëÿåòñÿ îäíèì èç ïåð-
âûõ ôèçè÷åñêèõ ïðèáîðîâ, ðåàëèçóþùèõ øèôð ïåðåñòàíîâêè. Îí áûë
èçîáðåòåí â äðåâíåé Ñïàðòå âî âðåìåíà Ëèêóðãà (V â. äî í. ý.). Äëÿ
çàøèôðîâàíèÿ òåêñòà èñïîëüçîâàëñÿ öèëèíäð çàðàíåå îáóñëîâëåííîãî
äèàìåòðà. Íà öèëèíäð íàìàòûâàëñÿ òîíêèé ðåìåíü èç ïåðãàìåíòà, è
òåêñò âûïèñûâàëñÿ ïîñòðî÷íî ïî îáðàçóþùåé öèëèíäðà (âäîëü åãî îñè).
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Çàòåì ðåìåíü ñìàòûâàëñÿ è îòïðàâëÿëñÿ ïîëó÷àòåëþ ñîîáùåíèÿ. Ïî-
ñëåäíèé íàìàòûâàë åãî íà öèëèíäð òîãî æå äèàìåòðà è ÷èòàë òåêñò ïî
îñè öèëèíäðà. Â ýòîì ïðèìåðå êëþ÷îì øèôðà ÿâëÿåòñÿ äèàìåòð öèëèí-
äðà è åãî äëèíà.

Ðèñ. 6.7: Ñöèòàëà

Èçîáðåòåíèå äåøèôðîâàëüíîãî óñòðîéñòâà �¾Àíòèñöèòàëà¿ � ïðèïè-
ñûâàåòñÿ âåëèêîìó Àðèñòîòåëþ. Îí ïðåäëîæèë èñïîëüçîâàòü êîíóñîîá-
ðàçíîå ¾êîïüå¿, íà êîòîðîå íàìàòûâàëñÿ ïåðåõâà÷åííûé ðåìåíü; ýòîò ðå-
ìåíü ïåðåäâèãàëñÿ ïî îñè äî òîãî ïîëîæåíèÿ, ïîêà íå ïîÿâëÿëñÿ îñìûñ-
ëåííûé òåêñò.

•Øèôðîâàíèå ñ èñïîëüçîâàíèåì ïåðåñòàíîâîê. Ðàñïîëîæèì ÷èñëà îò
1 äî 5 â äâóõñòðî÷íîé çàïèñè, â êîòîðîé âòîðàÿ ñòðîêà � ïðîèçâîëüíàÿ
ïåðåñòàíîâêà ÷èñåë âåðõíåé ñòðîêè:
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1 2 3 4 5
3 2 5 1 4

Ýòà êîíñòðóêöèÿ íîñèò íàçâàíèå ïîäñòàíîâêè, à ÷èñëî 5 íàçûâàåòñÿ
åå ñòåïåíüþ.

Çàøèôðóåì ôðàçó ¾ÑÂßÙÅÍÍÀß ÐÈÌÑÊÀß ÈÌÏÅÐÈß¿. Â ýòîé
ôðàçå 23 áóêâû. Äîïîëíèì å¼ äâóìÿ ïðîèçâîëüíûìè áóêâàìè (íàïðèìåð,
Ü, Ý) äî áëèæàéøåãî ÷èñëà, êðàòíîãî 5, òî åñòü 25. Âûïèøåì ýòó äîïîë-
íåííóþ ôðàçó áåç ïðîïóñêîâ, îäíîâðåìåííî ðàçáèâ å¼ íà ïÿòèçíà÷íûå
ãðóïïû:

ÑÂßÙÅ ÍÍÀßÐ ÈÌÑÊÀ ßÈÌÏÅ ÐÈßÜÝ

Áóêâû êàæäîé ãðóïïû ïåðåñòàâèì â ñîîòâåòñòâèè ñ óêàçàííîé äâóõ-
ñòðî÷íîé çàïèñüþ ïî ñëåäóþùåìó ïðàâèëó: ïåðâàÿ áóêâà âñòà¼ò íà òðå-
òüå ìåñòî, âòîðàÿ � íà âòîðîå, òðåòüÿ � íà ïÿòîå, ÷åòâ¼ðòàÿ � íà ïåðâîå
è ïÿòàÿ � íà ÷åòâ¼ðòîå. Ïîëó÷åííûé òåêñò âûïèñûâàåòñÿ áåç ïðîïóñêîâ:

ÙÂÑÅßßÍÍÐÀÊÌÈÀÑÏÈßÅÌÜÈÐÝß

Ïðè ðàñøèôðîâàíèè òåêñò ðàçáèâàåòñÿ íà ãðóïïû ïî 5 áóêâ è áóêâû
ïåðåñòàâëÿþòñÿ â îáðàòíîì ïîðÿäêå: 1 íà 4 ìåñòî, 2 íà 2, 3 íà 1, 4 íà 5
è 5 íà 3. Êëþ÷îì øèôðà ÿâëÿåòñÿ âûáðàííîå ÷èñëî 5 è ïîðÿäîê ðàñïî-
ëîæåíèÿ ÷èñåë â íèæíåì ðÿäó äâóõñòðî÷íîé çàïèñè.

• Ìàãè÷åñêèå êâàäðàòû (ðèñóíîê 6.8).
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Ðèñ. 6.8: Ìàãè÷åñêèé êâàäðàò

Âî âðåìåíà ñðåäíåâåêîâüÿ åâðîïåéñêàÿ êðèïòîãðàôèÿ ïðèîáðåëà ñî-
ìíèòåëüíóþ ñëàâó, îòãîëîñêè êîòîðîé ñëûøàòñÿ è â íàøè äíè. Êðèï-
òîãðàôèþ ñòàëè îòîæäåñòâëÿòü ñ ÷åðíîé ìàãèåé, ñ íåêîòîðîé ôîðìîé
îêêóëüòèçìà, àñòðîëîãèåé, àëõèìèåé, êàááàëîé. Ê øèôðîâàíèþ èíôîð-
ìàöèè ïðèçûâàëèñü ìèñòè÷åñêèå ñèëû. Òàê, íàïðèìåð, ðåêîìåíäîâàëîñü
èñïîëüçîâàòü ¾ìàãè÷åñêèå êâàäðàòû¿.

Â êâàäðàò ðàçìåðîì 4 íà 4 (ðàçìåðû ìîãëè áûòü è äðóãèìè) âïèñû-
âàëèñü ÷èñëà îò 1 äî 16. Åãî ìàãèÿ ñîñòîÿëà â òîì, ÷òî ñóììà ÷èñåë ïî
ñòðîêàì, ñòîëáöàì è ïîëíûì äèàãîíàëÿì ðàâíÿëàñü îäíîìó è òîìó æå
÷èñëó � 34. Âïåðâûå ýòè êâàäðàòû ïîÿâèëèñü â Êèòàå, ãäå èì è áûëà
ïðèïèñàíà íåêîòîðàÿ ¾ìàãè÷åñêàÿ ñèëà¿.

Øèôðîâàíèå ïî ìàãè÷åñêîìó êâàäðàòó ïðîèçâîäèëîñü ñëåäóþùèì
îáðàçîì. Íàïðèìåð, òðåáóåòñÿ çàøèôðîâàòü ôðàçó: ¾ÏÐÈÅÇÆÀÞ ÑÅ-
ÃÎÄÍß¿. Áóêâû ýòîé ôðàçû âïèñûâàþòñÿ ïîñëåäîâàòåëüíî â êâàäðàò
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ñîãëàñíî çàïèñàííûì â íèõ ÷èñëàì, à â ïóñòûå êëåòêè ñòàâÿòñÿ ïðîèç-
âîëüíûå áóêâû.

16Ó 3È 2Ð 13Ä
5Ç 10Å 11Ã 8Þ
9Ñ 6Æ 7À 12Î
4Å 15ß 14Í 1Ï

Îñòàíîâèìñÿ áîëåå ïîäðîáíî íà àññèìåòðè÷åñêîé êðèïòîãðàôèè (ðè-
ñóíîê 6.9).

Ìàòåìàòè÷åñêîé îñíîâîé àññèìåòðè÷åñêîé êðèïòîãðàôèè ÿâëÿåòñÿ íà-
õîæäåíèå äèñêðåòíîãî ëîãàðèôìà (òåëåôîííûé ñïðàâî÷íèê) è ðàçëîæå-
íèå ÷èñëà íà ìíîæèòåëè.

Ïóñòü äàíà ôóíêöèÿ
y = f(x) (6.1.1)

îïðåäåëåííàÿ íà êîíå÷íîì ìíîæåñòâå X (x ∈ X), äëÿ êîòîðîé ñóùå-
ñòâóåò îáðàòíàÿ ôóíêöèÿ

x = f−1(y) (6.1.2)

Ôóíêöèÿ íàçûâàåòñÿ îäíîñòîðîííåé, åñëè âû÷èñëåíèå ïî ôîðìóëå
(6.1.1) � ïðîñòàÿ çàäà÷à, òðåáóþùàÿ íåìíîãî âðåìåíè, à âû÷èñëåíèå ïî
(6.1.2) � çàäà÷à ñëîæíàÿ, òðåáóþùàÿ ïðèâëå÷åíèÿ ìàññû âû÷èñëèòåëü-
íûõ ðåñóðñîâ, yàïðèìåð, 106 − 1010 ëåò ðàáîòû ìîùíîãî ñóïåðêîìïüþ-
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Ðèñ. 6.9: Ñõåìàòè÷åñêèé ïðèíöèï àññèìåòðè÷åñêîé êðèïòîãðàôèè

òåðà. Â êà÷åñòâå ïðèìåðà îäíîñòîðîííåé ôóíêöèè ðàññìîòðèì ñëåäóþ-
ùóþ:

y = ax mod p,

ãäå p - íåêîòîðîå ïðîñòîå ÷èñëî (ò.å. òàêîå, êîòîðîå äåëèòñÿ áåç îñòàòêà
òîëüêî íà ñåáÿ è íà åäèíèöó), à x � öåëîå ÷èñëî èç ìíîæåñòâà {1, 2, ..., p−
1}. Îáðàòíàÿ ôóíêöèÿ îáîçíà÷àåòñÿ

x = loga y mod p

è íàçûâàåòñÿ äèñêðåòíûì ëîãàðèôìîì.
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Îñíîâíûå àññèìåòðè÷åñêèå êðèïòîñèñòåìû:

• ïðîòîêîë Äèôôè-Õåëëìàíà;

• øèôð Øàìèðà;

• øèôð Ýëü-Ãàìàëÿ;

• øèôð RSA.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Ïðèìåð 6.1.2. Ðàçðàáîòàéòå ôóíêöèþ äëÿ øèôðîâàíèÿ òåêñòà èñ-
ïîëüçóÿ øèôð Öåçàðÿ.

