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INPEANCIOBUE ABTOPA K NEPBOMY U3JAHMIO

B macToAamee BpeMsa MaTpHiHoe HCYACIeHEe IMEPOKO NPHEMEHAETCA
B DPAa3INYHEHX 06JaCTAX MATEMATHKH, MeXaHUKH, TeopeTHIecKoi ¢(uamKwm,
TEOPETAYECKON 3ICKTPOTEXHWKM X T. A. B To ;e BpeMA HH B COBOTCKOM,
HE B KHOCTPAHHOH T@TepaType HeT KHHATH, KOTOpadg AOCTATOYHO IIQJHO OCBe-
masa 65 KaK BOIPOCH TEOPUH MATPHI[, TAK M PasHOOOpasHEIe ee MPHIOKEHAA.
JlagHasg KHOTA IpeNCcTaBiAeT CO0O# LONHTKY BOCIHOJHHTH 9JTOT Ipobed
B MaTeMaTHUeCKoH JHTepaType. B 0CHOBe KHHUTH JI€;KaT KypCH JEKOUH 1Mo
TeOpHH MATDPHI M ee LPHIOKEHWAM, IMTAHHHE aBTOPOM B pasHOoe BpeMsa
Ha mpormmennmu mnocienuax 17 mer B Mockosckom I'ocymapcrsemEOM yHE-
pepcurere mM. M. B. JloMorocoBa, B TOummcckoM I'ocynapcTBeEHOM yHHABEp-
cuTeTe ¥ B MOCKOBCKOM (M3HKO-TeXBHIECKOM HHCTUTYTE.

Kaura paccumraHa He TOJBKO Ha MaTeMaTAKOB (CTYJeHTOB, aCIHPAHTOB,
HAyYHHX PaGOTHUKOB), HO ¥ HA CHEHAJECTOB B CME&KHHX oOmactax (¢uam-
KOB, MH;KEHEpOB-UCCIe0BaTeNeil), HHTePECYOMUXCA MaTeMaTHKON ¥ ee IpH-
noskeEuAMA. IloaToMy aBTOpP CTPEMHUICA CHelaTh HI3JIOKEHAE MaTepHaia
BO3MO;KHO 0GoJee JOCTYIHEIM, LOpeIUoJarag y 9YUTATeNs TOJBKO 3HAKOMCTBO
¢ TeopHell ompemenHTeNeli W KypcoM BHICIEH MareMaTHKM B o00BeMe Ipo-
rpaMMel BTyaa. JIMmb ordenbHEHe maparpads B IOCIeIHHX TAaBaX KHHUTH
Tpe6yIOT JONONHUTEABHHX MaTeMaTAYeCKAX 3HAHWI y dnTarens. Hpome roro,
aBTOp CTapajcA cAelaTh W3IoKeHHe OTAeJbHHX IJIaB BO3Mo;kHO Gomee Heaa-
BHCAMEIM JIpyr oT Apyra. Tak, sanpmMmep, riaaBa V «DyHEKOuE OoT MaTpPHIE»
He ommpaeTcA Ha Marepuan, momemenuari B raasax II m IIL. B rex ;xe mecrax
raaBgl V, TIJfle BOepBHE HCOONBSYIOTCA OCHOBHEE IIOHATHA, BBe/eHHHE
B rnaBe IV, nMeroTca cooTBeTcTByIomme cchuku. Takmm o6pasoM, 9HTATENb,
yAe 3HAKOMEIL C DJIeMEHTAMA TEOPHMH MAaTPHI, UMeeT BO3MOKHOCTh HEIO-
Cpe/ICTBeHEHO NPHUCTYNAThH K ITEHWI0 HHTEPECYOINUX ero IJAaB KHHATH.

Kumra cocToMmT M3 ABYX dacTeii, cogepskamumx 15 raas.

B raaBax I u Il npusomaTcsa mepeoHadaldbHEE CBeJeHAA O MaTpHOax
¥ JHHEAHHIX omepaTopaXx H YCTAHABINBAeTCA CBASH MEKAY OINepaTopamMu
H MaTpHIaMu. ‘ _

B rnape Il wmanaraorca TeoperHdecKHe OCHOBH MeTO/a HCKIAYCHHA
Taycca 1 cBA3aHAKX ¢ HAM 3)PeKTMBHEX METOL0B PENIeHNs CECTEMH 12 JTAHel-
HHX ypasHeHawmii npm GoasiioM rn. B oroil ke riaaBe UMTaTe]b SHAKOMHUTCH
¢ TeXHHKOH ONEPHPOBAHAA C MaTPHIOaMu, pazOUTEIMM Ha IPAMOYTOJBHEE
CRIeTKE» IR «0JI0KH».

B raase IV BBogaTca mMmeromue ¢yHmaMeATanbHOE 3HaYeHNEe «Xapakre-
PUCTHYCCKHIT» ¥ (MHHWMAJIBHEN» MHOTOYI6HH KBaAPaTHOM MaTPUOEL, SUPH-
COeTHHEHHAA» M (IpHBeJeHHAd IPUCOeJNHeHHAA» MAaTPHIE.

- B rnaBe V, mocBAmeRHO# GYHKOMAM OT MATPHIEHL, JAIOTCA camoe obmiee
onpejieeEde W KoHKpeTHHE ciocobw Buigucaenus f (A), rae f (A) — ¢yaxnma
cKalApHOTO apryMeHTa A, a A — kBagparHag MaTtpuna. llomaTtne ¢yHRIEE
OT MATPHUOH HCHOAbzyerca B §§ 5, 6 profi raaBe Aua BaxOKAGHHA B IMOIHOTO
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HCCIe0BAHAA PemeHHd CHCTeMH JHHeHHHX auddepeHNHANBHHX ypaBHeHHIH
mepBOro MOPAMKA ¢ MOCTOAHHEME Koaddummenramm. Kark momatHe o QyEHK-
OXA OT MAaTPHIH, TaK H CBASAHHO® C HAM HCCJIEe0BAHHE CUCTEMEl JIMHEHHHIX
nuddepeEnanbEKX YpaBHOHHAN C HOCTOAHHHME Ko3P{HOmenTaMum mepBOTO
mopAfAKa OOEPAIOTCA TOABKO Ha MOHATAE O MAHAMAJBHOM MHOTOY/IeHEe MaT-
punH % He ACIOAB3YIOT (B OTINYHE OT OOKTHOIO MBJI0KEHNSA) TaK HA3HBaeMOil
¢T@OPHH DSJIEMEHTADHHX JeJHATedel», KOTOpPasg H3NaraeTcd B NOCIeAYIOIAX
raasax VI m VII,

Tlepsrie maATHL ri1aB 0XBATHBAIOT HEKOTODHII MUKA CBeJeHHH O MaTpPHIax
H HX OpEMeHeHHAAX. Dosee riyGoKEe BONPOCH TEOPHH MATDHIL CBA3AHEE
¢ IpHBEJleHAGM MATPANHN K HOpMaibHON ¢opme. 3T0 mpHBeleHHE IPOBOAUTCH
Ha OCHOBE TEODHH B3JIeMEHTApHHX fejmteneii Beiiepmrpacca. Bemay Bamk-
HOCTH 9TOH TEOPDEHM B KHETre JAHH [Ba €e HBJIOMKOHHA: aHANATHIECKOe —
B raaBe VI m reomerpmueckoe — B ryase VII. O6pamaeM BEWMaHHe YHTA-
trena Ha §§ 7 m 8 rmasm VI, B KoTopHX paccMarpuBawTca 9QdeKTHBHEE
MeTOJH HAXOMACHHA MATPHIOHN, Ipeolbpasylomedl JaHHYI0 MaTpEOY K HOD-
mansEOl ¢opme. B § 8 rmasm VII mogpobHo mccaemyerca MeTom aKagm,.
A. H. KpuuoBa fius mpakTAYIeCKOT0 BHUHCIeHHSA Kos(dHOmeHTOB XapaKre-
PECTATECKOTO MHOTOYJIeHA. ,

B raase VIII pemalorca MaTpH9YHEE YpaBHeHHs HEKOTODHX THIIOB.
3/ech ke paccMaTpHBAETCH 3afada 00 ompefieleHVH BCeX MaTpHm, mepecra-
HOBOYHHX C aHHOM, H [eTaJbHO M3yYalTCA MHOTOBHAYHHE (YHKOHH OT MaT-

m
punx /4, In A.

Tnasu IX m X mocBAIMeHH TeopH:m NWHEWHHX OmePaTOPOB B YHATAPHOM
OpPOCTPAECTBE M TEOPHH KBaJApPATHYHKIX ¥ OSPMHTOBHIX (opM. IJTH TIIaBE
HE OIAPAIOTCA HA TEOPHIO dJeMeHTapHHX feadTeneil BeilepmTpacca u mCOoab-
3YIOT H3 NpPeAHAYINero MaTepmaia UMb OCHOBHHE CBeJNeHHA O MaTpHOax
U JUHEHHHX omepaTopax, H3J0KeHHHE B HEPBHX TPex riasax KEmrua. B § 9
raaBe X JaeTcA TIpHIoeHHe Teopr: $opM K HCCIEAOBAHUIO I'TABHHX KoJje-
Gagmii cucTeMH ¢ 1 cremeHAMHE cBobonm. B § 40 aroii ;xe rnaBm mpHBeAeHE:
ToHKHe HccaemoBanusa ®poGernyca mo TeOpHE raEKeaeBHX dopM. JTH HCCIe-
TOBAHAA IPEMEHANTCA B JajibHelmeM B rjaBe XV OPH PacCMOTPEHHH OCOOHIX
cayuaeB B mpoGumeme Payca — I'ypeuma.

Ilocneame WATH TIAaB COCTABIAT BTOPYIO dacTs KHEr#. B riase XI
OIpe/IeIAITCA HOPMAJXbEEe OPMH AjA KOMINEKCHHX CHMMeTPHYIeCKUX, KOCO-
. CHMMETPHYECKAX M OPTOTOHAJTBHHX MATPHUI U YCTaHABAWBAKTCA HHTEDECHEIE
CBASH HTHX MATPHI ¢ BEeMECTBeHHHMI MaTpEIaMO TeX ke KJIacCOB U ¢ yHH-
TAPHHMHA MaTpPHILAMH.

B raase XII manaraercs ofmas Teopms mydxos marpmm Buga 4 -+ ADB,
rie A mw B — mpoW3BONBHHE IOPAMOYIOJABHEE MATPHIOH OJHHX M TeX jKe
pasmepos. IlogoGEO ToMy Kak HccilefoBaHEHE DeryJIADBEHX IYyYKOB MaTPMIl
A 4+ AB mpoBOmuTCA Ha OCHOBE TEODHH 3JEeMOHTADHHX jenxmreneii Beiiep-
niTpacca, MByd4eHHe CHHIYIAAPHHX OYYKOB OOMPAETCA HA TEOPHI0 MHHHMAIb-
HHX HEIeKcoB HpoHeKepa, Koropas ABisAerTcsA KaK On faabpHedmEM pasBH-
THeM TeOPHH 3jeMeHTapHHX feamteseil Beiepmrpacca. C moMompro Teopwd
Kpomekepa (aBTopy KaKeTcs, 9TO €My YAAaJ0Ch YIPOCTHThH M3JIO;KeHHe 3TOM
teopur) B raase XII ycramaBiampaercs KaHOHMYecKaAa dopma MydKa MaTpHL
A 4+ AB B camoM o6mem cayuae. IlomyueHHNE pesyabTaTH IPEMEHAITCA
K HCCIeJOBAHMI0 CHCTEMH NMHEeHHHX AuddepeENUaNbHEX ypaBHEHRHH ¢ MOCTO-
AHENME KosdduOueHTaMH.