ShifrCezaria:=function(text)
local i, j, m, shifr, alf1, alf2;
alf1:="abcdefghijklmnopqrstuvwxyz ";
alf2:="defghijklmnopqrstuvwxyz abc";
m:=Size(text);
shifr:=[];
for i in [1..m] do
j:=1;
while text1[i]<>alf1[j] do
j:=j+1;
od;
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Add(shifr,alf2[j]);
od;
return shifr;
end;

Ñ ïîìîùüþ ðàçðàáîòàííîé ôóíêöèè çàøèôðóåì ôðàçó ¾i love math¿.

gap> Read("C:/gap4r7/bin/ShifrCezaria.g");
gap> Shifr:=ShifrCezaria("i love math");
"lcoryhcpdwk"

Òåïåðü ðàçðàáîòàåì ôóíêöèþ äëÿ äåøèôðîâàíèÿ:

ObShifrCezaria:=function(shifr)
local i, j, m, text, alf1, alf2;
alf1:="abcdefghijklmnopqrstuvwxyz ";
alf2:="defghijklmnopqrstuvwxyz abc";
m:=Size(shifr);
text:=[];
for i in [1..m] do
j:=1;
while shifr[i]<>alf2[j] do
j:=j+1;
od;
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Add(text,alf1[j]);
od;
return text;
end;

Ðàñøèôðóåì çàøèôðîâàííûé òåêñò:

gap> Read("C:/gap4r7/bin/ObShifrCezaria.g");
gap> ObShifrCezaria(Shifr);
"i love math"

6.2. Êðèïòîñèñòåìà Äèôôè-Õåëëìàíà

Ýòà êðèïòîñèñòåìà, ïðèâåäøàÿ ê íàñòîÿùåé ðåâîëþöèè â êðèïòîãðà-
ôèè è åå ïðàêòè÷åñêèõ ïðèìåíåíèÿõ, áûëà îòêðûòà â ñåðåäèíå 70-õ ãî-
äîâ àìåðèêàíñêèìè ó÷åíûìè Äèôôèè Õåëëìàíîì. Ýòî ïåðâàÿ ñèñòåìà,
êîòîðàÿ ïîçâîëÿëà çàùèùàòü èíôîðìàöèþ áåç èñïîëüçîâàíèÿ ñåêðåò-
íûõ êëþ÷åé, ïåðåäàâàåìûõ ïî çàùèùåííûì êàíàëàì.

Ðàññìîòðèì ñåòü ñâÿçè ñ N ïîëüçîâàòåëÿìè (N � äîñòàòî÷íî áîëüøîå
÷èñëî). Ïóñòü òðåáóåòñÿ îðãàíèçîâàòü ñåêðåòíóþ ñâÿçü äëÿ êàæäîé ïàðû
èç íèõ. Åñëè ìû áóäåì èñïîëüçîâàòü îáû÷íóþ ñèñòåìó ðàñïðåäåëåíèÿ
ñåêðåòíûõ êëþ÷åé, òî êàæäàÿ ïàðà àáîíåíòîâ äîëæíà áûòü ñíàáæåíà
ñâîèì ñåêðåòíûì êëþ÷îì, ò.å. ïîòðåáóåòñÿ C2

N = N(N−1)
1 ≈ N2

2 êëþ÷åé.
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Åñëè àáîíåíòîâ 100, òî òðåáóåòñÿ 5000 êëþ÷åé, åñëè æå àáîíåíòîâ 104,
òî êëþ÷åé äîëæíî áûòü 5 · 107. Ìû âèäèì, ÷òî ïðè áîëüøîì ÷èñëå àáî-
íåíòîâ ñèñòåìà ñíàáæåíèÿ èõ ñåêðåòíûìè êëþ÷àìè ñòàíîâèòñÿ î÷åíü
ãðîìîçäêîé è äîðîãîñòîÿùåé.

Äèôôè è Õåëëìàí ðåøèëè ýòó ïðîáëåìó çà ñ÷åò îòêðûòîãî ðàñïðî-
ñòðàíåíèÿ è âû÷èñëåíèÿ êëþ÷åé.

Ïóñòü ñòðîèòñÿ ñèñòåìà ñâÿçè äëÿ àáîíåíòîâ A, B . Ó êàæäîãî àáî-
íåíòà åñòü ñâîÿ ñåêðåòíàÿ è îòêðûòàÿ èíôîðìàöèÿ. Äëÿ îðãàíèçàöèè
ýòîé ñèñòåìû âûáèðàåòñÿ áîëüøîå ïðîñòîå ÷èñëî p è íåêîòîðîå ÷èñëî g,
1 < g < p− 1, òàêîå, ÷òî âñå ÷èñëà èç ìíîæåñòâà {1, 2, . . . , p− 1} ìîãóò
áûòü ïðåäñòàâëåíû êàê ðàçëè÷íûå ñòåïåíè g mod p (èçâåñòíû ðàçëè÷-
íûå ïîäõîäû äëÿ íàõîæäåíèÿ òàêèõ ÷èñåë g, îäèí èç íèõ áóäåò ïðåä-
ñòàâëåí íèæå). ×èñëà p è g èçâåñòíû âñåì àáîíåíòàì.

Àáîíåíòû âûáèðàþò áîëüøèå ÷èñëà XA, XB, êîòîðûå õðàíÿò â ñåêðå-
òå (îáû÷íî òàêîé âûáîð ðåêîìåíäóåòñÿ ïðîâîäèòü ñëó÷àéíî, èñïîëüçóÿ
äàò÷èêè ñëó÷àéíûõ ÷èñåë). Êàæäûé àáîíåíò âû÷èñëÿåò ñîîòâåòñòâóþ-
ùåå ÷èñëî Y , êîòîðîå îòêðûòî ïåðåäàåòñÿ äðóãèì àáîíåíòàì,{

YA = gXA mod p,

YB = gXB mod p,

Â ðåçóëüòàòå ïîëó÷àåì ñëåäóþùóþ òàáëèöó êëþ÷åé ïîëüçîâàòåëåé â
ñèñòåìå Äèôôè-Õåëëìàíà:
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Àáîíåíò Ñåêðåòíûé
êëþ÷

Îòêðûòûé
êëþ÷

A XA YA
B XB YB

Äîïóñòèì, àáîíåíò A ðåøèë îðãàíèçîâàòü ñåàíñ ñâÿçè ñ B, ïðè ýòîì
îáîèì àáîíåíòàì äîñòóïíà îòêðûòàÿ èíôîðìàöèÿ èç òàáëèöû 2 . Àáî-
íåíò A ñîîáùàåò B ïî îòêðûòîìó êàíàëó, ÷òî îí õî÷åò ïåðåäàòü åìó
ñîîáùåíèå. Çàòåì àáîíåíò A âû÷èñëÿåò âåëè÷èíó

ZAB = (YB)XA mod p

(íèêòî äðóãîé êðîìå A ýòîãî ñäåëàòü íå ìîæåò, òàê êàê ÷èñëî XA

ñåêðåòíî). Â ñâîþ î÷åðåäü, àáîíåíò B âû÷èñëÿåò ÷èñëî

ZBA = (YA)XB mod p

Èç âûøå ñêàçàííîãî ñëåäóåò óòâåðæäåíèå:

ZAB = ZBA.

Ïðèìåð 6.2.1. Ïóñòü p = 23 = 2 · 11 + 1(q = 11). Âûáåðåì ïà-
ðàìåòð g. Ïîïðîáóåì âçÿòü g = 3. Ïðîâåðèì: 311 mod 23 = 1 è çíà÷èò,
òàêîå g íå ïîäõîäèò. Âîçüìåì g = 5. Ïðîâåðèì: 511 mod 23 = 22. Èòàê,
ìû âûáðàëè ïàðàìåòðû p = 23, g = 5. Òåïåðü êàæäûé àáîíåíò âûáèðà-
åò ñåêðåòíîå ÷èñëî è âû÷èñëÿåò ñîîòâåòñòâóþùåå åìó îòêðûòîå ÷èñëî.
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Ïóñòü âûáðàíû XA = 7, XB = 13. Âû÷èñëÿåì YA = 57 mod 23 = 17,
YB = 513 mod 23 = 21. Ðåøèëè ñôîðìèðîâàòü îáùèé ñåêðåòíûé êëþ÷.
Äëÿ ýòîãî A âû÷èñëÿåò ZAB = 217 mod 23 = 10, à B âû÷èñëÿåò ZBA =
1713 mod 23 = 10. Òåïåðü îíè èìåþò îáùèé êëþ÷ 10, êîòîðûé íå ïåðå-
äàâàëñÿ ïî êàíàëó ñâÿçè.

6.3. Øèôð Øàìèðà

Ýòîò øèôð, ïðåäëîæåííûé Øàìèðîì (Adi Shamir), áûë ïåðâûì, ïîç-
âîëÿþùèì îðãàíèçîâàòü îáìåí ñåêðåòíûìè ñîîáùåíèÿìè ïî îòêðûòîé
ëèíèè ñâÿçè äëÿ ëèö, êîòîðûå íå èìåþò íèêàêèõ çàùèùåííûõ êàíàëîâ
è ñåêðåòíûõ êëþ÷åé è, âîçìîæíî, íèêîãäà íå âèäåëè äðóã äðóãà.

Ïåðåéäåì ê îïèñàíèþ ñèñòåìû. Ïóñòü åñòü äâà àáîíåíòà A è B, ñîåäè-
íåííûå ëèíèåé ñâÿçè. A õî÷åò ïåðåäàòü ñîîáùåíèå m àáîíåíòó B òàê,
÷òîáû íèêòî íå óçíàë åãî ñîäåðæàíèå. A âûáèðàåò ñëó÷àéíîå áîëüøîå
ïðîñòîå ÷èñëî p è îòêðûòî ïåðåäàåò åãî B.

Çàòåì A âûáèðàåò äâà ÷èñëà cA è dA, òàêèå, ÷òî

cAdA mod (p− 1) = 1.

Ýòè ÷èñëà A äåðæèò â ñåêðåòå è ïåðåäàâàòü íå áóäåò.
B òîæå âûáèðàåò äâà ÷èñëà cB è dB, òàêèå, ÷òî

cBdB mod (p− 1) = 1,
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è äåðæèò èõ â ñåêðåòå.
Øàã 1. A âû÷èñëÿåò ÷èñëî

x1 = mCAmodp,

ãäå m � èñõîäíîå ñîîáùåíèå, è ïåðåñûëàåò x1 ê B.
Øàã 2. B, ïîëó÷èâ x1, âû÷èñëÿåò ÷èñëî

x2 = xCB
1 mod p

è ïåðåäàåò x2 ê A.
Øàã 3. A âû÷èñëÿåò ÷èñëî

x3 = xdA2 mod p

è ïåðåäàåò åãî B.
Øàã 4. B, ïîëó÷èâ x1, âû÷èñëÿåò ÷èñëî

x4 = xdB3 mod p

Câîéñòâà ïðîòîêîëà Øàìèðà:
1) x4 = m, ò.å. â ðåçóëüòàòå ðåàëèçàöèè ïðîòîêîëà îò A ê B äåéñòâè-

òåëüíî ïåðåäàåòñÿ èñõîäíîå ñîîáùåíèå;
2) çëîóìûøëåííèê íå ìîæåò óçíàòü, êàêîå ñîîáùåíèå áûëî ïåðåäàíî.
Ïðèìåð 6.3.1. Ïóñòü A õî÷åò ïåðåäàòü B ñîîáùåíèå m = 10. A

âûáèðàåò p = 23, cA = 7 (gcd(7, 22) = 1) è âû÷èñëÿåò dA = 19.
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Àíàëîãè÷íî, B âûáèðàåò ïàðàìåòðû cB = 5 (âçàèìíî ïðîñòîå ñ 22) è
dB = 9. Ïåðåõîäèì ê ïðîòîêîëó Øàìèðà.

Øàã 1. x1 = 107 mod 23 = 14.
Øàã 2. x2 = 145 mod 23 = 15.
Øàã 3. x3 = 1519 mod 23 = 19.
Øàã 4. x4 = 199 mod 23 = 10.
Òàêèì îáðàçîì, B ïîëó÷èë ïåðåäàâàåìîå ñîîáùåíèå m = 10.

Ðåàëèçàöèÿ â ñèñòåìå GAP

Ïðèìåð 6.3.2. Ïóñòü àáîíåíò A õî÷åò ïåðåäàòü àáîíåíòó B ñîîá-
ùåíèå ¾ÊÎÄ¿. Ñíà÷àëà íóæíî êàêèì-ëèáî ñïîñîáîì ïðåäñòàâèòü òåêñò
ñîîáùåíèÿ â âèäå óïîðÿäî÷åííîãî íàáîðà ÷èñåë. Äëÿ ïðîñòîòû ïðåä-
ïîëîæèì, ÷òî òåêñò ñîîáùåíèÿ ñîäåðæèò òîëüêî çàãëàâíûìè áóêâàìè.
Ïåðâûé øàã ñîñòîèò â çàìåíå êàæäîé áóêâû ñîîáùåíèÿ ÷èñëîì. Ïóñòü
íàøà òàáëèöà çàìåí èìååò âèä:

À Á Â Ã Ä Å Æ Ç È É Ê Ë Ì Í Î Ï P
10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

Ñ Ò Ó Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ ß
27 28 29 30 31 32 33 34 35 36 37 38 39 40 41

Òîãäà öèôðîâîå ïðåäñòàâëåíèå ñëîâà ¾ÊÎÄ¿ èìååò âèä: 202414.

gap> m:=202414;
202414



Êàôåäðà
ÀÃèÌÌ

Íà÷àëî

Ñîäåðæàíèå

J I

JJ II

Ñòðàíèöà 237 èç 270

Íàçàä

Íà âåñü ýêðàí

Çàêðûòü

Àáîíåíò A âûáèðàåò ïðîñòîå ÷èñëî p = 302417, cA = 2347

gap> p:=302417;
302417
gap> IsPrime(p);
true
gap> cA:=2347;
2347

è âû÷èñëÿåò dA

gap> dA:=3000;;
gap> while cA*dA mod (p-1)<>1 do dA:=dA+1 od;
gap> dA;
254483

Òàêèì îáðàçîì, dA = 254483. Àáîíåíò A ïåðåäàåò àáîíåíòó B òîëüêî
÷èñëî p.

Àáîíåíò B âûáèðàåò cB = 1987

gap> cB:=1987;
1987
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è âû÷èñëÿåò dB

gap> dB:=2000;;
gap> while cB*dB mod (p-1)<>1 do dB:=dB+1; od;
gap> dB;
280043

Òàêèì îáðàçîì, dB = 280043.

Ïåðåõîäèì ê ïðîòîêîëó Øàìèðà. Àáîíåíò A âû÷èñëÿåò ÷èñëî x1 è
ïåðåäàåò åãî àáîíåíòó B.

gap> x1:=m� cA mod p;
38370

Àáîíåíò B, ïîëó÷èâ ÷èñëî x1, âû÷èñëÿåò ÷èñëî x2 è ïåðåäàåò åãî
àáîíåíòó A.

gap> x2:=x1� cB mod p;
99511

Àáîíåíò A, ïîëó÷èâ ÷èñëî x2, âû÷èñëÿåò ÷èñëî x3 è ïåðåäàåò åãî
àáîíåíòó B.

gap> x3:=x2� dA mod p;
300836

Àáîíåíò B, ïîëó÷èâ ÷èñëî x3, âû÷èñëÿåò ÷èñëî x4, êîòîðîå áóäåò
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ñîâïàäàòü ñ ïåðåäàâàåìûì ñîîáùåíèåì m.

gap> x4:=x3� dB mod p;
202414
gap> x4=m;
true

6.4. Ìåòîä RSA

Â 1978 ã. Ðîí Ðàéâåñò (Ron Rivest), Àäè Øàìèð (Adi Shamir) è Ëåí
Àäëåìàí (Len Adleman) ïðåäëîæèëè àëãîðèòì ñ îò- êðûòûì êëþ÷îì.
Ñõåìà Ðàéâåñòà�Øàìèðà�Àäëåìàíà (RSA) ïîëó÷èëà øèðîêîå ðàñïðî-
ñòðàíåíèå.

Îïèøåì ïðîöåññ øèôðîâàíèÿ. Èñõîäíûé òåêñò äîëæåí áûòü ïåðåâå-
äåí â ÷èñëîâóþ ôîðìó, ýòîò ìåòîä ñ÷èòàåòñÿ èçâåñòíûì. Â ðåçóëüòàòå
ýòîãî òåêñò ïðåäñòàâëÿåòñÿ â âèäå îäíîãî áîëüøîãî ÷èñëà. Çàòåì ïîëó-
÷åííîå ÷èñëî ðàçáèâàåòñÿ íà ÷àñòè (áëîêè) òàê, ÷òîáû êàæäàÿ èç íèõ
áûëà ÷èñëîì â ïðîìåæóòêå [0, N − 1]. Ïðîöåññ øèôðîâàíèÿ îäèíàêîâ
äëÿ êàæäîãî áëîêà. Ïîýòîìó ìû ìîæåì ñ÷èòàòü, ÷òî áëîê èñõîäíîãî
òåêñòà ïðåäñòàâëåí ÷èñëîì x, 0 ≤ x ≤ N − 1.

Êàæäûé àáîíåíò âûðàáàòûâàåò ñâîþ ïàðó êëþ÷åé. Äëÿ ýòîãî îí ãå-
íåðèðóåò äâà áîëüøèõ ïðîñòûõ ÷èñëà p è q, âû÷èñëÿåò ïðîèçâåäåíèå
N = p · q . Çàòåì îí âûðàáàòûâàåò ñëó÷àéíîå ÷èñëî e, âçàèìíî ïðîñòîå
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ñî çíà÷åíèåì ôóíêöèè Ýéëåðà îò ÷èñëà N , ϕ(N) = (p−1)·(q−1) è íàõî-
äèò ÷èñëî d èç óñëîâèÿ e·d ≡ 1 mod ϕ(N). Òàê êàê ÍÎÄ(e, ϕ(N)) = 1, òî
òàêîå ÷èñëî d ñóùåñòâóåò è îíî åäèíñòâåííî. Ïàðó (N, e) îí îáúÿâëÿåò
îòêðûòûì êëþ÷îì è ïîìåùàåò â îòêðûòûé äîñòóï. Ïàðà (N, d) ÿâëÿåò-
ñÿ ñåêðåòíûì êëþ÷îì. Äëÿ ðàñøèôðîâàíèÿ äîñòàòî÷íî çíàòü ñåêðåòíûé
êëþ÷. ×èñëà p, q, ϕ(N) â äàëüíåéøåì íå íóæíû, ïîýòîìó èõ ìîæíî óíè-
÷òîæèòü.

Ïîëüçîâàòåëü A, îòïðàâëÿþùèé ñîîáùåíèå x àáîíåíòó B, âûáèðàåò
èç îòêðûòîãî êàòàëîãà ïàðó (N, e) àáîíåíòàB è âû÷èñëÿåò øèôðîâàííîå
ñîîáùåíèå y ≡ xe mod N . ×òîáû ïîëó÷èòü èñõîäíûé òåêñò, àáîíåíò B
âû÷èñëÿåò yd mod N . Òàê êàê e · d ≡ 1 mod ϕ(N) , ò. å. e · d = ϕ(N) ·
k + 1, ãäå k � öåëîå, òî ïðèìåíÿÿ òåîðåìó Ýéëåðà, ïîëó÷èì: ñëåäóþùåå
ñîîòíîøåíèå: yd ≡ (xe)d ≡ xed ≡ xϕ(N)·k+1 ≡ (xϕ(N))k · x ≡ x mod N .
Ïðèìåð 6.4.1.Ïóñòü íåîáõîäèìî çàøèôðîâàòü òåêñò ¾ÏÎÇÍÀÉ ÑÅ-

Áß¿. Ñíà÷àëà íóæíî êàêèì-ëèáî ñïîñîáîì ïðåäñòàâèòü òåêñò ñîîáùåíèÿ
â âèäå óïîðÿäî÷åííîãî íàáîðà ÷èñåë ïî ìîäóëþ N . Ýòî åùå íå ïðîöåññ
øèôðîâàíèÿ, à òîëüêî ïîäãîòîâêà ê íåìó. Äëÿ ïðîñòîòû ïðåäïîëîæèì,
÷òî òåêñò ñîîáùåíèÿ ñîäåðæèò ñëîâà, çàïèñàííûå òîëüêî çàãëàâíûìè
áóêâàìè. Ïåðâûé øàã ñîñòîèò â çàìåíå êàæäîé áóêâû ñîîáùåíèÿ ÷èñ-
ëîì. Ïóñòü íàøà òàáëèöà çàìåí èìååò âèä:

À Á Â Ã Ä Å Æ Ç È É Ê Ë Ì Í Î Ï P
10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
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Ñ Ò Ó Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ ß
27 28 29 30 31 32 33 34 35 36 37 38 39 40 41

Òîãäà òåêñòà ¾ÏÎÇÍÀÉ ÑÅÁß¿ öèôðîâîå ïðåäñòàâëåíèå èìååò âèä:
2524172310199927151141.

Ïóñòü â íàøåì ïðèìåðå p = 149, q = 157, òîãäà N = 23393. Ïîýòîìó
öèôðî âîå ïðåäñòàâëåíèå îòêðûòîãî òåêñòà íóæíî ðàçáèòü íà áëîêè,
ìåíüøèå, ÷åì 23393. Îäíî èç òàêèõ ðàçáèåíèé âûãëÿäèò ñëåäóþùèì
îáðàçîì:

2524− 1723− 10199− 9271− 511− 41.

Êîíå÷íî, âûáîð áëîêîâ íåîäíîçíà÷åí, íî è íå ñîâñåì ïðîèçâîëåí. Íà-
ïðèìåð, âî èçáåæàíèå äâóñìûñëåííîñòåé, íà ñòàäèè ðàñøèôðîâêè íå
ñëåäóåò âûäåëÿòü áëîêè, íà÷èíàþùèåñÿ ñ íóëÿ.

Ïðè ðàñøèôðîâêå ñîîáùåíèÿ ïîëó÷àåì ïîñëåäîâàòåëüíîñòü áëîêîâ,
çàòåì èõ ñîåäèíÿåì âìåñòå è ïîëó÷àåì ÷èñëî. Ïîñëå ýòîãî ÷èñëà çàìå-
íÿþò áóêâàìè â ñîîòâåòñòâèè ñ òàáëèöåé, ïðèâåäåííîé âûøå. Îáðàòèì
âíèìàíèå íà òî, ÷òî â ýòîì ïðèìåðå êàæäóþ áóêâó êîäèðóåì äâóçíà÷íûì
÷èñëîì. Ýòî ñäåëàíî äëÿ ïðåäîòâðàùåíèÿ íåîäíîçíà÷íîñòè. Åñëè áû ìû
ïðîíóìåðîâàëè áóêâû íå ïî ïîðÿäêó, íà÷èíàÿ ñ 1, ò. å. ¾À¿ ñîîòâåòñòâó-
åò 1, ¾Á¿ ñîîòâåòñòâóåò 2 è ò. ä., òî áûëî áû íåïîíÿòíî, ÷òî îáîçíà÷àåò
áëîê 12: ïàðó áóêâ ¾ÀÁ¿ èëè áóêâó ¾Ë¿, äâåíàäöàòóþ áóêâó àëôàâèòà.
Êîíå÷íî, äëÿ êîäèðîâàíèÿ ìîæíî èñïîëüçîâàòü ëþáûå îäíîçíà÷íûå ñî-
îòâåòñòâèÿ ìåæäó áóêâàìè è ÷èñëàìè, íàïðèìåð ASCII-êîäèðîâêó, ÷òî
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÷àùå âñåãî ýòî è äåëàåòñÿ.
Ïðîäîëæèì ïðèìåð: âûáèðàåì p = 149, q = 157, âû÷èñëÿåì ϕ(N) =

23088. Òåïåðü íóæíî âûáðàòü ÷èñëî e, âçàèìíî ïðîñòîå ñ ϕ(N). Íàè-
ìåíüøåå ïðîñòîå, íå äåëÿùåå ϕ(N), ðàâíî 5. Ïîëîæèì e = 5. Çàøèôðó-
åì ïåðâûé áëîê ñîîáùåíèÿ:

âû÷èñëÿåì 25245 mod 23393 = 22752;
äàëåå 17235 mod 23393 = 6198;

101995 mod 23393 = 14204;
92715 mod 23393 = 23191;
5115 mod 23393 = 10723;
415 mod 23393 = 14065.