B raase XIII manaratorca saMedaTenbHHE COIEKTPAlbHLIE CBOHCTBA MAT-
pEN ¢ HEOTPHOATeJbHEIMH SJIeMEHTAMH M. DPacCMaTPMBAIOTCA [Be B)KHEE
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o6nacTH mpEMeHeHHH MaTpHn atoro Kiaacca: 1) omHopopmHEe nenm Maproma
B TEOPUH BEPOATHOCTEH u 2) OCHUINANMOHHEE CBOHCTBA YUPYTHX Kojebammit
B MeXaHWKe. MaTpHYHKA MeTOR HCCIe[0BAHHA OAHOPOAHHX nemeii Mapkosa
moJydma cBoe passmTme B paborax B. WU. Pomamosckoro [29] m ommpaercs
Ha TOT $aKT, YTO MATpHIa HEPEXONHHX BepOATHOCTeH B OMHOPOAHOH I(eIu
MapKoBa ¢ KOHEYHHIM 9HMCIOM COCTOAHHI ABIAETCA MaTpHIEHd ¢ HeOTPHIA
TeIPHHMA BJIEMEeHTAMH CIeNUAJbHOTO THIA («CTOXACTHIECKadA MaTpHILay).

OcnmIIanuoRHERe CBOMCTBA YOPYTHX Koje0aHWil CBABAHEL C [PYTMM BasK-
HHM KJIacCOM HEOTPHOATEJBHEX MATPHI — C (OCHUIIANMOHHBIMEH MATpH-
maMm», ITH MATPHOH H AX OpHJIokeRWA Grnu mccaemoBaEw M. I'. HpeitHoM
COBMECTHO ¢ aBTopoM HacToamed Kmmrm. B rmase XIII msioeHH TOXBEKO
HEKOTOpHE OCHOBHEE pesyabTaTH m3 aToil ob6aactu. Ilogpo6GHoe ke mamosxe-
HEe BCero 9TOr0 MaTepHajla 4MTaTeldb HadgeT B MoHorpadmm [7]. '

B raape XV co6paHH NpPHJIOKEHHA TeOPHA MATPHI K cucTeMaM Aud-
depeHNMaNHHNX YpaBHEHAH ¢ mepeMeHHHME Kospdmmmentamu. B aToii raaBe
neaTpanasaoe Mecto (§§ 5—9) zammMaloT TeopmA MYJIBTHUILINKATHBHOIO MHTE-
rpajla W CBA3aHHOE ¢ HAM HHQMHATe3HMAaibHOe HCYHMCIeHMe Boabreppa. 9Tn
BOIPOCH IIOYTH COBCEM He OCBEMEHH B COBOTCKON MaTeMaTHUeCKOH JIHTepa-
Type. B mepenx maparpadax m B § 11 msywawTca mpuBoguMuie (mo Jlamy-
HOBY) CHCTEMH B CBA3HU ¢ 3a7adedl 06 yCcTOHYMBOCTH ABMKEHAA U NMPHBOJATCA
mexoTropie peayiasratel H. II. Epyrmma. §§ 9—11 ortHOCATCA K aHalamTHde-
CKoif Teopu cucTeM AuddepeHImaNLHEX YPaBEeHEAH. 37leCh BHACHAETCA OMM-
GogHOCTH OCHOBHOH TeopeMn Bumprrogda, KoTopylo 06HYHO HCIONBIYIOT AJIA
HCCIEeJOBAHAS peIIeHAA CHCTeMH nuddepeHNHATLHHX ypaBHeHHH B OKpeCT-
HOCTH 0C0GOH TOUKH, M YCTAHABJIMBAETCA KAaHOHWYECKUI BUJ peIleHAA B CIy-
Jae peryiaAapHo# ocoboil ToUKH.

B § 12 raasu XV. B 0030pHOM TIOPAAKS H3IaTal0OTCA HEKOTODHEe Pe3yilb-
taTH QyEgamMeHTaaBENX nccaegoBammit V1. A. Jlammo-[laEdnesckoro mo aHa-
JATHIecKEM (YHKOUAM OT MHOTHX MaTpUN W WX IpUMeHeHHAM K puddepeH-
OHANBHEIM CHCTEeMaM.

Iocnemanas rnasa (XVI) noceamena TpEMeEeHAAM TeOPHM KBajpaTHIHEIX
dopm (m, B wacTHoCcTH, raHKexeBHX ¢opMm) K mpobieme Payca — I'ypsuima
00 ompejeseHNN dwcia KOpHe# MHOToY/JIeHa, Je;KalldX B MPaBo# IOJYILIO-
crkoctu (Re z > 0). B meperix maparpagdax »Toil IIaBH OPHBOJMTCHA KJIacCH-
"YecKas TPAKTOBKa Bompoca. B § O mama teopema A. M. JlamyroBa, B KOTOpOI
yCTAaHABIMBAETCA KPUTEPHA YCTOMIMBOCTH, SKBABAJCHTHHIN Kputepmio Pay-
ca — I'ypeuna. Hapagy ¢ xpmrepmem ycroimupoctu Payca — I'ypsunma
B § 11 »T0ii TIaBH BHIBOJUTCA CPABHATEJIBHO MAJI0 HM3BECTHHH KpHTEPHI
JIrenapa m llumapa, B KoTOpOM dmCIO [leTePMEHAHTHHX HepaBeHCTB IpH-
MepHO BABOE MeHbIIe, Heenw B Kpurepum Payca — I'ypsuma.

B xomme rnasm XVI1 morazaHa TecHaA CBASEH € 3a7a9aMHA YCTOWYHBOCTH
ABYX 3aMeuaTeabHHX TeopeM A. A. Mapxkosa um II. JI. YeGmmera, KoTopHe
GRLIN IOTYYeHE 3HAMEHATHIMA ABTOPAMH HA OCHOBE TEODHMH PaBJIOKEHHST B DAL
mo yOHBAIOMUM CTemeHAM AaPTryMeHTa HEKOTOPHX HeNpePHBHHX Apobell cme-
OAaJBHOTO TANA. 37eCh ke [AeTCA MATPHIHOE JOKa3aTeJbCTBO STHX TeOpeM.

TakoB KpaTkuii mepedeHb COAEP:;KAHUA HACTOAMEH KHATH.

B sakmioYenue aBTOp OPHHOCHT CBOI HCKPEHHIOIO 6iaarogapHOCThb
Il. K. ®apneesy, B. II. IloranoBy m [. M. HoreisaEckomy, IpOYATABIIAM
PYKOIMCh KHUTM W CHEJABIIAM MHOTO CYMEeCcTBeHHHX 3aMedaHHi, KOTOPHE
OHJIM YYTEHH AaBTOPOM IpPH HCATOTOBKEe KHMIW K me4aTH. ABTODP BHPasKaeT
Takxe csoio 6aaromapuocts M. I'. Kpeitay u A. 1. ¥3KoBYy 3a IleHHHE COBETH,
MCOONB30BAHHEE ABTOPOM IPH HAUMCAHWA KHATH.



NPEAUCJIOBIE PEJAKTOPA KO BTOPOMY H3IAHUNIO

Cpenu cymecTBylomedl JuTepaTyps HOo TEOPMH MAaTpUI MoHOTpadus
@. P. I'antMaxepa sagmMaeT oOMENPH3HAHHO OJHO W3 JYUIHX MecT. ITO
00BpsCHASTCA CHCTEMATHYHOCTEI0, MIHPOTONH PACCMOTPEHHHX BOIPOCOB M der-
KOCTHI0 M3noxeHusa. IlepBoe MagaHme »TOH KEMTHM, BHmlemgmee B 1953 —
1954 rr., 6BII0 3aTeM mepeBe[eHO HA HEeMENKWH W aHTJIHACKWI SBHKM.

B mocneneme ropkr cBoeii mm3En @. P. 'arTMaxep ogeHs MHOTO BpeMeHH
YAeaMJ IePecMOTPY M PaCUTHPeHHIO 9Tod KEETH. V3MeHeHHA, clelaHHHe HM,
YaCTUYHO KacaloTCA CTUAA (UpUBeleHAe HEKOTOPHIX TePMHHOB B COOTBETCTBHE
¢ HOBHIMH TPafUNUAMH, yIyUlleHWe OTHEIBHWX [0KA3aTeIbCTB H T. .).
OpeEako moMmuMO 3TOr0 OHLIO JoGaBieHO MHOIO- HOBOTO MATepHalia, INIABHEIM
0o6pasoM BO BTODPOi, CIIeNAAJNLEON, 9acTy KHAru. OToenbEas HopadA raaBa X1V
(¢«PasniuuAane KpUTePUN DPETryJAPHOCTE U JOKAJIM3ANUA COOCTBEHHHX B3HaYe-
HUii») HOCBAMEHA Pa3INYHLNIM MeTo/aM HpUGJIFAeHHOTO0 OTHCKAaHAA co6CTBeH-
HuX sHavennil. JloGasnenn raxme § 5 ra. V («Hexoropre cBoiicTBa QyHKIUE
ot matpum»), § 17 ra. XVI («Ceass Meskny ompenenurensamu I'ypsama u ompe-
meautensaME MaproBa») u aBa maparpada (§ 5 ra. I, § 16 ra. I1X) o mecesgo-
o0paTHEX omeparopax W MaTpPHHAX.

MasecTHO, 9T0 aBTOp OB HaMEPEH BKIYATHL B CBOK KHUTY PAJ HeJaBHO
paspaboTaHAEHEIX BOIPOCOB, CBABAHHKEX ¢ KOMOWHATOPDHKOA COGCTBeHHEIX
3HaueHHi# B amrebpe Marpun. K 3TUM BompoCaM OTHOCHTCH, B 9aCTHOCTH,
3ajlada 0 pacupejeseHUN cOOCTBeHHHX 3HAYCHWA CyMMH H IIPOHM3BEeJeHHA IBY X
MaTpHAN, A TAK:Ke I3BeCTHHE HepapeHCTBAa Beilaa u ux o6obmenmsa. B mHacros-
meM H3IaHUE COOTBETCTBYWOmee mobapieEme Ghio Hanmcamo B. b. Jlug-~
CKEM, KOTOpOMY IPUHAIJIEKAT ONHA M3 IIePBHX pafoT B 9TOM HampaBJeHAM.
B. b. Jlupckmit Taxk:Ke OpPUEEMAT ydacTHe B IOATOTOBKE M PelaKTHPOBAHUI
BTOPOTO HM3JAHWS 3TOH KHWUIM.

MosxH0 HaflesTbCA, 9TO HEKOTOpPOe YBeJndeHrne o0heMa KHATH He
3aTPYJAHUT ee 4TeHNA, HO, HAIIPOTHB, JOCTABUT YATATEJIAM MHOTO WHTEPECHOH
u HeHHO#l mHpOpPMAaWH. :
H. II. Heaobenko
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TIABA 1

MATPHIILI U TENCTBUA HAJL HIMH

§ 1. Marpunst. OcnoBHBIE 0Go3HAUYEHHAA

1. Ilycte mamo HekoTOpOe wmciaoBoe moae K1)
Ounpenenenme 1. Ilpamoyronbmym Tabaumy amcen ma moas K

aii aiz e o ain
Aoy Qg2 ... Qop (1)
Am1 Am2 .+ -+ Gmn
Gymem HasmBaTh Mampuyei. Ecam m=n, TO MaTpuna HA3HBAeTCH kead-
pamroii, a wmc;o m, PaBHOE n, —ee nopadkom. B obmem ke cayuae

MATPHUIA HABHBAETCH RPAMOY204bHOU (C PasMepaMd m X n) Wiu m X n-MaTpu-
neit. Ymenma, cocTaBaAWIIEE MATPUIYy, HA3HBATCA €e aieMeHmamil.
‘O6osrauenna. llpm nByXmHEIeKCHOM 0003HAUEHHE 2JTeMEHTOB IeDBHI
WHIEKC Bcerfa yKasHBaeT HOMeD CTPOKH, a BTODOH HHIEKC — HOMED cToa0na,
Ha IIepecevYeHMM KOTODHX CTOHT NAHHHH 9JEeMEHT.
Hapsany ¢ obo3mauenmamm maTpunul (1) 6ygem ymorpebaaTh m cOKpa-
mennoe 0003HAUEHWE:

lamll (G=1,2,...,m; k=1,2, ..., n).