Òåïåðü øèôðîâàííûé òåêñò èìååò âèä

22752619814204231911072314065.

Â íàøåì ïðèìåðå N = 23393, e = 5. Ïðèìåíèâ àëãîðèòì Åâêëèäà ê
÷èñëàì ϕ(N) = 23088 è e = 5, íàéäåì d ≡ (e − 1) mod 23088 ≡ 13853.
Çíà÷èò äëÿ ðàñøèôðîâêè áëîêîâ øèôðòåêñòà ìû äîëæíû âîçâåñòè ýòîò
áëîê â ñòåïåíü 13583 ïî ìîäóëþ 23393. Â ïðèìåðå ïåðâûé áëîê øèôð-
òåêñòà � ÷èñëî 22752, òîãäà ïîëó÷èì 2275213853 mod 23393 ≡ 2524.

Ðàçáèåíèå ÷èñëà íà áëîêè ìîæíî ïðîèçâåñòè ðàçëè÷íûìè ñïîñîáàìè.
Ïðè ýòîì ïðîìåæóòî÷íûå ðåçóëüòàòû çàâèñÿò îò ñïîñîáà ðàçáèåíèÿ, îä-
íàêî êîíå÷íûé ðåçóëüòàò � íå çàâèñèò.
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ÏÐÀÊÒÈ×ÅÑÊÈÉ ÐÀÇÄÅË

Ëàáîðàòîðíàÿ ðàáîòà �1. Îñíîâû ðàáîòû ñ ñèòåìîé GAP

Èçó÷èòå òåîðåòè÷åñêèé ìàòåðèàë ïóíêòîâ ¾Êðàòêàÿ õàðàêòåðèñòèêà,
èñòîðèÿ è îáçîð âîçìîæíîñòåé ñèñòåìû GAP¿, ¾Íà÷àëî ðàáîòû â GAP¿
è ¾ßçûê ïðîãðàììèðîâàíèÿ GAP¿.

Îñîáåííîñòè ðàáîòû â GAP:

• Îäíà êîìàíäà ìîæåò çàíèìàòü íåñêîëüêî ñòðîê, ïîñëåäíÿÿ èç êî-
òîðûõ çàêàí÷èâàåòñÿ òî÷êîé ñ çàïÿòîé.

• Â GAP èìååò çíà÷åíèå ðåãèñòð òåêñòà.

• Ïðè íåêîòîðûõ îøèáêàõ íà ýêðàí âûâîäèòñÿ ïðîìåæóòî÷íîå ïðè-
ãëàøåíèå brk>. Äëÿ âûõîäà èç íåãî íóæíî ââåñòè êîìàíäó quit;.

• Â GAP åñòü âîçìîæíîñòü ðàáîòàòü ñ èñòîðèåé êîìàíä. Åñëè íà-
áðàòü â êîìàíäíîé ñòðîêå êàêîé-ëèáî ñèìâîë (ïîñëåäîâàòåëüíîñòü
ñèìâîëîâ), à çàòåì íàæèìàòü êëàâèøè óïðàâëåïíèÿ êóðñîðîì, òî
Âû áóäåòå âèäåòü òîëüêî òå èç ðàíåå ââåäåííûõ êîìàíä, êîòîðûå
íà÷èíàëèñü ñ ââåäåííîãî ñèìâîëà (ïîñëåäîâàòåëüíîñòè ñèìâîëîâ).

• Ïåðåìåùåòüñÿ ïî ñîäåðæèìîìó êîìàíäíîé ñòðîêè ìîæíî ñ ïîìî-
ùüþ êëàâèø ïåðåìåùåíèÿ êóðñîðà âëåâî è âïðàâî. Ìîæíî óäàëÿòü
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ñèìâîëû ñ ïîìîùüþ êëàâèø Delete è Backspace. Äëÿ áûñòðîãî ïå-
ðåìåùåíèÿ â êîíåö è íà÷àëî ñòðîêè ìîæíî èñïîëüçîâàòü êëàâèøè
Home è End.

• Â GAP èìåòñÿ âîçìîæíîñòü êîïèðîâàòü è âñòàâëÿòü òåêñò. Âñòà-
âèòü â êîìàíäíóþ ñòðîêó òåêñò èç áóôåðà îáìåíà ìîæíî èñïîëüçóÿ
ñòàíäàðòíûå ñïîñîáû â ñòàâêè â îêíå MS-DOS è èñïîëüçóÿ ñî÷åòà-
íèå êëàâèø Shift-Ins â îêíå RXVT.

Çàäàíèå 1. Íàéäèòå êàòàëîã gap4r4, â êîòîðîì èíñòàëëèðîâàíà ñè-
ñòåìà GAP íà ëîêàëüíîì èëè ñåòåâîì äèñêå (íàïðèìåð, ñ ïîìîùüþ
FAR èëè Ïðîâîäíèêà). Íàéäèòå â êàòàëîãå gap4r4/bin êîìàíäíûå ôàéëû
gap.bat è gaprxvt.bat. Òåïåðü çàïóñòèòå ñèñòåìó GAP ëèáî ñ ïîìîùüþ
ôàéëà gap.bat äëÿ ðàáîòû â îêíå êîìàíäíîé ñòðîêè Windows (îêíå MS-
DOS), ëèáî ñ ïîìîùüþ ôàéëà gaprxvt.bat äëÿ ðàáîòû â îêíå îáîëî÷êè
RXVT.

Ïðîñòåéøèå âû÷èñëåíèÿ ìîæíî âûïîëíÿòü, çàïóñêàÿ ñèñòåìó òàê,
êàê óêàçàíî â âûøå. Îäíàêî, â ýòîì ñëó÷àå ïðè ÷òåíèè è çàïèñè ôàéëîâ
íóæíî áóäåò óêàçûâàòü ïîëíûé ïóòü ê íèì. Ýôôåêòèâíåå áóäåò ñîçäàòü
ðàáî÷èé êàòàëîã â òîì ðàçäåëå äèñêà, ãäå Âû èìååòå ñîîòâåòñòâóþùèå
ïðàâà äîñòóïà, è ñêîïèðîâàòü òóäà ôàéëû gap.bat è gaprxvt.bat. Âû-
ïîëíèòå ýòè èíñòðóêöèè, ñîçäàâ ñâîé ðàáî÷èé êàòàëîã (êîòîðûé ìîæíî
íàçâàòü, íàïðèìåð, gap).
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Çàäàíèå 2. Âûïîëíèòå ïðîñòåéøèå âû÷èñëåíèÿ, ââåäÿ ñëåäóþùèå
êîìàíäû:

352/182;

2*(15+256)/17;

2 � 64;

2 � mod 100;

3 in [1,2,3] ;

2*2 >= 4;

Îäíà êîìàíäà ìîæåò çàíèìàòü íåñêîëüêî ñòðîê, ïîñëåäíÿÿ èç êîòî-
ðûõ çàêàí÷èâàåòñÿ òî÷êîé ñ çàïÿòîé. Òàêèì îáðàçîì, åñëè Âû çàáûëè
ïîñòàâèòü òî÷êó ñ çàïÿòîé â êîíöå ñòðîêè è óæå íàæàëè êëàâèøó Enter,
Âû ìîæåòå ïîñòàâèòü òî÷êó ñ çàïÿòîé â ñëåäóþùåé ñòðîêå, à çàòåì íà-
æàòü Enter åùå ðàç. Ïîïðîáóéòå ââåñòè ñëåäóþùóþ ìíîãîñòðî÷íóþ êî-
ìàíäó:

155/4545+
1234*5678+
Factorial(100)+
Sum([l..100]);

Çàäàíèå 3. Ïîïðîáóéòå âûäåëèòü â îêíå áðàóçåðà (ò.å. MS Internet
Explorer, Netscape è ò.ï.) è ñêîïèðîâàòü â áóôåð îáìåíà êîìàíäû, ïðè-
âåäåííûå âûøå, à çàòåì ïåðåéòè â îêíî GAP è âñòàâèòü èõ â êîìàíäíóþ
ñòðîêó (â îêíå MS-DOS èñïîëüçóéòå ñòàíäàðòíûå ñïîñîáû âñòàâêè, à â
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îêíå RXVT èñïîëüçóéòå ñî÷åòàíèå êëàâèø Shift-Ins). Çàòåì ïîïðîáóéòå
âûäåëèòü è ñêîïèðîâàòü òåêñò èç îêíà GAP (â îêíå MS-DOS èñïîëü-
çóéòå ñòàíäàðòíûå ñðåäñòâà, â îêíå RXVT âûäåëÿéòå òåêñò ìûøüþ, à
äëÿ êîïèðîâàíèÿ èñïîëüçóéòå Ctrl-Ins) è âñòàâèòü åãî â òåêñòîâûé ôàéë
(ðåäàêòèðóåìûé, íàïðèìåð, ñ ïîìîùüþ FAR èëè Áëîêíîòà).

Çàäàíèå 4. Îäíîé èç ñîñòàâíûõ ÷àñòåé ñèñòåìû GAP ÿâëÿåòñÿ åå
äîêóìåíòàöèÿ. Ñ ïîìîùüþ Ïðîâîäíèêà îòêðîéòå êàòàëîã gap4r4/doc. Â
íåì Âû îáíàðóæèòå ïîäêàòàëîã htm, â êîòîðîì íóæíî îòêðûòü ôàéë
index. htm - ýòî ñòàðòîâûé ôàéë äëÿ ïðîñìîòðà äîêóìåíòàöèè â HTML-
ôîðìàòå.

Äëÿ áûñòðîãî îáðàùåíèÿ ê äîêóìåíòàöèè ñîçäàéòå â ñâîåì ðàáî÷åì
êàòàëîãå ÿðëûê, óêàçûâàþùèé íà ôàéë index.htm, ïîñëå ÷åãî îòêðîéòå
åãî ñ ïîìîùüþ äàííîãî ÿðëûêà è îçíàêîìüòåñü ñ íàçâàíèÿìè ïÿòè îñíîâ-
íûõ ðàçäåëîâ äîêóìåíòàöèè. Ïåðåéäèòå â ðàçäåë ¾Èíäåêñ¿ è íàéäèòå ñ
åãî ïîìîùüþ îïèñàíèå ôóíêöèé Factorial è Sum. Âû ìîæåòå ñêîïèðî-
âàòü ïðèâåäåííûå â äîêóìåíòàöèè ïðèìåðû è âûïîëíÿòü èõ â GAP òàê,
êàê ýòî áûëî îïèñàíî â ïðåäûäóùåì çàäàíèè.

Ïðè ïîëíîé èíñòàëëÿöèè ñèñòåìû êàòàëîã gap4r4/doc òàêæå ñîäåð-
æèò äîêóìåíòàöèþ è â äðóãèõ ôîðìàòàõ. Â ÷àñòíîñòè, îí ñîäåðæèò äðó-
ãèå ïîäêàòàëîãè, íàèìåíîâàíèÿ êîòîðûõ ñîîòâåòñòâóþò ïÿòè îñíîâíûì
ðàçäåëàì äîêóìåíòàöèè, â êîòîðûõ ìîæíî íàéòè ýòè ðàçäåëû â ôîðìàòå
PDF, áîëåå óäîáíîì ïðè ïå÷àòè äîêóìåíòàöèè (ó÷òèòå, ÷òî öåíòðàëüíûé
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ðàçäåë äîêóìåíòàöèè - Reference Manual - çàíèìàåò â ôîðìàòå PDF ïî-
÷òè òûñÿ÷ó ñòðàíèö!).

Àëüòåðíàòèâíûì âàðèàíòîì èñïîëüçîâàíèÿ äîêóìåíòàöèè ÿâëÿåòñÿ
ïîäñòðî÷íàÿ ñïðàâêà, êîòîðóþ ìîæíî âûçâàòü ïðÿìî èç êîìàíäíîé ñòðî-
êè GAP. Ýòî óäîáíî, åñëè â äàëüíåéøåì íå ïðåäâèäèòñÿ àêòèâíîå ïåðå-
ìåùåíèå ïî ãèïåðññûëêàì â äîêóìåíòàöèè, à òàêæå ìîæåò áûòü ïîëåçíî
ïðè óäàëåííîì ïîäêëþ÷åíèè èëè â ñëó÷àå, êîãäà ðåñóðñû êîìïüþòåðà
îãðàíè÷åíû. Íàáåðèòå â êîìàíäíîé ñòðîêå ?Factorial (áåç òî÷êè ñ çàïÿ-
òîé) äëÿ îòîáðàæåíèÿ ñïðàâêè ïî äàííîé ôóíêöèè.

Çàäàíèå 5. Èñòîðèþ ðàáîòû ñ ñèñòåìîé ìîæíî ñîõðàíèòü â òåêñòî-
âîì ôàéëå (ò.íàç. ôàéëå ïðîòîêîëà). Ââåäèòå êîìàíäó

LogTo("log�le.txt");

Ïîñëå ýòîãî âñå ââåäåííûå Âàìè êîìàíäû è ðåçóëüòàòû èõ ðàáî-
òû, îòîáðàæàåìûå íà ýêðàíå, áóäóò äóáëèðîâàòüñÿ â ôàéëå ñ èìåíåì
log�le.txt, êîòîðûé ñîäåðæèòñÿ â Âàøåì ðàáî÷åì êàòàëîãå.

Òåïåðü çàäàéòå ïåðåìåííóþ n, â êîòîðîé ñîõðàíèòå íîìåð ñâîåãî âà-
ðèàíòà, íàïðèìåð:

n:=20;
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Çàòåì ïîñëåäîâàòåëüíî ââåäèòå ñëåäóþùèå êîìàíäû:

à:=2 � (ï+1)-1;
IsPrime(a);
Factors(à);
õ:=n+10;
Factors(Factorial(x));
Phi(x);
Sigma(x);
Tau(x);

Òåïåðü çàêðîéòå ôàéë ïðîòîêîëà ñ ïîìîùüþ êîìàíäû

LogTo();

è ïðîñìîòðèòå åãî ñ ïîìîùüþ, íàïðèìåð, FAR èëè Ïðîâîäíèêà.

Çàäàíèå 6. Âû÷èñëèòå ÷èñëî âîçìîæíûõ êîìáèíàöèé êóáèêà-ðóáèêà
3×3×3, çíàÿ ÷òî îíî âû÷èñëÿåòñÿ ïî ôîðìóëå (8!×38−1)×(12!×212−1)/2.
Îäíàêî ýòà ôîðìóëà íå ó÷èòûâàåò òî, ÷òî îðèåíòàöèÿ öåíòðàëüíûõ
êâàäðàòîâ ìîæåò áûòü ðàçíîé. Ñ ó÷¼òîì îðèåíòàöèè öåíòðàëüíûõ êâàä-
ðàòîâ êîëè÷åñòâî ñîñòîÿíèé âîçðàñòàåò â 46

2 ðàç.
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Ëàáîðàòîðíàÿ ðàáîòà �2. Ñïèñêè. Öåëûå ÷èñëà. ÍÎÄ öåëûõ
÷èñåë. Àðèôìåòè÷åñêèå ôóíêöèè

Äàííàÿ ëàáîðàòîðíàÿ ðàáîòà ïðåäíàçíà÷åíà äëÿ èçó÷åíèÿ ïðèåìîâ
ðàáîòû ñî ñïèñêàìè íà ïðèìåðå äåéñòâèé íàä öåëûìè ÷èñëàìè. Ïîäðîá-
íûå ñâåäåíèÿ ïî äàííûì òåìàì ñîäåðæàòñÿ: ¾Ñïèñêè¿, ¾Ïðîñòûå ÷èñ-
ëà. Ðàçëîæåíèå íàòóðàëüíûõ ÷èñåë íà ïðîñòûå ìíîæèòåëè. ×èñëîâûå
ôóíêöèè¿

Â çàâèñèìîñòè îò êîíêðåòíîé çàäà÷è, ïðè âûïîëíåíèè ðàáîòû ïîëåç-
íûìè ìîãóò îêàçàòüñÿ ñëåäóþùèå ôóíêöèè è îïåðàöèè (äåòàëüíîå èõ
îïèñàíèå ñì. â äîêóìåíòàöèè):

Collected(list) � âîçâðàùàåò íîâûé ñïèñîê newlist, êîòîðûé äëÿ êàæ-
äîãî ýëåìåíòà x èñõîäíîãî ñïèñêà list ñîäåðæèò ñîîòâåòñòâóþùèé åìó
ñïèñîê èç äâóõ ýëåìåíòîâ, ïåðâûé èç êîòîðûõ ÿâëÿåòñÿ ñàìèì ýëåìåí-
òîì , à âòîðîé ïîêàçûâàåò êðàòíîñòü åãî âõîæäåíèÿ â ñïèñîê list.

Combinations(list[,k]) � âîçâðàùàåò ìíîæåñòâî âñåâîçìîæíûõ êîìáè-
íàöèé (íåóïîðÿäî÷åííûõ íàáîðîâ áåç ïîâòîðåíèé), ñîñòàâëåííûõ èçk
ýëåìåíòîâ ñïèñêà list (êîòîðûé ìîæåò äàæå ñîäåðæàòü îäèíàêîâûå ýëå-
ìåíòû íåñêîëüêî ðàç). Åñëè ê íå óêàçàíî, âîçâðàùàþòñÿ âñå âîçìîæíûå
êîìáèíàöèè, ñîñòàâëåííûå èç ýëåìåíòîâ ñïèñêà list.

DivisorsInt(n) � âîçâðàùàåò ñïèñîê íàòóðàëüíûõ äåëèòåëåé öåëîãî
÷èñëà n.

FactorsInt(n) � âîçâðàùàåò ðàçëîæåíèå öåëîãî ÷èñëà n íà ïðîñòûå
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ìíîæèòåëè â âèäå èõ ñïèñêà.
PrimePowersInt(n) � âîçâðàùàåò ðàçëîæåíèå öåëîãî ÷èñëà n íà ïðî-

ñòûå ìíîæèòåëè, ñ óêàçàíèåì ñòåïåíåé âõîäÿùèõ â ýòî ðàçëîæåíèå ïðî-
ñòûõ ÷èñåë.

Filtered(list, x->f(x)) � âîçâðàùàåò ñïèñîê òåõ ýëåìåíòîâ èç ñïèñêà
list, äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå f() = true.

ForAll(list,x->f(x)) � ïðîâåðÿåò, ÷òî äëÿ êàæäîãî ýëåìåíòà x èç ñïèñêà
list âûïîëíÿåòñÿ óñëîâèå f(x) = true.

ForAny(list, x->f(x)) � ïðîâåðÿåò, ÷òî ñóùåñòâóåò õîòÿ áû îäèí ýëå-
ìåíò x èç ñïèñêà list, äëÿ êîòîðîãî âûïîëíÿåòñÿ óñëîâèå f(x) = true.

Gcd(list) èëè Gcd(a1,a2,...,aN) � âû÷èñëÿåò íàèáîëüøèé îáùèé äåëè-
òåëü öåëûõ ÷èñåë a1, a2,... èëè öåëûõ ÷èñåë èç ñïèñêà list.

Length(list) � îïðåäåëÿåò äëèíó ñïèñêà list.
a mod b � âîçâðàùàåò îñòàòîê îò äåëåíèÿ a íà b.
Phi(n) � âû÷èñëÿåò ôóíêöèþ Ýéëåðà ϕ(n), ò.å. êîëè÷åñòâî ÷èñåë ðÿäà

0, 1, ..., a− 1 âçàèìíî ïðîñòûõ ñ a.
Sigma(n) � âû÷èñëÿåò ôóíêöèþ σ(n), ò.å. ñóììó íàòóðàëüíûõ äåëè-

òåëåé ÷èñëà n..
Tau(n) � âû÷èñëÿåò ôóíêöèþ τ(n), ò.å. ÷èñëî íàòóðàëüíûõ äåëèòåëåé

÷èñëà n.
Product(list) � âû÷èñëÿåò ïðîèçâåäåíèå âñåõ ýëåìåíòîâ ñïèñêà list.
Sum(list) � âû÷èñëÿåò ñóììó âñåõ ýëåìåíòîâ ñïèñêà list.
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Çàäàíèå 1. Ðàçëîæèòå íà ïðîñòûå ìíîæèòåëè ÷èñëî n!.
Âàðèàíò 1. n = 20. Âàðèàíò 2. n = 30.
Âàðèàíò 3. n = 45. Âàðèàíò 4. n = 60.
Âàðèàíò 5. n = 70. Âàðèàíò 6. n = 82.

Çàäàíèå 2. Íàéäèòå ïîêàçàòåëü ñòåïåíè ÷èñëà p â êàíîíè÷åñêîì ðàç-
ëîæåíèè ÷èñëà 1000!.

Âàðèàíò 1. p = 3. Âàðèàíò 2. p = 5.
Âàðèàíò 3. p = 7. Âàðèàíò 4. p = 11.
Âàðèàíò 5. p = 13. Âàðèàíò 6. p = 17.

Çàäàíèå 3. Íàéäèòå êîëè÷åñòâî öåëûõ ïîëîæèòåëüíûõ ÷èñåë, íå
ïðåâîñõîäÿùèõ n è íå äåëÿùèõñÿ íè íà îäíî èç ïðîñòûõ ÷èñåë a, b,
c.

n a b c
Âàðèàíò 1. 2000 5 7 13
Âàðèàíò 2. 2150 3 11 17
Âàðèàíò 3. 4152 11 7 5
Âàðèàíò 4. 6122 2 3 4
Âàðèàíò 5. 1800 3 7 11
Âàðèàíò 6. 1245 3 11 23

Çàäàíèå 4. Âàðèàíò 1. Íàéäèòå êîëè÷åñòâî öåëûõ ïîëîæèòåëüíûõ
÷èñåë, íå ïðåâîñõîäÿùèõ 100 è âçàèìíî ïðîñòûõ ñ 36.
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Âàðèàíò 2. Íàéäèòå êîëè÷åñòâî öåëûõ ïîëîæèòåëüíûõ ÷èñåë, íå ïðå-
âîñõîäÿùèõ 12317 è âçàèìíî ïðîñòûõ ñ 1575.

Âàðèàíò 3. Íàéäèòå êîëè÷åñòâî íàòóðàëüíûõ ÷èñåë, ìåíüøèõ ÷èñëà
300 è èìåþùèõ ñ íèì íàèáîëüøèì îáùèì äåëèòåëåì ÷èñëî 20.

Âàðèàíò 4. Íàéäèòå êîëè÷åñòâî íàòóðàëüíûõ ÷èñåë, ìåíüøèõ ÷èñëà
1665 è èìåþùèõ ñ íèì íàèáîëüøèì îáùèì äåëèòåëåì ÷èñëî 37.

Âàðèàíò 5. Íàéäèòå êîëè÷åñòâî íàòóðàëüíûõ ÷èñåë, ìåíüøèõ ÷èñëà
1476 è èìåþùèõ ñ íèì íàèáîëüøèì îáùèì äåëèòåëåì ÷èñëî 41.

Âàðèàíò 6. Íàéäèòå êîëè÷åñòâî öåëûõ ïîëîæèòåëüíûõ ÷èñåë, íå ïðå-
âîñõîäÿùèõ 1000 è íå âçàèìíî ïðîñòûõ ñ 363.