Yacro marpuny (1) Oymem o6GosmawaTh Tak:e OAmOH OyKBOM, HampmMmep
marpuna A. Ecam A—xBagpaTmas MaTpmpa DIOPAAKA n, TO GygeM HEcaTh:
A =||a;3|*. Onpeneamrenb KBagpaTHOH MaTPHIH A =|| a;1 ||? Gynem o6osgna-
9arh TaK: |a; P mwam | A

Bregem coxpamennne 0003HAYEHHS I OOpeNeNuTedel, COCTaBICHANX
H3 DIEMEHTOB JAaHHON MaTPHIHL:

Bigky  Qighg - - - ai]_hp
2 Qighy  Dighg -+ Bi
.A. — ighy ighg ‘lzhp . (2)
kiks . ke
a; a; e Qg
"phl 1ph2 "php

1y Tlog wucso8siM nodex MOHUMAOT JOOYIO COBOKYIHOCTH WHCEN, B HpefelaXx KOTO-
poil Bcerja BHUOOJHEME ¥ OJHO3HAYHH TeTHPe ONepanHH: CJIO)KeHHe, BHYATaHHES, YMHO-
JKeHNe W JleJieHHe HA YHUCI0, OTIWNYHOEe OT HYJIA.

IIpaMepaMy 9¥CIOBEIX H0JdeH MOIYT CIYKATH COBOKYIHOCTH BCOX DPalMOHAJILHEX UM~
cel, COBOKYNHOCTh BCexX JeHCTBHTENLHRX HYHCEeJ WIN COBOKYNHOCTH BCEX KOMIIEKCHHX
9HCOIL

IIpepnonaraercs, YTO Bce BCTPeYalOmuecs B JaJIbHHINeM uYmCJIa NPHHAAJEHKAT AaH-
A0MYy HCXOHOMY YHCIOBOMY HOJIO.
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Onpemennmrens (3) HA3HBAETCH MUHOPOM pP-TO HOPALKA MATPEUH A,
ecnm 1<y <<ipz<< ... <ip<m m 1<k <k, <<... <ky<n.
m X n-varpuna A =| ;.|| ameer CR,Ch MEHOPOB p-ro mOPsAAKA

ii iz...ip 1<li<lz<..<lp\<m
4 i p<m,n). 29

kikz...kp 1<k1<k2<...<kp<n’ )
MgrOpH (2'), Y KOTOPHX iy =k, iy=FKs, ..., ip=FK,, HA3HBAIOTCA 241a6HBLMU.

B o6osmagennax (2) ompememmTesb KBampaTHOH Marpmou A =| a;||T
3aNANeTCA TaK:

lA|=A(12"'n)-

12...n
Har6oapmaii U3 DOPANKOB OTIMYHHX OT HYJA MEHODOB, HOPOIaeMHX
MarpmIel, HasHBAETCA pAHeoM MATPHIEH. Eciam r— paAr OPAMOYTOJbHOR
MaTpmns A ¢ pasmepamMda m X n, TO, 09eBHRHO, I'<m, N.
IIpAMOYTOJBEYI0 MATPAIY, COCTOAIIYI0O M3 OZHOIO CTOaGIA
4
T2
Tn
Mu GymeM HasHBATL cmoabyesoll u 0GO3HAYATH TaK: (Zy, Tz, ..., Tn).
IIpaMoyroipAyI0 MaTpELY, COCTOANYIO M3 OJHOH CTPOKH
”zh 29y -y Zn“,

MH GymeM HAasHBaTh cmpouHoll m 0603HAYATH TaAK: [Z4, Za, ..., Znl-
KBagpaTEy0 MATPHILYy, ¥ KOTODO#l BCE 3JIEMEHTHl, PACIOJO)KEHHHE BHE
rJIaBHOH AMATOHAJIH, PAaBHH HYJIO,

d 0...0
0 dy...0
0 0...d

o n
MH 6yZieM HasHBaTh JuazoHaavHol W oGosHavaTh Tak: || d;8;x||1?) mnm

{dy, day ..., dn}.

Beemem eme cmenmanbHEE 0GO3HAYEHMA [JIi CTPOK W CTOJXGIOB
m X n-marpun A =| a;z|l. Bymem o6osmauarp i-lo CTPOKY Marpuus A
gepes a;., a j-ii cronbem—uepes a.;:

a;. =851, Bigs «v vy al,
a.j——-’[aij, Aojy ooy amj] (3)

(=1, ~.,m; j=1, ..., n).

1) 3gecs 8;,—cmmBox HKpomerepa: 8iz=1 ¢ Ei + ,)‘)_
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Mlycrs m seamamn y,, Yo, ..., Ym BHPAKAWOTCH JIEHEHHO X OXHOPOTHO
4epes n IPYrux BeJUUYHH Ty, Ty .., Tnt '

Yi=au®; +QTy + ... + Qipy,

Yo = A2%y + Q2% + . . . + A2nn, (&)

Ym = Qma &y + AmaZa+ « o« + Ann,

HIM, B COKPAMEHHON 3ammmcH,

n
. !
yi-——hz apzy (=1, 2, ..., m). (4")
=1
IlpeoGpasoBanme BeIWUHEH Iy, T, ..., Zp B BEIUUHHH Ui, Y2, .., Um

npu moMomu Gopmys (4) HaswBaeTcH JuMelintim npeo pasosanuem. Koosgdu-
IUeHTH 3TOr0 InpeoGpasosammsa o6pasywT m X n-matpuny (1). 3agaunme
AnHeiiHoro npeoGpasoBaHmsa (4) oxHOSHAYHO onpegenser Marpuny (1)
u Haobopor.

B cnepymowem maparpade, mcxonas m3 cBoiicTB JHHEHHHX npeobpaso-
Banuii (4), MH ONpeJeJnuM OCHOBHHE OlEparWd HAJ IPAMOYTOJIbHEMU
MaTpHIAMH.

§ 2. Cnomenne m yMHOKeHHEe IPAMOYrOJIBHBIX MATPHIL

OupemenuM ocHOBHHE olepandy HajJi MAaTPHIAMU: CJIOKeHHe MaTpHI,
YMHOMEHHEe MaTPHUIE Ha YUCI0 M YMHOKEHHEe MaTpHIl.

1. HUycrs Beawauss Yy, Yo, ..., Ym BHDPAKATCA depe3 BeJHIHHH
Ty, %y ..., T OPU DOMOMY JHHEHHOro nmpeo6pasoBaHusA
n
yi:kz a;py i=1,2, ..., m), (5)
=1
a BEJIHYAHH Z;, Z9, ..., Zp—UEPE3 TE K€ BEJWUYHHH Z;, Ty ..., Lp OPH
moMomm npeofpasoBaHUA
n
zi= O bpxy (=1, 2, ..., m). (6)
h=1
Torpma
n
yi+ Zith (aih—l— bih)il)k (l=1, 2, ey m). (7)
=1

B cooTpercTBHE ¢ 9THM MH yCTaHABJIHBAaeM

Onpenenenue 2. Cymmol dsyx npamoyzosvrbic mampuy A= || a; ||
u B=| b;| opuHAKOBHX pasMepoB m X n HasmBaerca Marpmna C =l ¢ |
TE€X jKe DAa3MEepPOB, 3JEMEHTH KOTODPOH DABHH CYMMaM COOTBETCTBYIODIUX
9JIEMEHTOB JAaHHOH MaTPHIIKL:

C=A+B,
ecnan
Cin= Qip-+- bip (L-='1, 2, ...,m; k=12, ..., n).

Onepanusa HaxOIeHWA CYMMH JAaHHHX MaTPHI[ HAa3HBAETCA CAONCEHUCM
Mam puy.
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IIpumenp.
ay az ag €1 g C3 agt¢; ax4cy  az+c3
by by by || || dy dy dy by+dy byt+dy bytd

CormacHo ompesesennio 2, CKIaAHBATE MOKHO TONBKO IPAMOYIOJbHEE
MaTPHIH OJUHAKOBHX DasMepOB.

B cmry aroro xe ompenenenmma martpmma xosddmumenToB B mpeoGpa-
sopanmy (7) ecTh cyMMa MaTpun KoadEUEEHTOB B HPeo6GpPa3OBAHEAX
(5) = (6).

W3 ompenesnenns cJ0KeHAA MATPAN HONOCPEACTBEHHO ClefyeT, 4TO 3Ta
omeparmua obJagaer " HepPEMECTHTENLHHM W COYETATEJbHEM
cBoiicTBaM™U:

1° A+4+-B=B-}A,

2° (A+B)+C=A4(B-C).
3necs A, B, C —npodsBojbHLE OPAMOYTOIbHEE MATPHIE OJWHAKOBHX pas-
MEDPOB. ’

Omepanusa cIoMeHEA MaTPHI, eCTeCTBEHHHM 06pa3oM pacmpocTpaHAETCA
Ha caydail aw0b0ro 4meaa ciaraeMsx.

2. YmHO®EM B npeobpasoBamnm (5) BeJWYHHH Yy, Yz, ..., §m HA HEKO-
Topoe amcio o m3 K. Torma

ay; == 2 (va;p) T t=1,2, ..., m).
h=1

B cooTBeTcTBEM ¢ 9THM HMEET MEcTO

Onpenenenme 3. Il poussedenuesm mampuyst A=| an|(i=1, 2, ..., m;
k=1,2, ..., n) nauucao o u3 K masmBaerca marpuua C=|c; || (i=1, 2, ..., m;
k=1, 2, ..., n), dIeMeHTH KOTOPO# HOJY4AOTCA H3 COOTBETCTBYIOMUX
9JIEeMEHTOB MaTPHIel A YMHOMKEHEEM HA UYHCJO Q!

C=uad,
ecln
Cip = Ud;p =1,2,...,m; k=1,2, ..., n).

Onepauml HaxXOKJeHuA HPOH3BEeI€HHA MATPHObLI HA YHCJO HA3LIBAETCA
YMHOJCEHUEM MamMPUYbL Ha HUCA0.

IIprmep.
ay ay a3|l  llaa; aay aag
by by by ab; aby abg || °
Jlerxo BmmeTs, 4TO
1° ¢ (A4 B)=aA-|-aB,
2° (a+B) A=ad+p4,
3° (af)4. =a(BA).

3necs A, B—npAMOyToJbHEE MAaTPHOH OJMHAKOBHX PasMepos, a, f— gmcia
n3 noaa K.
Pasnocmvy A— B [BYX UPAMOYroJHHHX MATDHI ONUHAKOBEIX Pa3MEpOB
OIpefensaeTcaA DPaBEHCTBOM
A—B=A4(—1)B.
Ecam A-—rxBajjpaTHag MaTpHIa HODAAKA n, a a—uamcxo u3 K, tol)
|aAl=ar| Al

1) 3pmecs cummBoan |A| mw |ad| obosmauator ompemenuTenm wMartpun A # ad
{cMm. cTp. 13).
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3. llycts BenwmuwmHH 2y, Z9, ..., %, BHIPDAKAIOTCA Ye€Pe3 BEIWYHHE
Y, Yo, ..., Yn OpH HmoMomu HpeobpasoBaHms
. n
zi=k21 ayr  (i=1,2, ..., m), (8)
a BeJIHYMEHH Y, ..., Y, BHDOKAKTCA Yepe3 BEIUIHUHH Ty, Ty, ..., Tg HPH
moMomtm gopMya
g
Yn= ‘21 bre;  (k=1,2, ..., n). (9)
=
Torpga, mopcTaBaAs aTH BHpaKeRns fif Yy (=1, 2, ..., n) B dopmyan (8),
MH BHDPAa3uM Z, Zy, ..., Zp 9€pes &y, Tz, ..., L TPU IOMOIMIHU (COCTABHOTO»
npeo6pa3oBaHAA:
n q q n
O .
zi= X ay X brjx;= Zi(h iaikbkj)xj (i=1,2, ..., m). (10)
= ji=1 jo== =

B cooTBercTBUM C 3THM HMEET MECTO
Oupenmenenue 4. IIpoussedenuesm 08Yxr NPAMOY20ALHLIL MaMm PUY

1

Ay Qg ... Q4p b“, b12 e biq

A= Aoy Qoy ... Qo ‘ B— bZi bzz e bzq

- ’

D N Y

e by g |

Any Am2 . .- Amn
. Ha3HBaeTcsa MAaTpPHIa
€y Cig +.. Cyiq
Cy Cog ... C
C 21 29

| ¢m1 Cm2 +-. Cmgq
y KOTODOil 3JeMEeHT ¢;;, CTOAMMI HA IIepecedeHUH (-H CTPOKM M j-TO
cronbna, paBeH (IPOH3BEJEHMIO» [-i CTPOXKHM mepBoii maTpumu A Ha j-i
cron6er BTOPOi marpuuu B1):

n

cy= 2 amby; (=12 ...,mj=1,2,...,9). (1)

k=1

Onepanus HaXOmAHMS UPOW3BENEHHA MAHHEWX MaTpPHI[ Ha3HBaeTcsd
YMHONCEHUEM MAM DUY.

IIpumep.
o a o ¢ dy e [y
- - ) d =
by by bs ¢y dy &2 fa

Cc3 d3 83 f3
aje 4 aneotages, aydy--axdy+-agds, ajest-aseptages, aify+-agfat-asfs
biey+boco+bacs, bydy+-boda+bzds, byey +-boeptbaez,  byfy+bofat-bafz ||

1) Tloj mpousBefeHHeM [IBYX PHAAOB UHCEX &y, dg, ..., @p U by, by, ..., by MH
n

IOHNMAeM CYMMY HpOU3BefleHHIl COOTBeTCTBYIINUX UYUCEN 3THX PAJOB: 2 a;b;.
i=1

2 o.p. TanTMaxep
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- Ilo ompepmenenmw 4 marpuna Kospduimumentos B upeoGpaszopanmu (10)
paBHA IIPOH3BEAEHHIO Ma'rpnum Kospdunmenros B (8) Ha marpuumy. Kospdu-
nuenroB (9).

3aMeTHM, 4TO ONEPAYUsL YMHONEHUR OBYL NPAMOY20AbHBL MAMPUY
SHNOAHUMA AUULL 6 MOM caydae, K020ad UUCAO CMOoAbY08 6 NepeoM COMHO-
Fcumeae DAGHO HUCAY CMPOK 60 emopom. B dwacTHocTH, yMHOMKeHHe Bcerja
BHIIOJIHAMO, ecam o0a COMHOMKATeNA — KBajpaTHHE MAaTPHUIH  OJHOTO
7 Toro e mopagka. O6paTuM BHEMAaHWE YHTATENS M HA TO, 9TO JamKe
B 9TOM JAaCTHOM CJIydae YMHOMKEHHE MATDHUI[ He 06JIafaeT MepeMeCTUTE bHHM
ceoiicrBoM. Tak, mampumep,

’ 1 2 4
3

2 ‘ 2 0

40 3 —1 —1 0 2
Ecau AB= BA, 1o Marpuns A m B Ha3HBalOTCA nepecmar0804HbLMU
WIH KOMMYMUDYOWUML MEKLY co6oil.

MMpumep. MaTrpuum

|l 12 B:H -3 2“
—2 0 —~2 —4
IepecTaHOBOUHEL MexAy coboif, Tar Kak
ap=| ~7 » , BA:” -7 =6 “
6 —4 6 —4&

Jlerko mposepdeTcA codeTaTedbHOE CBOMCTBO YMHO/KEHUA MATPHII,
a Tapke pacmpegedMTeJdbHOE CBOHCTBO YMHOMEHHS OTHOCHTEIBHO

CJHOKEeHUA:

1° (AB)C = A(BC),
2° (A-+B)C=AC+ BC, (12)
3° A(B+4C)=AB+ AC.

Omnepanus YMHOMKEHAA MAaTPHI] €CTECTBEHHEM 00Pa3oM PacHPOCTPaHACTCS
Ha cliydail HeCKOJBKUX COMHOKHTEIEe.
4. Ecam BOCHOJB30BATHCA NPOHW3BEJEHNEM NIPAMOYTOJBHEIX MATpHII,

TO JHHEHOe mpeolpasoBaHmne
Y1 =ay® + 89T + .o« + Apln,
Yo = A% + 00T + -+« + AonZn, (13)

Ym = Gmi%y + GmaZa -+ o o o + Gmnln

MQ}KHO 3alucatTh OOHWM MATPUYHBEM DPaBeHCTBOM

“ Y1 a1y A2 .« Qp Ty

Y2 gy dgp ... Qo To

How == . )
Ym \ Am1 Am2 .. Amn Tn

AIH B COKPAMEHHON 3aIMCH:
y=Ax. (13)

3mech £=(Ty, Tay s Tn)y Y= (Y1, Y25 .+« -y Yn)—CTONOHEBEE MaTPHIHL,
A =|| ajz | —mpAMOYroNbEAA MATPHUIA Pa3zMepoOB m X n.
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PaserctBa (13) BmpakawT co6oit ToT dakT, uTO CrOXEGen y sABIAETCA
Auneitnoi kom6mEammeli crToalmos wmarpuuu A ¢ KodPPHUMeHTAMU
Lyy Xay » vy Tnt :

n
yzzia.i—l—zza.z—l—...—l—zna.n=l§1 Tpt.p. (13"

Bepremca Temeph K paBeHcTBaM (11), KOTOpDHE 5KBUBAJEHTHH OJHOMY
MAaTPHYHOMY PaBeHCTBY |

C = AB. (14)
JTH paBeHcTBAa MOTYT OHTBH 3aIMCAaHH B BHJe
n
c.,-:hgi brjar  (G=1,2,...,9) (14')
HIH B BHUJE '
n
C ey = agby. (=1,2, ..., m). (147)
k=1

Takum o6pasom; awboit j-it cronbern; MaTpunw-npomsBefeEns (C =AF
ABIAOTCA IHHEHHOH KOMOGHMHAmmed CTONOIOB IEPBOr0 COMHOJKHTENH, T. €.
MaTpunu A, npmueM KooPUIHEeATH 3TOH JMHEHHOH 3aBUCHMOCTH 00pasynT
j-it cronfeny BO BropoM coMHOkUTele B. AHamormuno, miobag i-f CTPOKa
B Marpune C sBidercd AHHeHHON KoMOGHMHAUWEH CTPOK MATPHUIH B, a K0a(-
PuimeHTaMHI 3TON JUHEHHON 3aBUCHMOCTU ABIAIOTCA 3IIEMEHTH - CTPOKR
MaTpund A1).

OcTaHOBUMCA e€Me HAa TOM YacTHOM Ccliyuae, KOrja B NIPOUA3BeIeHHR
C = AB BTOPOHl COMHOKUTEIH ABAASTCA KBaJPAaTHON M IPUTOM IHArOHAaIbLHOR

matpuneit B={d, ds, ..., d;}. Torma na dopmyx (11) cmemyer:
cijza,-jdj (L='1,2, vy MG j=,'1,2, ...,n),
T. € ’
Ay Gz ... Qg di-0....0 ’ |l aydy - apds ... Gndy
Aoy Qog ... Aop 0 dz ... 0 a21d1 azzdg “ e azndn
Amy Am2 +« - Amp 0 o ... dn amddi am2d2 e amndn
AHaorugHO
di 0...0 ayy Qg3 ... Q4p diaii diaiz e diam
0 d2 ...0 dsy Qs ... Qop = dgam dzazz e dzaZn
0 0 ...dn Amy Qmo -« Qyn Amlmi  dulme ... plmn

TakuM 06pazoM, npu YMHONEHUL NDPAMOY20abHOl Mmampuyw A cnpase
(caesa) na Ouaconaavnyr mampuyy {di, ds, ...} 6ce cmoabyw (coomeem-
cmeéenno cmpoku) mampuysl A nommoxcaomcsa Ha wucaa dy, dy, ...

1) CnemoBaTentHo, MaTpudHkle ypasHeHHA AX=C, rie A m C-—3afaHHbNe €OOT-
BeTCTBEHHO M X n- B m X g-MATPHUH, a X —WCKOMasA n X ¢-MaTpula, HMeeT pelieHUe
B TOM ¥ TOJBKO B TOM ejiydae, KOTRA CcTONONE MATpuUUk C ABJIAIOTCA JIMHEHHEIMIL
koMOuHalvaME ctoabuoB Matpulist A. Jan ypaemeuus XB=—C uneofxoammoe W gocTa-
TOYHOE YCJOBHE CYIECTBOBAHAA pemeHHs X COCTOHMT B TOM, 49TO CTPOKH MATpHIM C
JOIKHH OBThH JAMHEAHWME KOMOWHAUMAME CTpOK MAaTpuus B.

A
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5. Ilycrs kBagpaTHaa mMatpuna C =||¢;; [|’1" ABIAETCA IPOU3BEeHHEM
OBYX HPAMOYroabHHX Marpun A=|la;|| 1 B=|by;| coorsercTBeEHO
pasMepoB m X n M n X m: : '

b“ « o bim
€11 «.- Cim Q1 Q2. ... Qn b b
— ' 21 - -+ Oom
= ... ... . , (15)
Cmt -« - Cm i Qs -+« Qn b b
ni ++ - Onm
T. €.
n
cy= 2 @icboy  (j=1,2, ..., m). (15)
a=1

Ycramosum BajkHy0 dopMyay Bumre—H omm, Bupakaomyw ompe-
pexureas |C| depes MmHODH MaTpuu A m B:

Cif «os Cim Ak oo aikm bkll bklm
e = Y R T | I ¢ (5))
Cmi » -+ Cmum t<hyi<ke<. .. <k sn| Gmky -« . Gmk | bkmi v bk‘mm;

AN B COeNHuaJbHHX 00603HaYeHUAX (cM. cTp. 13):

C(i 2...m)= ) <hn<nv‘4 (1 2...m )B(ls1 kz...km) 16

12...m 1<k1<k2<._. ki kz...km 1 2...m

Cornacmo oroit gopmynae onpedeaumeavr mampuyw C pasen cymme
npouseedenuil 6Ce603MOINCHNLL ~ MUHOPOS MAKCUMAAbHO20 (M-T0) nopsdxal)
mampuybs A Ha coomeemcmeylouyiie MUHODY MO20 dce NOpadra mampuys B.