Çàäàíèå 5 Âàðèàíò 1. Íàéäèòå öåëîå ïîëîæèòåëüíîå ÷èñëî, çíàÿ,
÷òî îíî èìååò òîëüêî äâà ïðîñòûõ äåëèòåëÿ, ÷èñëî âñåõ äåëèòåëåé ðàâíî
6, à ñóììà âñåõ äåëèòåëåé ðàâíà 28.

Âàðèàíò 2. Íàéäèòå öåëîå ïîëîæèòåëüíîå ÷èñëî, ïðîèçâåäåíèå âñåõ
äåëèòåëåé êîòîðîãî ðàâíî 5832.

Âàðèàíò 3. Ïîêàæèòå, ÷òî ÷èñëî 496 ÿâëÿåòñÿ ñîâåðøåííûì, ò.å. ðàâ-
íûì ñóììå ñâîèõ ñîáñòâåííûõ äåëèòåëåé.

Âàðèàíò 4. Íàéäèòå öåëîå ïîëîæèòåëüíîå ÷èñëî, çíàÿ, ÷òî îíî èìååò
òîëüêî äâà ïðîñòûõ äåëèòåëÿ, ÷èñëî âñåõ äåëèòåëåé ðàâíî 6, à ñóììà
âñåõ äåëèòåëåé ðàâíà 28.

Âàðèàíò 5. Íàéäèòå öåëîå ïîëîæèòåëüíîå ÷èñëî, ïðîèçâåäåíèå âñåõ
äåëèòåëåé êîòîðîãî ðàâíî 5832.
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Âàðèàíò 6. Ïîêàæèòå, ÷òî ÷èñëî 496 ÿâëÿåòñÿ ñîâåðøåííûì, ò.å. ðàâ-
íûì ñóììå ñâîèõ ñîáñòâåííûõ äåëèòåëåé.

Çàäàíèå 6. Íàéäèòå âñå äåëèòåëè ÷èñëà n.
Âàðèàíò 1. n = 360. Âàðèàíò 2. n = 375.
Âàðèàíò 3. n = 957. Âàðèàíò 4. n = 988.
Âàðèàíò 5. n = 960. Âàðèàíò 6. n = 532.

Çàäàíèå 7. Îïðåäåëèòå ñêîëüêèìè íóëÿìè çàêàí÷èâàåòñÿ äåñÿòè÷-
íàÿ çàïèñü ÷èñëà ϕ(a!)?

Âàðèàíò 1. a = 92. Âàðèàíò 2. a = 72.
Âàðèàíò 3. a = 88. Âàðèàíò 4. a = 104.
Âàðèàíò 5. a = 64. Âàðèàíò 6. a = 90.

Çàäàíèå 8. Ðåøèòå óðàâíåíèå íà èíòåðâàëå [0; 120].
Âàðèàíò 1. ϕ(x) = 8. Âàðèàíò 2. ϕ(x) = 12.
Âàðèàíò 3. ϕ(x) = 24. Âàðèàíò 4. ϕ(x) = 16.
Âàðèàíò 5. ϕ(x) = 18. Âàðèàíò 6. ϕ(x) = 36.

Çàäàíèå 9. Íàéäèòå n < 50000, åñëè èçâåñòåí åãî äåëèòåëü m è
çíà÷åíèå τ(n).

Âàðèàíò 1. m = 135, τ(n) = 21. Âàðèàíò 2. m = 104, τ(n) = 15.
Âàðèàíò 3. m = 88, τ(n) = 21. Âàðèàíò 4. m = 75, τ(n) = 14.
Âàðèàíò 5. m = 99, τ(n) = 10. Âàðèàíò 6. m = 40, τ(n) = 33.

Çàäàíèå 10. Ïóñòü n < 1000. Íàéäèòå τ(n3), åñëè èçâåñòíî çíà÷åíèå
τ(n2).
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Âàðèàíò 1. τ(n2) = 77. Âàðèàíò 2. τ(n2) = 75.
Âàðèàíò 3. τ(n2) = 85. Âàðèàíò 4. τ(n2) = 91.
Âàðèàíò 5. τ(n2) = 93. Âàðèàíò 6. τ(n2) = 95.

Ëàáîðàòîðíàÿ ðàáîòà �3. Ôóíêöèè. Óñëîâíûé îïåðàòîð IF,
öèêëû FOR è WHILE

Çàäàíèå 1. Èçó÷èòå òåîðåòè÷åñêèé ìàòåðèàë ïî òåìàì ¾Ìàòðèöû
è îïåðàöèè íàä íèìè¿ è ¾Îïðåäåëèòåëü ìàòðèöû¿. Äëÿ âûïîëíåíèÿ
çàäàíèÿ îáÿçàòåëüíî ïðèìåíèòå öèêë FOR.

Âàðèàíò 1. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ îïðåäåëèòåëÿ
ìàòðèöû A âòîðîãî ïîðÿäêà, âõîäíûì ïàðàìåòðîì êîòîðîé ÿâëÿåòñÿ
ìàòðèöà A, à âûõîäíûì ïàðàìåòðîì � îïðåäåëèòåëü âû÷èñëåííûé ïî
ôîðìóëå det A = a11a22 − a12a21.

Âàðèàíò 2.Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ îïðåäåëèòåëÿ ìàò-
ðèöû A òðåòüåãî ïîðÿäêà, âõîäíûì ïàðàìåòðîì êîòîðîé ÿâëÿåòñÿ ìàò-
ðèöà A, à âûõîäíûì ïàðàìåòðîì � îïðåäåëèòåëü âû÷èñëåííûé ïî ïðà-
âèëó òðåóãîëüíèêà.

Âàðèàíò 3. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ ïðîèçâåäåíèÿ
äâóõ ìàòðèö âòîðîãî ïîðÿäêà, âõîäíûìè ïàðàìåòðàìè êîòîðîé ÿâëÿþò-
ñÿ ìàòðèöû A è B, à âûõîäíûì ïàðàìåòðîì � èõ ïðîèçâåäåíèå G = AB.

Âàðèàíò 4. Ðàçðàáîòàéòå ôóíêöèþ äëÿ òðàíñïîíèðîâàíèÿ ìàòðèöû
òðåòüåãî ïîðÿäêà, âõîäíûì ïàðàìåòðîì êîòîðîé ÿâëÿåòñÿ ìàòðèöà A, à
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âûõîäíûì ïàðàìåòðîì � ìàòðèöà AT .
Âàðèàíò 5. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ ñêàëÿðíîãî ïðî-

èçâåäåíèÿ äâóõ âåêòîðîâ, çàäàííûõ ñâîèìè êîîðäèíàòàìè, âõîäíûìè ïà-
ðàìåòðàìè êîòîðîé ÿâëÿþòñÿ âåêòîðà è b, à âûõîäíûì ïàðàìåòðîì �
èõ ñêàëÿðíîå ïðîèçâåäåíèå ab.

Âàðèàíò 6. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ âåêòîðíîãî ïðî-
èçâåäåíèÿ äâóõ âåêòîðîâ, çàäàííûõ ñâîèìè êîîðäèíàòàìè, âõîäíûìè ïà-
ðàìåòðàìè êîòîðîé ÿâëÿþòñÿ âåêòîðà è b, à âûõîäíûì ïàðàìåòðîì �
èõ âåêòîðíîå ïðîèçâåäåíèå [a, b].

Çàäàíèå 2. Èçó÷èòå òåîðåòè÷åñêèé ìàòåðèàë ïî òåìàì ¾Êîëüöî ìíî-
ãî÷ëåíîâ¿, ¾Äåëåíèå â êîëüöå ìíîãî÷ëåíîâ¿ è ¾Ïðîèçâîäíàÿ ìíîãî÷ëå-
íà. Êîðíè ìíîãî÷ëåíà¿. Äëÿ âûïîëíåíèÿ çàäàíèÿ îáÿçàòåëüíî ïðèìå-
íèòå óñëîâíûé îïåðàòîð IF.

Âàðèàíò 1. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò ÿâëÿþòñÿ ëè
äâà çàäàííûõ ìíîãî÷ëåíà f è g âçàèìíî ïðîñòûìè è, â ñëó÷àå ïîëîæè-
òåëüíîãî îòâåòà âîçâðàùàåò èõ ïðîèçâåäåíèå, à â ñëó÷àå îòðèöàòåëüíîãî
îòâåòà � èõ ïðîèçâåäåíèå äåëåííîå íà èõ ÍÎÄ.

Âàðèàíò 2. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò, âñå ëè êîýô-
ôèöèåíòû ìíîãî÷ëåíà f ÿâëÿþòñÿ ÷åòíûìè. Â ñëó÷àå ïîëîæèòåëüíîãî
îòâåòà âîçâðàùàåò ìíîãî÷ëåí 1

2f , à â ñëó÷àå îòðèöàòåëüíîãî îòâåòà �
èñõîäíûé ìíîãî÷ëåí.

Âàðèàíò 3. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò ðàçëàãàåòñÿ
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ëè äàííûé ìíîãî÷ëåí â ïðîèçâåäåíèå ëèíåéíûõ ìíîæèòåëåé. Â ñëó÷àå
ïîëîæèòåëüíîãî îòâåòà âîçâðàùàåò èõ ïðîèçâåäåíèå, à â ñëó÷àå îòðèöà-
òåëüíîãî îòâåòà � åäèíèöó.

Âàðèàíò 4. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò ðàâåí ëè íó-
ëþ ñâîáîäíûé ÷ëåí ìíîãî÷ëåíà f . Â ñëó÷àå ïîëîæèòåëüíîãî îòâåòà âîç-
âðàùàåò ìíîãî÷ëåí f/x, à â ñëó÷àå îòðèöàòåëüíîãî îòâåòà � èñõîäíûé
ìíîãî÷ëåí.

Âàðèàíò 5. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò ñîâïàäàþò
ëè ñòåïåíè ìíîãî÷ëåíîâ. Â ñëó÷àå ïîëîæèòåëüíîãî îòâåòà âîçâðàùàåò
èõ ñóììó, à â ñëó÷àå îòðèöàòåëüíîãî îòâåòà � èõ ïðîèçâåäåíèå.

Âàðèàíò 6. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò ðàâíà ëè íó-
ëþ ïðîèçâîäíàÿ ìíîãî÷ëåíà â òî÷êå a. Â ñëó÷àå ïîëîæèòåëüíîãî îòâåòà
âîçâðàùàåò çíà÷åíèå ìíîãî÷ëåíà â òî÷êå a, à â ñëó÷àå îòðèöàòåëüíîãî
îòâåòà � çíà÷åíèå ïðîèçâîäíîé â òî÷êå a.

Çàäàíèå 3. Äëÿ âûïîëíåíèÿ çàäàíèÿ îáÿçàòåëüíî ïðèìåíèòå öèêë
WHILE.

Âàðèàíò 1. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ïîäñòà-
íîâêè s îïðåäåëÿåò ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî k, òàêîå ÷òî sk

êîììóòèðóåò ñ çàäàííîé ïîäñòàíîâêîé t.
Âàðèàíò 2. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ïîäñòà-

íîâêè s îïðåäåëÿåò ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî k, òàêîå ÷òî sk ïå-
ðåâîäèò çàäàííîå íàòóðàëüíîå ÷èñëî n â çàäàííîå íàòóðàëüíîå ÷èñëîm,
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è âîçâðàùàåò fail, åñëè òàêîãî ÷èñëà k íå ñóùåñòâóåò.
Âàðèàíò 3. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ïîäñòàíîâ-

êè s îïðåäåëÿåò ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî k, êîòîðîå îíà îñòàâ-
ëÿåò íà ìåñòå.