Busox dopmMyau Bnue—Homu Ha ocmosamnm dopmymn (15')
onpefenurens Marpuun C MOKHO HPEICTABHTE B BHJE

n n
21 aia1ba11 - 2 . alambamm
aj= a =
Cig -.- Cim t
n n
1 Cmg -« Cmm
2 amarbagt - - 2 . amambamm
| (11.=1 (lm=1
n ‘ aialbali e alambamm
ag, .. .,am=1 ' amalbali Ve amambamm
n 1 2 ...m ,
= . 2 A . ea - a( b(llib(lzz v bamm. . (16)
a1, ., apy=1 G G ... 0n
Ecam m>n, T0 cpeg:m 9HCEI dj, Oy, ..., 0y BCETJa HANIYTCA DaBHHE

MERIY c06off 9mcia u, CIeZ0BATeNbHO, KayKloe cjlaraeMoe B PaBoil wacTd
paseHcrea (16”) Gymer pasmo Hyx io. SHAYMT, B DTOM Clydae ICI———:O-
Iycrs rtemeps m<n. Torga B cymme, cTosAledl B NpaBoii wacTH
pasercrsa (16”), 6yayT paBHH HYII0 Te Claraemsle, y KOTOPHX XOTA On
[Ba @3 HHAEKCOB Cj, Oy, ..., Op PABHH MeKAy coboii. Bce ke ocrampHEe
claraeMsle STOH CYMMH MOMKHO Das0HTh Ha TPymOns 1o m! ciraraeMex

1) Ecim m >n, To MaTpunsl A ¥ B He MMeOT MHHOPOB m-ro mopsajka. B srom
caydae mpaBie uacTE fopmya (16) m (16°) ciepyeT 3aMeHATE HYJIAMH.
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B Ka)Kgoi, 00beUHAA B OfHY TPYINy Te claraeMhle, KOTOPHE OTIRYAIOTCH
APYr OT APYra TOJIBKO TODPAAKOM HHAEKCOB Oy, Oy, ..., Op (HHEJEKCH
dy, ®3, ..., Qp B TpefeJax KaKAoH TPYNIH CJIaTaeMHX HMET OJIHY
U Ty K€ COBOKYUHOCTH 3Hauenmii). Torga B mpepmesax OfHOW TAKOM I'PyIIH
CcyMMa COOTBETCTBYWINHUX claraeMsX OyAer pasHal)

12 ..

2 e(ay, Az, - 4., am)A (ki ky ... km) ba1iba22 . bamm:

1 2 ...m. . :
=A ki kz . km 28((11, Qgy, o .., am) balibazz PR bamm—_—

12 ...m ky ko ..k
—=A B 1 2 m.
By Ky ook 1 2 ...m

Iloaromy ua (16”) momywaem (16°).

ITpumep 1.
¢y dy
aiey+-astot- ... H-apey agdy+agds-+-. .. -andn ay as...an ¢y dy
b1€1+b262+ cen +bncn b1d1+b2d2'+ e +bndn bi bz N bn
¢n dn

loaTomy dopmyma (16) FaeT Tak HAasmBaemoe TomfecTBo Homm

ayey+aycat ... A-ancn ardiaadp .. F-andn | 2 ¢ d;

bycy+bacat- ... +bnen bidy+bada+ ... 4 bndn - cp dp
{<i<hsn

a; ap
b; by

Ionarasg B 3TOM TOKAECTBe aj=c;, bj=d; (i=1, 2, ..., n), TOAYIUM:
a? +a} + ... +a} aby+agbe+ ... - anbn 2
a1b1+a2b2+ oo apby b? =+ b% +.-.+b% i<i<hsn

B cayuae, Korha a; ¥ b; (i=1, 2, ..., n)— BellleCTBeHHLle YHCJA, OTCIO/IA CIEAYeT
13BeCTHOE HEePaBEHCTBO

(agby+aghyt . ..+ anbp)? < (a3 -Fad ... +a2) (b3 + B3+ ... +DE).

[Ipn aToM 3HAK pABEHCTBAa HMeeT MECTO TOTAA M TONBKO TOTAA, KOTAA BCe THCHA d4; HpO-
MOPUMOHAIBHK COOTBETCTBYIOIINM YHCIAM b; (i=1,2, ..., n).

a; ap |
b; by

Mprmep 2.
aycq =+ bidi e aicn+ bidn a4 bi )
. . « . €1 evs Cpn
e e e e e e e e e e | dy ... dp
ancy+bndy ... ancn-+bpdn an by
IMoaToMy?) mpu n > 2
a161+b1d1 . 2)Cn +b1dn
............. —0.
ancy+bndy ... @ncptbndy
1) 3meck ky < kp<< ... < kpy —HOPMATBHOE PACTIONOMEHIE NHACKCOB Gy, G2, - . - (o .
a ety Oy, ... am):(——i)N, rie N—uHca0 TpaHCHOBHIMH HHEKCOB, HeoOXOMMEIX
A UpeobpasoBaHUS NEPECTAHOBKH Gy, Up, ..., Op K HOPMANBHOMY DPACIOIOKEHIIO

By < kol ..o < Foye

2) CM. cHOCKy Ha cTp. 20.
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PaocmoTpnM wacTEHIET caydait, Korma 4 W B-—KBajpaTHHE MATPMITHE
OJHOTO M TOTO e HmopAnKa n, u monoxuM B (16') m=n. Torna npuxomum
K H3BECTHOM TeopeMe 006 YMHOKEHHN ONIPEHeiMTelei:

Ci2...n 4 12...nB12...n
12...n)" "M 2...n)/7\12...0)"
M B JPYTHX 0003HAYEHUAX:
|C|=]AB|= 17
Takum o6pasoM, onpedeaumenv npousdeedenus 08yr Keadpamuwr mam-
puy pasen npouseedeHuio onpedeaumenel nepPeMHONCAEMBL MAMPUY.
6. @opmyna Bume —Homum pgaer BO3MOMKHOCTB B caMOM OOMmEM ciywae

BHPA3UTh MEHODH IPOW3BEIEHHA [BYX IPAMOYTOJIBHHX MATpUI dHepes Mu-
HOpH commoxureneir. Ilycrs

A=llawml, B=|brs|l, C=[e;l]
(i=1,2,....m; k=1, 2,...,n j=1, 2,...,9)

¢ =AB.
PacemoTpum mpousBoubHELT MuHOp Marpunsl C:
C(i1 iz...ip) ( iy <ip<T v <ip<m
Jt Ja o Jp < <Je<...<jp<yg

Marpuna, cocTaBieHHas K3 DIEMEHTOB 3TOT0 MMHODPA, OpeACTaBIAET
cob60ofl mpowmssejeHHe ABYX HIPAMOYIOJBHHX MaTDHI

; p<m, 9) .

bijl “ee bijp
Qiq a1.12 “on dqn bz‘l sz
- - - . Jl “ee p
a e e e e

l lpi Qig2 - .. Qi

| P

bpj b;
nj1 rip

Ilosromy, npumensis ¢opmyny Bume—Homm, monyzaem:

iy iy ip b Tig s ip \ Ry Ko kp\Y)
o) (e )
2 kikz...kp 1 < Jp ()

Jtjz---Jp 1Shi<he<. .. <kpSn 2.

Ilpn p=1 dopmyna (18) mepexonmr B dopmyny (11). Ilpu p > 1 dop-
myana (18) sBaserca ecrectBemHEIM 0Go0menmeM ¢opmyasn (11).

OtMetuM eme ofHO ciaegcreune u3 $opmyns (18).

Panez npouseedenus 96yx npamoyeorbHuL MamPUy He npesocrodum panea
1106020 U3 comHoIcumenei.

Ecau C =AB u ry4, rg, rc— paaru marpun 4, B, C, to

r¢<ra, rs.

7. Eciu X —pemenne mMaTpudsoro ypasgesmsa AX=C (pasmepn marpuu 4, X u C
COOTBETCTBEHHO M X N, B X g U m X g), To rx >rc. HoxaxeMm, 910 cpedu pewenuii mani-
puunozo ypasnenus AX =C cywecmeyem pewenue Xo MUHUMELBHOZ0 paHza, a8 KOMOPOZO

rXo:rC.

1y U3 Toii sxe dopmynrr Bure — Homr cirefyer, 3T0 MEHOPH p-TO HOPARKA MATPHUH C
OpH p > n (ecId MEHOPH TAKMX HOPAJKOB WMEIOTCA) BCe PABHHW HYII. B asrom ciyuae
npasyl gacth fopmyan (18) cremyer samenmuTsr Hydem. CM. crocky Ha crp. 20.
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IelicTBATENBHO, MYCTh r=rc. TorAa cpeflH CTOIOLOB MAaTpUOE C MMEETCA r JIH-

Heifno wesaBHCHMEX 1). IlycTh [ KOHKPeTHOCTH NepBHe r cTomduoB C., ..., C.p
IMHEHHO He3aBUCHMH, a OCTadpHEE CTOMOUH C.ryy, ..., C.g ABIAIOTCA JIMHEHHHIMH
KoMOUHAUAAMA TEPBHX 7!
-
Co= X appCr  (=r+1 .... 9. (19)
k=1
IyeTs X —IpousBoibHOe pemenue ypasHenund AX=C. Torpa (eM. cTp. 19)
AX . 3=C.y (k=1,...,7). (20)
Omnpeneans cToabmeL )~(,,.+1, RN )Nf,q paBEHCTBAME

,
X.j= ajX.p G=r-+1....,9.
h=1

YMHO A 3TH paBeHETBa clleBa MowIeAHmo Ha A, B cmiIy pasercts (19) m (20) maxoaum:

AX.j=Cj;  G=r+1, ... 0. (20)

Cucrema u3 g pasencts (20) m (20') sKBHBaZeNTHA OJNOMY MaTPUIHOMY PABEHCTBY
AXy=C,

e Xo=(X.;, ..., X.ry X744y ..., X.q)—MATpPHIA paura r2).

Pewenue X, munumanvroeo pawea rg mampuwinozo ypasuenus AX =C sceeda nped-

cmagumo 6 sugde
X,=VC,
riae V—mnexoTopas n X m-MaTpuua.

IlelicTBuTenbHO, U3 paBencTBa AX(=C caefyer, 9TO CTPOKM MAaTpuuu C SABJIA-
I0TCA JuHeHHHMEH KoMOmmaumamm cTpok marpuae Xj. IIoCKOJBKY Kax cpefu CTPOK
Marpuusl C, TaK W CpefM CTPOK MATpUOH Xo HMeeTcH OJHO M TO 3Ke MHCIO r¢ JHHeHHO
He3aBUCHMHX 3), TO M, 06paTHO, CTPOKH MATPHUH X( ABIAIOTCA JHHEHHEME KomOuHa-
NUAMH CTPOK MaTpuuul C, a OTCofa yiKe caefyeT paBeHcTBO Xo=VC.

IoxameM Temeph ciaefylomee OpeaoKeHHe 4).

Mampuuroe ypagreHue

AXB=C, @0

20¢ A, B— zadannvie, a X —uckomas npamoyzoibHas MAmpuya ®), umeem peuienue 8 mom
U MOABKO MoM caydae, K020Q 00HOEPeMERHO UMEIOM PEUleHUS MAMPUUHbLE I DAGHEHUR

AY=C, ZB=C, (22)

m. e. rozda cmoabyv, mampuybtl C 264R10MCR  AUHELHLIMU EOMOUHAYUAMY cmoabyos mam-
puyst A, a cmporu mampuywnt C aeaniomcs aunelneimu Kombunayusmu cmpox mampuys: B.
B caMom pgexe, ecim MaTpuna X —pemrende ypasHeHHs (21), To matpuum Y=XB
n Z=AX ABIAIOTCA pelIeHHUAMH ypaBHeHHH (22).
O6paTHO, NycTh cymecTByloT pemenus Y, Z ypasHesui (22). Torga nepsoe
U3 3TUX YpaBHEHHH MMeeT pellleHHe Y, MANMMAJBLHOTO paHra rg, KOTOpPOe MO [OKa3aH-
HOMY TIpeICTABMMO B BHJe

Yy=VC.
IloaTomy
C=AYy—=AVC=AVZB.

Torpga mMarpuna X="VZ 6yner pemeHueM ypaBHenms (21).

1) Mu cchitaeMcs Ha XOpOINO M3BECTHOE HOJOMKEHHE: PAHT MATPUIH paBeH YHCIY
JIMHENHO He3aBHCHMHIX CTOJOIOB (CTPOK) MAaTpHuH. JJOKA3aTENLCTBO HTOTO IOJOKEHHSA
mpusefieso B ta. III, crp. 68.

2) B marpune X( mociaegHue n—r CTOIOIOB ABIANTCA THHEAHHMH KOMOHMHALHAMHU
TePBHX r; NepBHe 3Ke r ¢ToabnoB X.i, ..., X., AHHEHHO HE3ABHCHME, TAK KaK JMHeHd-
HAs 3aBHCHMOCTH MEK/y STHMH CTOJOUAMHM B cHIy paBeHcTB (20) moBiexnaa On JTuHei-
HyI0 3aBHCHMOCTH Memkay ctoxbmamu C.q, ..., C.p.

3) Cm. cHOCKRY Ha cTp. 19.

4) Cm. [232], [199].

5) Ilpeanosaraerca, uto pasMepul Marpun 4, X, B, C TaxkoBH, 4TO NpOU3Be[eHHE
AXDB mMeer CMHCI U mMeeT pasMepsl MATPHOH C.
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§ 3. KBagpaTHBIE MATPHIBI

1. HsagpaTHylo MaTpumy n-ro HOPAAKA, ¥ KOTOPOH Ha riaBHOIi guaro-
HAJIM CTOAT EAMHUIE, a BCE OCTAJLHHE OJJIEMEHTH DABHH HyII0, OyaeM
HA3HBaTh edunuunoill mampuyell n o6o3Hadars gepes FE™M wumm mpocro K.
Haspamue «equAWYHAas MaTPHUIlas CBA3AHO CO CAEYIOIEM CBOHCTBOM MarT-
punu E: pgasg mi060ff mpPAMOYroabHOH MATPHIH

A=lla;|] (@{@=1, 2,...,m; k=1, 2,...,n)

WMEI0T MeCTO PaBeHCTBa
EMA=AFEm™ =A,
OugeBugHO,
E® = §;l7.

ycts A=| a; ||} —xBagparnaa marpuma. Torpa cmenens mampuyn
ompejenseTcs OGHYHHEM 006pa3oM:

AP=AA ... A (p=1,2,...); A°'=E.
. —
D pas

W3 coderaTeabHOro CBOMCTBE yMHOMKEHUS MATPHL CJIEHYeT:
Al = 4P+,
3mech p, ¢-—HOPOU3BOILHEE Tie.Ke HEOTPHOATEILHEE YHCIA.

PaccMorpuM MEHOrOudeH (meayl panmoHAnbHYH (yHKOUIO) ¢ Koddpdu-
nuenaramu u3 noaa K:

f (t) - aotm + (litm'l + “ s + am-
Torga mox f(A) 6ymem nmoEmMarh Marpumy
f (A) = (loAm + (liAm_l + e + amE.

Tak OHpPeNeIAETCA MHOZOUACH OM MAMPUYHL.
Ilycre MHOTOUWJEH f(f) paBeH IPOM3BENeHHI0O MHOTOWIEHOB X (f) u g (1):

f(&)="h(t) g (t).

Muorounes f(f) monydaercda ms k() m g(lf) OmyreM HOYIEHHOTO HEPEMHO-
JKOHMA W IPHUBENEHHA HONOGHHX wieHoB. Ilpm aToM MCIOMB3yeTca IMPaBHIO
nepeMHoOxeHNA cTemeHeil: tP19=¢P*%, Tar Rak Bce BTH AEACTBHA HOpPaBoO-
MEPHH UM HPH 3aMEHE CKAJAAPHOH Br TMYMHH { Ha mMarpumy A, To

f(A)= (4)g(4).
Orcroma, B 9acTHOCTH,
h(A)g(A)=g(4)h(A)D),

T. €. Jsa MmHOzouseHa Om o0moU u moll e mampuyn eceefa nepecmano-
80yHbBL MexncOy coboll.

1) Tak Kak KaKJ0e M3 DTHX NPOH3BeJeHMHA DAaBHO OJHOMY M ToMy sxe [ (4),
IIOCKOABKY U g (t) h (t)=1/(¢). CepyeT OTMETHTH, YTO HOJCTAHOBKA MATpHI[ B aaredpan-
JecKoe TOKJeCTBO C He C KO0 A bK HMHE INEepeMEHEHKMN HenmpaBoMepHa. Bmpouem, mepe-
CTAaHOBOYHEE MEKAY c0G0H MaTpHIE MOKHO IOJICTABIATH M B DTOM ciydae,
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IIpumeps.

Venosames p-it  madduazonaavio (nodduazonaasi) B HPAMOYTOJBHOM  MaTpHile
A=|| a;» || HasHBATEL PAM SIEMEHTOB &j, ¥ KOTOPHX k—i==p (COOTBETCTBEHHO i—k=p).
OGosuadgum wuepes H KBajipaTHY0 MATPHIY n-TO HOPAAKA, ¥ KOTOPOH 2JeMEHTH LepBOk
HaJIQUaroHAJ¥ DABHH eJMHUIE, a BCe OCTAJbHEe JIeMeHTH paBHR mymio. Torma

010...0 0‘.0.1.'"9
001 . e e e

=l - - -, m=| . . =1 o
o e
000..0 000 .. 0

B CH.TIy ITUX paBeHCTB, ecan
} () =agayiFagt2 ... Fap " L.

~—MHOT'OWIEeH OTHOCHUTEIBHO I, TO

ay a as ... Qp_4

0 a a
fE)=aE+al+ali+...=| e gy
S
00 0 ... a

Anamorvago, ecau F--KBagpaTHasd MaTpmua n-ro 'HOPAAKA, y KOTOpoH Bce ame-
MeHTH IepBOM IOA[UATOHAIH DABHH . eWHWIE, 4 Bce OCTAIBHHE 3JeMEHTH pPaBHEL
‘HYII0, TO

ag 0 ... 0

o ap - .
f(F)=aE+aF+agF2 . ..=|| - - - " |.

SRR

An-1 ++. 44 Qag

TlpennaraeM 9WTATeNIo IPOBepUTH CAefylomue cBoiicrea marpunm H u Fo

1° "B pesyavmame YMHOMCEKUS NPOU3EOAbHOU m X n-mampuywvt A caeéa na mam-
puyy H (mampuyy F) m-z0 nopadra ece cmpoxu mampuybi A nodrumaiomcs (onyckaomes)
Ha 00HO mecmo eeepx (8Hu3), nepeas (nocaednasn) cmpoka mampuyss A ucuesaem, a nocaed-
nas (nepsas) cmpoka npoudsedenun sanoansemces hysamu, Taw, Hampumep,

010 ay as az a, by by by by
0 01 by by by by {|==|e1 ¢ ¢e3 ¢ |,
000 ¢ € c3 € 0 0 0 O
000 ay ay az a, 0 0 0 O
1 00 by by b3 b, |l=|lax as az a.
o 1 0 g €3 €3 ¢ by by by by

2° B pesyabmame ymuodmcenus npouseoavnoll m X n-mampuyss A cnpasa Ha
mampuyy H (F) n-20 nopadra ece cmoabyst mampuyst A cdeusaiomcs enpago (e4e60) Ha
090 Mecmo, npu smos nocaednuil (nepewil) cmoabey mampuyss A ueuesaem, a nepewik
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(nocaednuit) cmoabey npoussedenus sanosnsemcs wyasmi, Taw, Hampumep,

01
ay as az a; 00 1 0 a1 ay ag
by by b3 b =0 by by bzi,
1 %2 %8 %l iy o 0 1 1 03 03
€4 €3 C3 ¢4 000 0 0 ¢ ¢ ¢
0 000
a4 as ag ‘ay; ; as dag a4 0
by by by b 10 0oy by b3 b, O
1 b2 03 04 0100|172 % % |
¢y €3 C3 ¢ 00 1 0 cg ¢3 ¢, O

2. HBagparmyw wmarpuny OymeM HA3HBAaThb 0COOEHHOU, ‘€CIRA [A]=0.
B mpormeroM cayuae kBagpaTHas marpuna A HasHBAaeTCH He0Co6eHHOU.

Oyers A =| a;s||p —BeocoGennan wmarpama (| A4|s~0). Paccmorpum
JuHefiHoe mpeoGpasoBaHUe ¢ MaTpumeil Kosdpdumumentor A

Y= 2 ainTh (L:i, 2, ...,n). (23)
h=1

PaccuarpuBas paBercrBa (23) Kax ypaBHEHWs OTHOCHTENBHO Ly, Lz, ...
..., Tp U 3aMe%asg, 4TO OHpEfeNHTeNs CHCTEMH ypaBHeHMH (23) mo ycio-
BHMI0O OTJIMY€H OT HYJd, MH MO)XEM OJHO3HAYHO N0 H3BECTHHM (opMyaam

BRIDABUTD Ly, L3, - .., %n TEDPEB Uiy UYzy « o ., Yn:
Qi1+« Qi Yt Bgp549 -« Qyp .
omphe o oo | = S e, 2
Gny «+-Cn,ig Yn An, i1+ - - Ann

(24)
Mu monyamnm «o6parHOe» mpeo6pasopamue miaa (23). Marpany koadpdu-
MUEeHTOB 3TOr0 Ipeo0paszoBaHmEA
A% =af?