Âàðèàíò 4. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ïîäñòà-
íîâêè s îïðåäåëÿåò ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî k, òàêîå ÷òî sk

îñòàâëÿåò íà ìåñòå çàäàííîå íàòóðàëüíîå ÷èñëî n.
Âàðèàíò 5. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ïîäñòàíîâ-

êè s îïðåäåëÿåò ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî k, òàêîå ÷òî êîëè÷åñòâî
íàòóðàëüíûõ ÷èñåë, ïåðåìåùàåìûõ ïîäñòàíîâêîé sk, íå ïðåâîñõîäèò çà-
äàííîãî íàòóðàëüíîãî ÷èñëà n.

Âàðèàíò 6. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ïîäñòà-
íîâêè s îïðåäåëÿåò ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî k, òàêîå ÷òî sk
îñòàâëÿåò íà ìåñòå åäèíèöó.

Çàäàíèå 4. Ïåðåä âûïîëíåíèåì çàäàíèÿ èçó÷èòå òåîðåòè÷åñêèé ìà-
òåðèàë ïî òåìå ¾Îòíîøåíèå ñðàâíåíèÿ â êîëüöå Z¿.

Âàðèàíò 1. Ñîñòàâüòå ôóíêöèþ, êîòîðàÿ äëÿ ïðîèçâîëüíûõ a è b íà
èíòåðâàëå [1..100] áóäåò íàõîäèòü âñå ðåøåíèÿ óðàâíåíèÿ aϕ(x) = bx.

Âàðèàíò 2. Ñîñòàâüòå ôóíêöèþ, êîòîðàÿ äëÿ êàæäîãî m áóäåò âû-
÷èñëÿòü èäåìïîòåíòû êîëüöà Zm.

Âàðèàíò 3. Ñîñòàâüòå ôóíêöèþ, êîòîðàÿ äëÿ ïðîèçâîëüíîãî ìíîãî-
÷ëåíà ax2 + bx+ âû÷èñëÿåò âñå åãî êîðíè â êîëüöå Zm.
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Âàðèàíò 4. Ñîñòàâüòå ôóíêöèþ, êîòîðàÿ äëÿ ïðîèçâîëüíûõ a, b è m
íàõîäèò ðåøåíèÿ ñðàâíåíèÿ ax = b mod m.

Âàðèàíò 5. Ñîñòàâüòå ôóíêöèþ, êîòîðàÿ íàõîäèò ðåøåíèå ïðîèç-
âîëüíîé ñèñòåìû ñðàâíåíèé

a1x = b1 mod m1;
a2x = b2 mod m2;
a3x = b3 mod m3.

Âàðèàíò 6. Ñîñòàâüòå ôóíêöèþ, êîòîðàÿ äëÿ ïðîèçâîëüíîãî ìíîãî-
÷ëåíà f(x) = ax2+bx+ íàõîäèò ìíîãî÷ëåí, êîðíÿìè êîòîðîãî ÿâëÿþòñÿ
α−1 è β−1, ãäå α è β � êîðíè ìíîãî÷ëåíà f(x) êîëüöå Zm.

Ëàáîðàòîðíàÿ ðàáîòà �4. Ñòðóêòóðà è ñâîéñòâà ãðóïïû

Ïåðåä âûïîëíåíèåì ëàáîëàòîðíîé ðàáîòû èçó÷èòå òåîðåòè÷åñêèé ìà-
òåðèàë ðàçäåëà ¾Ýëåìåíòû òåîðèè ãðóïï â ñèñòåìå GAP¿.
Çàäàíèå 1. Äàííîå çàäàíèå ïðåäíàçíà÷åíî äëÿ èçó÷åíèÿ íåêîòîðûõ

ïðèåìîâ ðàáîòû ñ ýëåìåíòàìè ãðóïï.
Âàðèàíò 1. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ âîçâðàùàåò ìíîæåñòâî

ïîðÿäêîâ ýëåìåíòîâ çàäàííîé ãðóïïû. Óêàçàíèå: èñïîëüçóòå ôóíêöèè
AsList, Order, Set.

Âàðèàíò 2. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ âîçâðàùàåò ìíîæåñòâî
ýëåìåíòîâ çàäàííîé ãðóïïû, èìåþùèõ ïîðÿäîê, ðàâíûé çàäàííîìó ÷èñ-
ëó k. Óêàçàíèå: èñïîëüçóéòå ôóíêöèè AsList, Order.
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Âàðèàíò 3. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ âîçâðàùàåò ìíîæåñòâî
ïîðÿäêîâ êëàññîâ ñîïðÿæåííûõ ýëåìåíòîâ çàäàííîé ãðóïïû. Óêàçàíèå:
èñïîëüçóéòå ôóíêöèþ ConjugacyClasses.

Âàðèàíò 4. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ âîçâðàùàåò ìíîæåñòâî
ïîðÿäêîâ êëàññîâ ñîïðÿæåííûõ ýëåìåíòîâ çàäàííîé ãðóïïû. Óêàçàíèå:
èñïîëüçóéòå ôóíêöèþ ConjugacyClasses.

Âàðèàíò 5. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ êîëè÷åñòâà ýëå-
ìåíòîâ êàæäîãî ïîðÿäêà â çàäàííîé ãðóïïå.

Âàðèàíò 6. Ïðîâåðüòå, âûïîëíÿåòñÿ ëè â ãðóïïå ïîäñòàíîâîê S3 òîæ-
äåñòâî x6 = 1.

Çàäàíèå 2. Äàííîå çàäàíèå ïðåäíàçíà÷åíî äëÿ èçó÷åíèÿ ðàáîòû ñ
ïîäãðóïïàìè.

Âàðèàíò 1. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ãðóïïû
âîçâðàùàåò ìíîæåñòâî ïîðÿäêîâ âñåõ åå ïîäãðóïï, ïîëó÷åííîå êàê ìíî-
æåñòâî ïîðÿäêîâ ïðåäñòàâèòåëåé åå êëàññîâ ñîïðÿæåííûõ ïîäãðóïï. Óêà-
çàíèå: èñïîëüçóéòå ôóíêöèè ConjugacyClassesSubgroups, Representative.

Âàðèàíò 2. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ãðóïïû
âîçâðàùàåò ñïèñîê ïðîñòûõ äåëèòåëåé ïîðÿäêà ãðóïïû ñ óêàçàíèåì ïî-
ðÿäêà è êîëè÷åñòâà ñîîòâåòñòâóþùèõ Ñèëîâñêèõ ð-ïîäãðóïï. Óêàçàíèå:
èñïîëüçóéòåü ôóíêöèè SylowSubgroup, ConjugacyClassSubgroups.

Âàðèàíò 3. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ãðóïïû
âîçâðàùàåò ìíîæåñòâî ïîðÿäêîâ åå ìàêñèìàëüíûõ ïîäãðóïï. Óêàçàíèå:
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èñïîëüçóéòå ôóíêöèè Size, MaximalSubgroups.

Âàðèàíò 4. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ãðóïïû
âîçâðàùàåò ìíîæåñòâî ïîðÿäêîâ åå íîðìàëüíûõ ïîäãðóïï. Óêàçàíèå: èñ-
ïîëüçóéòå ôóíêöèè Size, NormalSubgroups.

Âàðèàíò 5. Ñîñòàâüòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ãðóïïû âû-
÷èñëÿåò ïîäãðóïïó Ôðàòòèíè, ò.å. ïåðåñå÷åíèå âñåõ åå ìàêñèìàëüíûõ
ïîäãðóïï. Óêàçàíèå: èñïîëüçóéòå ôóíêöèè Intersection, MaximalSubgroups.

Âàðèàíò 6. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ äëÿ çàäàííîé ãðóïïû
îïðåäåëÿåò ïîðÿäîê åå ôàêòîð-ãðóïïû ïî êîììóòàíòó. Óêàçàíèå: èñ-
ïîëüçóéòå ôóíêöèè Size è DerivedSubgroup.

Çàäàíèå 3. Äàííîå çàäàíèå ïðåäíàçíà÷åíî äëÿ èçó÷åíèÿ ðàáîòû ñ
áèáëèîòåêîé êîíå÷íûõ ãðóïï ñèñòåìû GAP. Íåîáõîäèìî ñíà÷àëà âû-
áðàòü ãðóïïû èç áèáëèîòåêè ïî óêàçàííîìó êðèòåðèþ (ïîðÿäîê ãðóïïû
â ñî÷åòàíèè ñ íåêîòîðûì ñâîéñòâîì), à çàòåì äëÿ êàæäîé èç ýòèõ ãðóïï
îïðåäåëèòü óêàçàííîå ñâîéñòâî, è âûâåñòè ðåçóëüòàòû íà ýêðàí â âè-
äå òàáëèöû ñ óêàçàíèåì íîìåðà ñîîòâåòñòâóþùåé ãðóïïû â áèáëèîòåêå
êîíå÷íûõ ãðóïï ñèñòåìû GAP.

Âàðèàíò 1. Âûáåðèòå âñå íåöèêëè÷åñêèå 2-ãðóïïû ïîðÿäêà 32. Îïðå-
äåëèòå èõ êîëè÷åñòâî. Êàæäóþ èç íèõ èäåíòèôèöèðóéòå ñ ïîìîùüþ
ôóíêöèè GroupId è âû÷èñëèòå åå êëàññ íèëüïîòåíòíîñòè ñ ïîìîùüþ
ôóíêöèè LowerCentralSeries. Ðåçóëüòàò íåîáõîäèìî âûâåñòè â âèäå òàá-
ëèöû.
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Âàðèàíò 2. Âûáåðèòå âñå 2-ãðóïïû ïîðÿäêà 32, ïîðÿäîê êîììóòàíòà
êîòîðûõ ðàâåí 8. Îïðåäåëèòå èõ êîëè÷åñòâî. Èäåíòèôèöèðóéòå êàæäóþ
ñ ïîìîùüþ ôóíêöèè GroupId è âû÷èñëèòå äëèíó åå ðÿäà êîììóòàíòîâ ñ
ïîìîùüþ ôóíêöèè DerivedSeries. Ðåçóëüòàò íåîáõîäèìî âûâåñòè â âèäå
òàáëèöû.

Âàðèàíò 3. Âûáåðèòå âñå íåöèêëè÷åñêèå 3-ãðóïïû ïîðÿäêà 27. Îïðå-
äåëèòå èõ êîëè÷åñòâî. Êàæäóþ èç íèõ èäåíòèôèöèðóéòå ñ ïîìîùüþ
ôóíêöèè GroupId è âû÷èñëèòå åå êëàññ íèëüïîòåíòíîñòè ñ ïîìîùüþ
ôóíêöèè LowerCentralSeries. Ðåçóëüòàò íåîáõîäèìî âûâåñòè â âèäå òàá-
ëèöû.

Âàðèàíò 4. Âûáåðèòå âñå íåàáåëåâû 3-ãðóïïû ïîðÿäêà 27. Îïðåäåëè-
òå èõ êîëè÷åñòâî. Èäåíòèôèöèðóéòå êàæäóþ èç íèõ ñ ïîìîùüþ ôóíêöèè
GroupId è âû÷èñëèòå ïîðÿäîê åå öåíòðà. Ðåçóëüòàò íåîáõîäèìî âûâåñòè
â âèäå òàáëèöû.

Âàðèàíò 5. Âûáåðèòå âñå 3-ãðóïïû ïîðÿäêà 81 ñ êîììóòàíòîì ïî-
ðÿäêà 9. Îïðåäåëèòå èõ êîëè÷åñòâî. Èäåíòèôèöèðóéòå êàæäóþ èç íèõ
ñ ïîìîùüþ ôóíêöèè GroupId è âû÷èñëèòå äëèíó åå ðÿäà êîììóòàíòîâ ñ
ïîìîùüþ ôóíêöèè DerivedSeries. Ðåçóëüòàò íåîáõîäèìî âûâåñòè â âèäå
òàáëèöû.