MH Ha30BeM 06 pammnol mampuyeii nusa marpaunt A. U3 (24) aserko ycmor-
peTs, 9TOo

agzl):,'_‘_:l_:-_‘i_ (L, kziy 27 -"7n); (25)

rae Ap;—anre6pamueckoe AOmOJIHEHHE (aABIOHKTA) DIEMEHTa az; B OMpe-
nemmtene |[A|(i, k=1, 2,...,n).
Tax, manpumep, ecan

1

@y ay ag
A=1by by by mw|[A4|=£0,
¢4 € €3
TO
, bocg— bycs  AgCs— AsC3  Azbhg— asbhy
Al= -1—l bse,—bie;  ayc3—agey,  azhy—a b

bicy— bocy  axey—aicy,  ayby—ash,

O6pasys cocTaBHOe mpeo6pasoBamEe W3 AAHHOLO Ipeofpasopamma (23)
u obparEoro (24) B ogHOM m B APYroM MOpPAAKe, MH B 0GOMX Caydamsx
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noJygaeM TOKAECTBEHHOe HpeofpasoBande (¢ e[MHUYHON MaTpuiedl koad-
«pUIHEHTOB); TI0PTOMY

AA1=ATA=E. (26)

B cmpasenauBocTn papeHcTs (26) Mo:kHO yGemuThcA M HEHMOCPENCTBEH-
HEM nepeMuoskeHmeM matpun A m A7l JledicrBuTensno, B cmay (25)1)

1

[A4A7Y;;= 2 apai;’ = T4T aihAjh, =&; ((, j=1,2,...,n).
h=1

1

N

AHAIOTHIHO

n
_ _ 1
[A lA]ij——_‘ 2 asl'.jl)akj: —_

Ak,-ahjzﬁl-j (l, ]‘=1, 2, ..,,n).
=, 14| -

1

T =

Herpynreo BHgeTs, 9T0 MaTpMYHLEEC yPABHEHU:
AX=F u XA=E (|A[50) (27)

HUKAKEX NPYIMX pemenuii, kpome pemenns X = A1 me mmewor. [leficTeu-
TeJbHO, YMHOKAfA ofe 4acTH [EePBOTO yPAaBHEHHA CIEBa, & BTOPOro — CIpaBa
Ha A™! ¥ MCHONB3yA COUETATEJBHOE CBOMCTBO TPOM3BEJICHHUS MATPHI, a TaK-
ske pasencTBa (26), M B 060MX cIydasx Hoaydmm %):

X=A4"1

ItuM ke cmoco6oM JOKasHBaeTcs, 4TO KaKJA0€ H3 MATPUYHHX ypaB-
HeHUH

AX=B, XA=B (14|+0), (28)

e X u B— npsAMOyronbHEE MaTPUNE PaBHHX pasMepoB, A — KBajparTHAs
MATPHIA COOTBETCTBYOINETO padMepa, MMEET OfHO M TOJBKO OJHO pe-
meHne: '

X =A"B u coorsercTBerro X = BA™. (29)

Matpuns (29) ABIATCA KaK OH «IeBHM» M «IPABHM) YACTHEIMA OT «Jele-
Husiy Marpumsl B ma marpmny 4. Hs (28) m (29) caemyer COOTBETCTBEHHO
(M. c1p. 22) rp<rx U rg<rg, 1. €. ry=rg. ComocraBusas ¢ (28), umeenm:
I pu ymHOXMCEHUU NPAMOY2OALHOL MAMPUYBL CAEEA UAU CNPABA HA HEOCO-
6Gennyro mampuyy paHe UCTOOHOU Mampuybl He USMEHAEMCH.
3amerum eme, uto m3 (26) smrewaer (A[[47l|=1, T. e.

1

|47 = o7

[nsa mpoussefenus ABYX HEOCOGEHHHX MATPHI HMeeEM:

(AB)" = B4, (30)

1) 3jeck ME WCHONL3YeM M3BECTHOE CBOMCTBO OMPEJENMTENIH, COTJIACHO KOTOPOMY
CyMMa OpOm3Be/ieHHil 3TeMEHTOB KaKoro-mmbo cTonbua Ha MX aJ'PIOAKTH DABHA BejH-
uHHe ONpe/IeNMTeNH, & CyMMa IPOM3IBE[eHWIl dJleMeHTOB CTONGNA HAa AADIOHKTH COOT-
BeTCTBYIOIAX 3JeMEHTOB JAPYTOrO ¢Toiafua paBHAa HyNIO.

2) Ecim A—o0coGenmas MaTpHLa, TO ypaBHeHHSA (27) He MMEIOT DeIIeHMH. Heiicr-
BATENBHO, eciau 65 Kakoe-mmGo M3 3THX ypaBHeHWIl mMeNo pemenne X =| x|, 1O
Torfia [6Rm0 GH B cmly Teopembl 00 yMHOMKEHHH ompepenuTeneii [em. dopmyny (17)]
|A]| X |=]| E |=1, u10 HeBo3MOHO mpH | A |=0.
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3. Bee MaTpuns n-ro mopsaara o6pasyioT Konbnol) ¢ edmEMUHEM SldeMeHTOM E.
TlocKonbKy B aTOM KOJble ompefeideHa ONEPANMS YMHOMKeHHWA HA GHCIO W3 moisa K
U cymecTByer 0asmc ma n? IMHeHHO HeBaBHCHMEIX MATDHI, depe3 KOTOpPhe JHHEHHO
BHIDQJKAIOTCA BCE MATPHIE 7-TO MOPAAKA 2), TO KOJBLO MATDHI n-TO NOPAAKA ABIASETCH
aazebpoi 3),

Bee wBajpaTHEe MATPHIE n-TO NOPARKA 06pasynT KOMMYTATHBHYIO T'DYIINY OTHO-
CHTEJBHO olepanud cioskenns 4). Bece HeocoGeHHNE MATPHUH n-TO HOpsAKa o0pasyior
(HEeKOMMYTATHBHYIO) TPYNNY OTHOCHTENBHO OLEPAIAA YMHOKEHHA.

HKeagparras marpuma A=| a; ||} HasuBaeTcs eeprHell mpey204bHOL
(ruacreld mpey204bHoli), ecoIM PABHEL HYJNI0 BCE SJIEMEHTH MATPHIE, PACIO-
JIO}KEHHEE TOJ TJABHON JUAroHANLI0 (Haj IIABHOH AHATOHANBIO):

Ay Qqa ... Qp (227} 0 ... 0
0 Ao . .« Aoy Ay Qoo ... 0
A— . . . , A= . . )
0 0... ap, Gni Qpo ... Oy

(1) (2)

JnarosanbHAas MaTpHIA fABIASETCH YACTHEIM CIIy9aeM KAK BePXHEH, Tak
W HIKHEH TPeyroibHON MAaTPHIIHL.

Tak Kak ompejeJMTeNhb TPEYrOJBbHOH MATPHLUH DPaBed HPOU3BEISHUIO
€¢ nHuarOHaAJbHHX 3JIEeMEHTOB, TO TpeyrojbHas (PI,B YACTHOCTH, AUATOHAJIb-
Haf) MaTpuOa fABAAETCH HOOCOOEHHON TOJBKO TOrja, KOTrja BCE ee THaro-
HaJIbHHE DJIEMEHTH OTJAWYHH OT HYJA.

Jlerko OpOBepHTb, YTO CyMMa K IIpPOM3BeJeHHe [BYX AMATOHAJBHHX (BePXHHX
TPEeYTONABHAX, HBIKHAX TPEYTOJbHHIX) MaTpHI[ eCTh NMATOHAAbHAA (COOTBETCTBEHHO
BepXHAA TPEYTONbHAS, HWKHAA TPEyrolbHAf) MATPHIAa M 4YTO ofpaTHas MATpHIA MJIA
He0coGeHHOHl AMArOHANBLHON (BepxXHeli TpeyroNpHOH, HWEKHeH TPEYTOALHONE) MaTPHIH
SABJIAETCA MATpUIed TOoro ke Tmma. IloaToMy '

1° Bee amaromajnbEHe, Bce BepXHHe TPeyTOJNbHEE, BCe HEGKHME TPEYrOAbLHEE Mar-
pUIE '7-TO TOpsARKAa 00pas3yioT TpH KOMMYTATHBHEE PYIIE OTHOCHTENLHO OIlEparau
CIIOIKEHNA,

2° Bee HeocoGeHHNIe AMATOHANBHEIS MATPANE 06pasyloT KOMMYTATHBHYI TDYIILY
OTHOCHTEJbHO YMHOKEHHS.

3° Bee meocoGennnie BepXHHe (HUKHEE) TPEYTOJBbHEIe MATPALE COCTABIAIT PYIOY
(HeKOMMYTATHBHY0) OTHOCHTEIBHO YMHOKEHHA.

1) Hoavyom HA3HBAGTCA COBOKYIHOCTH JIEMEHTOB, B KOTOPOH OLpe/eienk M Beerga
O/[HO3HAYHO BEIIOJHHMEL [B6 OHEpPANMU: «CJOKeHHEe» /[BYX 3JEeMEHTOB (C IepeMecTH-
TeIbHEIM H COYeTaTelbHHM CBOMCTBAME) I «YMHOKeHHe» [BYX 3JIEeMeHTOB (C codeTa-
TEeJIbHHM H pPacmpe[ellETeNbHHM OTHOCHTEIbHO CJOKeHHA CBOHCTBAMH), LUPHYOM CJIO-
seEme obpatmmo. Cwm., maupmmep, [20], eTp. 15, 25 = 100 mxm [39], cTp. 333.

2) JleiicTBUTeNbHO, NPOM3BOAbHAA MaTpana A=| a;; ||} ¢ smemenramm ma K mpen-
iy :

craBmMa B BHJe A— 2 a;pE;x, rae E;p—MaTpHIa n-ro HOPAJKA, y KOTOPOH Ha Iepe-
i,h=1
ceueHNH {-if CTPOKM H k-ro cronbma cromt 1, a Bce ocranbHLe 3jeMeHTH paBHH 0.

3) Cu., mampmmep, [20], cTp. 101.

4) I'pynnoii Ha3EBaeTCA BCAKAA COBOKYHDHOCTb 00BEKTOB, B KOTOPOH ycTaHOBIEHA
omepalus, OTHOCAMAA IIOGEM [BYM B3JeMeHTAM ¢ W b COBOKYNHOCTH OLpejeJeHHE
TpeTHil aleMeHT a >K b TOH ke COBOKYHHOCTH, eciad 1) omepanmmsa oGaajaeT codeTaTelb-
HEIM CBOHCTBOM [(a >K b) K e==a K (b XK ¢)], 2) cymecTByeT B COBOKYLUHOCTH eIWHHIHELA
371eMéHT ¢ (a K e=e > a=a) 7 3) Ana AW0O0ro dleMeHTa a4 COBOKYIHOCTH CYIMecTBYeT
obparENi sieMeHT a~1 (a K a~l=a~1 3K a==¢), I'pyuna Ha3HBACTCA KOMMYMAMUEHOL AN
abeaeeoti, eCIM IPYNIIOBadg omepanus obIajfaer IepeMecTHTENbHHEM CBOHCTBOM. OTHO-
CHTEIbHO LHOHATHA IPYUOH cM., HampuMmep, [20], cTp. 310vm pamee.
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4. B sakmoueHme sTOoTo maparpada ykaskeM Ha [Be BayKHEHe OlepaIun
Haj MATPHIAMH — M PAHCNOHIL POGaHE MATDANK W HePeXon K CONpPAMEHHOL
MaTpHIe. .

Ecim A=|ay| (=412,...,m; k=41,2,...,n), TO TPaHCHOHHPO-
Bammas martpmua A’ oupepmexasiercsa paseHcTBOM A’ =|aix||, rme api=amn
(i=1,2,...,m; k=1,2, ..., n). Conpmxennas ;xe marpuma A*=/| all|,
roe ali=api=am (=1,2, ...,m; k=1, 2, ..., n)l). Ecam matpuma A
nMeeT pasMepH m X n, To Marpunel A’ u A¥ mMeloT pasMepH n X m.

Jlerko mposepsoTcs cBoiicTBa?):

1° (A4-BY =A’"+B’, (A4 B)*=A*- B*
2> (ad) =ad’, (ad)* = ad*.

3° (ABY =B'A’, (AB)*= B*A*.

4° (A7 =(4')7, (A7 = (4%
5° (4) =4, . (A"* =A.