Âàðèàíò 6. Âûáåðèòå âñå íåàáåëåâû 2-ãðóïïû ïîðÿäêà 64. Îïðåäåëè-
òå èõ êîëè÷åñòâî. Èäåíòèôèöèðóéòå êàæäóþ èç íèõ ñ ïîìîùüþ ôóíêöèè
GroupId è âû÷èñëèòå ïîðÿäîê åå öåíòðà. Ðåçóëüòàò íåîáõîäèìî âûâåñòè
â âèäå òàáëèöû.
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Çàäàíèå 4. Âàðèàíò 1. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ ïðî-
èçâîäíîé äëèíû ðàçðåøèìîé ãðóïïû.

Âàðèàíò 2. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ íèëüïîòåíòíîé
äëèíû ðàçðåøèìîé ãðóïïû.

Âàðèàíò 3. Ðàçðàáîòàéòå ôóíêöèþ äëÿ âû÷èñëåíèÿ ð-ðàíãà ðàçðå-
øèìîé ãðóïïû.

Âàðèàíò 4. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò ÿâëÿåòñÿ ëè
ãðóïïà äèñïåðñèâíîé ïî Îðå.

Âàðèàíò 5. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò ÿâëÿåòñÿ ëè
ãðóïïà áèöèêëè÷åñêîé, ò.å. ïðîèçâåäåíèåì äâóõ ñâîèõ öèêëè÷åñêèõ ïîä-
ãðóïï.

Âàðèàíò 6. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò ÿâëÿåòñÿ ëè
ïðîèçâåäåíèå äâóõ ãðóïï ãðóïïîé.

Ëàáîðàòîðíàÿ ðàáîòà �5. Øèôðîâàíèå ìåòîäîì RSA

Èçó÷èòå òåîðåòè÷åñêèé ìàòåðèàë ïî òåìàì ¾Ýëåìåíòû òåîðèè ÷èñåë
â ñèñòåìå GAP¿ è ¾Ìåòîä RSA¿.

Çàäàíèå 1. Çàøèôðóéòå ñâîþ ôàìèëèþ è èìÿ ìåòîäîì RSA, èñïîëü-
çóÿ óêàçàííûå ïàðû ïðîñòûõ ÷èñåë.

Âàðèàíò 1. p = 8297, q = 8293;
Âàðèàíò 2. p = 9281, q = 9283;
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Âàðèàíò 3. p = 9341, q = 9343;
Âàðèàíò 4. p = 8291, q = 8293;
Âàðèàíò 5. p = 7949, q = 7951;
Âàðèàíò 6. p = 7211, q = 7213;
Âàðèàíò 7. p = 6701, q = 6703;
Âàðèàíò 8. p = 9929, q = 9931;
Âàðèàíò 9. p = 6359, q = 6361;
Âàðèàíò 10. p = 6299, q = 6301.

Çàäàíèå 2. Ïðîèçâåäèòå äåøèôðîâàíèå.
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Òåñòû äëÿ ñàìîêîíòðîëÿ

ÒÅÑÒ �1.
ÒÅÑÒ �2.
ÒÅÑÒ �3.
ÒÅÑÒ �4.
ÒÅÑÒ �5.
ÒÅÑÒ �6.
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Âîïðîñû ê çà÷åòó

1. Ãðóïïû. Ñïîñîáû çàäàíèÿ ãðóïï. Ïîäãðóïïû.
2. Öèêëè÷åñêèå ãðóïïû, ïîäãðóïïû öèêëè÷åñêîé ãðóïïû.
3. Íîðìàëèçàòîð è öåíòðàëèçàòîð ãðóïïû.
4. Ïðÿìîå ïðãîèçâåäåíèå ãðóïï.
5. Ïîëóïðÿìîå ïðîèçâåäåíèå ãðóïï.
6. Êëàññû ãðóïï.
7. Ãðóïïû ìàëûõ ïîðÿäêîâ.
8. Èíâàðèàíòû ðàçðåøèìûõ ãðóïï.
9. Äåëèìîñòü öåëûõ ÷èñåë.
10. Íàèáîëüøèé îáùèé äåëèòåëü (ÍÎÄ). Àëãîðèòì Åâêëèäà.
11. Íàìåíüøåå îáùåå êðàòíîå (ÍÎÊ)
12. Ïðîñòûå ÷èñëà. Ðàçëîæåíèå íàòóðàëüíûõ ÷èñåë íà ïðîñòûå ìíî-

æèòåëè.
13. ×èñëîâûå ôóíêöèè.
14. Ôóíêöèÿ Ýéëåðà è åå ïðèëîæåíèÿ.
15. Ñðàâíåíèÿ ñ îäíèì íåèçâåñòíûì.
16. Ñèñòåìû ñðàâíåíèé. Êèòàéñêàÿ òåîðåìà îá îñòàòêàõ.
17. Ìàòðèöû è îïåðàöèè íàä íèìè.
18. Îïðåäåëèòåëü ìàòðèöû.
19. Ñèñòåìû ëèíåéíûõ óðàâíåíèé. Ìåòîä Ãàóññà.
20. Ñèñòåìû ëèíåéíûõ óðàâíåíèé. Ïðàâèëî Êðàìåðà.
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21. Ñèñòåìû ëèíåéíûõ óðàâíåíèé. Ìàòðè÷íûé ìåòîä.
22. Êîëüöî ìíîãî÷ëåíîâ.
23. Äåëåíèå â êîëüöå ìíîãî÷ëåíîâ.
24. Ðàçëîæåíèå ìíîãî÷ëåíîâ íà íåïðèâîäèìûå ìíîæèòåëè.
25. Ïðîèçâîäíàÿ ìíîãî÷ëåíà.
26. Êîðíè ìíîãî÷ëåíà.
27. Îñíîâíûå ïîíÿòèÿ êðèïòîãðàôèè.
28. Ìåòîä RSA.

Äåìîíñòðàöèîííûé âàðèíò íóëåâîãî áèëåòà ê çà÷åòó
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Äåìîíñòðàöèîííûé âàðèíò íóëåâîãî áèëåòà ê çà÷åòó

ÁÈËÅÒ �0

Äèñöèïëèíà ¾Êîìïüþòåðíàÿ àëãåáðà¿
Ñïåöèàëüíîñòü ¾Ìàòåìàòèêà è èíôîðìàòèêà¿

1. Ãðóïïû. Ñïîñîáû çàäàíèÿ ãðóïï. Ïîäãðóïïû.

2. Ðàçðàáîòàéòå ôóíêöèþ, êîòîðàÿ îïðåäåëÿåò, ðàâíà ëè íóëþ
ñóììà êîýôôèöèåíòîâ çàäàííîãî ìíîãî÷ëåíà f , è â ñëó÷àå
ïîëîæèòåëüíîãî îòâåòà âîçâðàùàåò èñõîäíûé ìíîãî÷ëåí, à â
ñëó÷àå îòðèöàòåëüíîãî � ìíîãî÷ëåí, ïîëó÷åííûé èç ìíîãî÷ëåíà
f âû÷èòàíèåì èç íåãî ñóììû ñâîèõ êîýôôèöèåíòîâ.
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Ñïèñîê èñïîëüçîâàííîé è ðåêîìåíäîâàííîé ëèòåðàòóðû

1. Gallian, J.A. Abstract algebra with GAP / J.A. Gallian. � Brooks /
Cole, 2010. � 98 p.

2. Hulpke, À. Abstract algebra in GAP / A. Hulpke. � Fort Collins,
2010. � 136 p.

3. Joyner, D. Applied abstract algebra / D. Joyner, R. Kreminski, J.
Turisco. � The Johns Hopkins University Press, 2004. � 344 p.

4. The GAP Group, GAP�Groups, Algorithms, and Programming, Version
4.4; 2016. � Mode of access: http://www.gap-system.org.

5. Ãëóõîâ, Ì.Ì. Àëãåáðà. Òîì 1-2 / Ì.Ì. Ãëóõîâ, Â.Ï. Åëèçàðîâ, À.À.
Íå÷àåâ � Ì.: Ãåëèîñ ÀÐÂ, 2003. � 416 ñ.

6. Ãðèöóê, Ä.Â. Êîìïüþòåðíàÿ àëãåáðà. Êóðñ ëåêöèé / Ä.Â. Ãðèöóê,
À.À. Òðîôèìóê; Áðåñò. ãîñ. óí-ò èì. À.Ñ. Ïóøêèíà. � Áðåñò: ÁðÃÓ,
2017. � 112 ñ.

7. Êàáàíîâ Â.Â. Êîíå÷íûå ïîëÿ (ýëåêòðîííîå èçäàíèå) � Åêàòåðèí-
áóðã: ÓðÃÓ, 2008

8. Êîíîâàëîâ, À. Á. Cèñòåìà êîìïüþòåðíîé àëãåáðû GAP 4.7 (Brief
GAP Guidebook in Russian) / À. Á. Êîíîâàëîâ. � Ðåæèì äîñòóïà:
http://www.gap-system.org/ukrgap/gapbook/manual.pdf
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9. Êîñòðèêèí, À.È. Ââåäåíèå â àëãåáðó / À.È. Êîñòðèêèí. � Ì. : Íà-
óêà, 1977. � 495 ñ.

10. Êóðîø, À.Ã. Êóðñ âûñøåé àëãåáðû / À.Ã. Êóðîø. � Ì. : Íàóêà,
1971. � 424 ñ.

11. Ëèäë, Ð. Êîíå÷íûå ïîëÿ. Â 2-õ òîìàõ. Òîì 1. / Ð. Ëèäë, Ã. Íèäåððàé-
òåð. � Ì. : Ìèð, 1988. � 430 ñ.

12. Ìèëîâàíîâ, Ì.Â. Àëãåáðà è àíàëèòè÷åñêàÿ ãåîìåòðèÿ. ×àñòü 1 /
Ì.Â. Ìèëîâàíîâ, Ð.È. Òûøêåâè÷, À.Ñ. Ôåäåíêî. � Ìí.: Àìàëôåÿ,
2001. � 400 ñ.

13. Ìîíàõîâ, Â. Ñ. Ââåäåíèå â òåîðèþ êîíå÷íûõ ãðóïï è èõ êëàññîâ /
Â. Ñ. Ìîíàõîâ. � Ìèíñê : Âûø. øê., 2006. � 207 ñ.

14. Ìîíàõîâ, Â. Ñ. Àëãåáðà è òåîðèÿ ÷èñåë : ó÷åá. ïîñîáèå : â 2 ÷. / Â.
Ñ. Ìîíàõîâ, À. Â. Áóçëàíîâ. � Ìèíñê : Èçä. öåíòð ÁÃÓ, 2007.

15. Ìîíàõîâ, Â. Ñ. ×èñëîâûå ôóíêöèè è êëàññû âû÷åòîâ : ïðàêòèêóì /
Â. Ñ. Ìîíàõîâ, À. À. Òðîôèìóê ; Áðåñò. ãîñ. óí-ò èì. À.Ñ. Ïóøêèíà.
� Áðåñò : ÁðÃÓ, 2012. � 88 ñ.

16. Ðÿáêî, Á.ß. Êðèïòîãðàôè÷åñêèå ìåòîäû çàùèòû èíôîðìàöèè: Ó÷åá-
íîå ïîñîáèå äëÿ âóçîâ / Á.ß. Ðÿáêî, À.Í. Ôèîíîâ � Ì.: ãîðÿ÷àÿ
ëèíèÿ � Òåëåêîì. � 229 ñ.
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17. Ñåíàøîâ, Â. È. Îñíîâû òåîðèè ãðóïï. Âåðñèÿ 1.0 [Ýëåêòðîííûé
ðåñóðñ] : êóðñ ëåêöèé / Â. È. Ñåíàøîâ, À. Â. Òèìîôååíêî, Â. Ï.
Øóíêîâ. � Êðàñíîÿðñê : ÈÏÊ ÑÔÓ, 2008. � Ýëåêòðîí. äàí. (1 Ìá).
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