Ecau rBagparHasg Marpuma S =||s;;||? coBoagaer co cBoeit TpaHcHo-
aupopanmoii (§'=S5), TO Takas MarpuIa HA3HBAGTCHA CUMMEM PULECKOL.
Ecau :xe kBanparHas matpmma H = ki || coBOagaer co cBoeil compsskeRHOM
(H*=H), 10 oHa HasHBaeTca spmumoeoil. B cumMerpmueckoit marpuie
9JIEMEHTH, CHMMETPHUIHO PACHOJIOKEeHHKE OTHOCHTEIHHO I'JIaBHOHM JHATOHAJIN,
PaBHH, a4 B BPMHTOBOH OHH KOMILIEKCHO COUpPAMEHH Me;may coGoil. Hdumaro-
HAJIbHHE 3JIeMEHTH DPMHTOBOM MATPHIIH BCEer[a BeMIeCTBeHHBl, SaMEeTHM,
9TO IPOM3BEleHME [ABYX CHMMETPHYECKUX (SPMHTOBHIX) MAaTPHI, B0OOGme
roBOps, HE SIBIAETCA CHMMETPHIECKOH (9pMHTOBOH) MaTpuueil. B cmay 3°
ATO MMeeT MecTo TOJBKO B TOM Ciydae, KOrja JaHHEE JBe CHMMeTpPHIeCKHe
MM 9PMUTOBH MATPHUIH IIe PeCTAHOBOYHH MKy COOOi. )

Ecam A — sewyecmeennas maTpmma, T. €. Marpuua ¢ BeMEeCTBEHHHMH
sueMeHTaMH, To A* = A’. OpMuToBa BeleCTBeHAAA MATDPHUIIA BCETA ABIATCA
CHMMeTPUIECKO.

C Kampoit npAMoOyToabHOil MaTpuueil A = || a;z || pasMepoB m X n CBA3aHH
Ise spMuTOBH Marpuiue AA* u A*A pasmepos mXm um nXn. Jlw6oe
u3 paseEcTB AA*=0 mam A*4-—=0 sueuer 3a coGoit®) pasemcTBo A =:0.

Ecanm wBagpatHas wmarpuna K = | k;;||? ormmszaerca muommTemem — 1
oT cBoell TpancunoEMpoBaHEOH (K'= — K), TO Takasg MaTphlia Ha3HBaeTCA
Kococummempuieckoli. B EKococummerpudecKoii Mmarpume mgo0me paBa 3ie-
MeHTa, PpACIIOJOKeHHLHe CAMMETPHIHO OTHOCHTEJIBHO TJAaBHON [HMaTOHAIH,
OTIMYAKTCA LPYyT OT Apyra MHOEHTeaeM — 1, a JuaroHaJbHEE BIEMEHTH
pasEH mydlo. M3 3° cmemyer, 4TO IpomM3BeieHME [BYX IIepPeCTaHOBOTHHIX
MeEIy Cco00H KOCOCHMMETPMYEeCKMX MATpHL HABIAETCA CHMMeTpPHYecKoll
MaTpuneii ¢).

1y Yeproii 0603Ha"YaeTCA Hepexo] K KOMIUIEKCHO CONPHAMKeBHOM BeJHUMHe.

2) B ¢opmyaax 1°, 2° 3° um 5° 4, B—IOpomMsBOAbHEE OPAMOYTOJbHHE MATPHILH,
IIA KOTOPHX COOTBETCTBYIOINHME OHEepalWy BHIONHUME, a ¢— IPOU3BOJbHOE KOMILIEKC-
Hoe vucno. B gdopmyne 4° A— mpomsBonbHAA KBajpaTHasg HeOCODeHHAs MaTpHUA.

3) 3To0 cixefyeT H3 TOTO, UYTO CYMMAa [HMATOHAJNBHHX 3IEMEHTOB B Kax/OH M3 MaTpHIL

m n
AA* u A*A paBra 2 2 | a;z 2.
i=1 k=1
4) OTHOCHTeNbHO OpefcTABNeHMA KBAApPATHON MATpPHUH A B BUAe HpPOU3BE/IOHUSA

ABYX zgiliamewpﬂqecnnx (A=51S5) mabo mBYyX KococmmMmerpmueckumx Marphan (A=K;K,)
cM. [247].
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§ 4. AccommmpoBanHbie MaTpHEibl. MuHOpEI 0GpaTHOH MaTpmIHGI

Hyci‘b maHa MaTpHIa A= a;|?. PaccMOTpHM BCEBO3MO}KHBIE MHHODHL
p-ro (1< p<n) nopaxka Marpursr A
i g ... 1p U <llp<<...<<Tlp )
A 1< < . 31):
(m kz...kp)(\k1<k2<...<kp\n (31

Yucno 9Tux MuHOPoB paBHO N2, rpe N = C} —uucio coueTanmii u3 n mo p.
Hdasi toro 4robu pacmonoxuts MuHODPH (31) B KBagparuym Ttabamny, samy-
MepyeM B OLIpeJeleHHOM (HalpuMep, JIEKCHKOTrpadmiIecKoM) NOPAOKE Bce
codeTaHus oo p W3 n mHAEKcoB 1,2, ..., n.

Ecam couetaHna HMHAEKCOB iy <ip< ... <lp B ky<<hky<<... <<k, mpm
arofi mymepanmm 6ynyT mmerp Homepa o u f, To mMmHOp (31) Gymem o603
H39aTh W TaK:

P PR )

Gap =4 (ki Ky ... ky

Hapasg o m [ HesaBmcmMo Apyr oT Apyra Bce zHaweHua or 1 mo N,
MH OXBAaTHM BCE MUHODH p-To mopAKa Marpmiusl A = a; |7
HBagparnas marpumnma N-ro mopagxa

Up =1 aas I

HaseBaeTcs p-i  accoyuuposannoli mampuyeli pus marpunil A=| a; |*;
D MOKeT IPUHUMATH 3HAaUeHus 1, 2, ..., n. Ilpu srom A, = A, a Mmarpuna ?in
COCTOMT M3 OJHOTO BJIeMEHTa, paBHOTO |4 |.

3ameganue. [lopagox mymepanuu cogeTaHmii HHAEKCOB PUKCAPYETCS
pa3 HaBcerla M He CBA3aH ¢ BHOOPOM Marpumu A.

IIpumep. Ilycts

11 Q12 43 445
Gp1 Q23 Qg3 4y
a3yt ax G33 am|
Qi1 G2 Gi3 Gy

IlepenymepyeM Bce cOUeTaHHA M3 dYeTHPeX HWHAEKCOB 1, 2, 3, 4 1m0 7Ba, pPACHONOMKUE
HX B CIeAYIONmEM MOpAAKe: ]

12 (13 (14 23 24 34a.
a(i2) 4(1s) 4(i0) aGa) a(e) 4 GD)
a(12) (o) 4(Ga) a(G5) 4G 4G o)
(i2) (o) 4 (i) a(as) 4G 4G
a(ia) a(is) a(e) a(33) 4(GD) (54
a(ia) a(io) a (1) 4(5) 4 (G2) 4 (54,
a(12) 4(s) 400 2(a) 4 (G2 2 (54

OrMeTuM HEKOTOpHE CBOHCTBA ACCONMMPOBAHHEIX MATpPHIL:
1° Ha C=AB caedyem Cp,=UB, (p=1,2, ..., n).

Torpa

A=
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JeiicTBATEIHHO, Bmpamaﬂ MuHOpPH p-ro mopazka (1< p<n) MaTpHIE-
npoussefiesns C 4epe3 MUHODH TOFO jKe HOPA/KA MAaTPHI-COMHOKHTENe
no gopmyxae (18), 6yaeMm uMers:

iy iy e ip fig e ip\ (L. L
el )= eyl
by Ky e b 1<z1<12§..<zp<n N LAV e S
< ip sl e < iy )
< 32)
(1<k1<kz<...<kp<n (32)

Ouepnuno, B 0GosHaUeHHMAX aToro maparpada paBeHCTBO (32) MOmeT
ORITH 3aIMCaHO TakK: '

N
caa=2 abs (0, p=1,2, ..., N)
(snecb a, B, 7\,——HOMepa COUETAHNI MHAEKCOB Iy < lp<C ... <Ip; by <<hs<l...

L<<ky Li<<ly<...<<lp). Orciona
’ @p:?rp p ( =1,2,...,n).
2° Uz B= A" caedyem: Bp=U" (p=1,2, ..., n).
~ 9ro mpejioKeHHe HEIOCPEACTBEHHO BEITEKAeT 13 OpPefLIymero, eciu
raM monoxnTh C =E um ofparmrs BHuMaHue Ha To, 4910 &, —eAunndnas

Mmarpuna mopsaaxa N = Ch.

s mpepmirosenns 2° BhTeKaeT BaxHAA QopMyJtia, BEIPAKAODAA MUHOPE
06paTHOH MATPHIE Yepe3 MHHOPH JAaHHON MATPAILL:
I <<l vvo <ip

Ecan B= A", to npu nwbux (1<) by < by < <k (<n)
1 2< .. D

ISihiin<. .. <ip<n

$ 3
it 2 R -y .
(__1)v=1 v vA (k1k2 kn_p)
iy i i\ 183 e In_p
B(kikz...kp)— AT , (33)
1 2...n
Ioe Iy <ip<< ... <Ip BMECTE C I; <l;< ... <lp_p, & ky<<ko<< ... <<kp
BMecTe ¢ Kk, <k;<C ... <CKkh_p COCTABIAIOT NOJHYI CHCTEMY HHJEKCOB
1, 2,
JeiticrerTensno, us AB=E cuepyer:
ABy, =6,
unu B Goxee mompoGHOI 3amlHCH:
N
1 (v=9)
N ’
D\ ayobap = Oyp :{ (34
o1 0 (v==B)-
Pasencrea (34) Moryr OHTH 3aOHCaHHEl €ME TaK:
D
T R . 1, eciu X (jv—ky)?=0,
ces Iy . @ : =1
2 A(].L'{Z {’p)B( 1l2 P )___ Vp
Il ... Ip kiko ool Bp 0, ecan 2 (o— k)2 0
v=1

(34"
J1<<fae<< ... <<jp )
1L < .
( by < by v <k ST
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C npyroit cropomH, mpmMeRAA K onmpemenurenio | A| mssecTHHeE - pasmo-
skenuA Jlammaca, mojgygaem:
pHRI
. . . .i + h ’ ’ ’
Z 4 (]'1:]2.--].1)).(—1)\;:1 v vzt ‘VA (klkz Pes krn_p)
212 lp

1<ip<ia<. | <ipsn

arar -

.,
2 - ln-p

D
4], eomn X (ju— k)2 =0,
v=i
- - (35)
0, eCcaIH 2 (].v—"k'v)2>01
v={

The i <ip<<...<in_pBMECTE C iy <lip< ... <iIp ahk,<<h,<<...<<knp

BMecTe ¢ ky<Tky<T ... <k, o006pasyor IOJHYI0 CHCTEMY WHIEKCOB

1,2, ..., n. Comocrasinerue (35) c¢ (34’) m (34) morasmBaer, 9TO paBeH-
big ... 1

crBa (34) ynoBieTBOpATCA, ecam BMeCTO b,s B3ATH He B ( ;: Z Z ) , a
172 o o P

5143
TN - .
(_1)v=1 v —t vA (klkz kn—p)

ifly vonip g
12...n ‘
4 )
12...n
Tar rar us cucreMm (34) amemenTm b,p oGparmHoll Marpunm mas A,
OUpe/eJIAINTCA OJHO3HATHO, TO HMEeT MeCTO PaBeHCTBO (33).

§ 5. O6pamenme mpamoyroabueix matpmn. IlceBpooOparsas maTpmma

Ecnn 4 —kBagpaTHas H HeocoGeHHad Marpuma, TO JJA Hee CYmMecTBYeT
obparBas marpuna A™'. Eciam xe A-—mne KBagparHasd, a OPAMOYTOJpHAsS
m X n-MaTpuoa (m=~=n) WIH KBajpaTHasg, HO ocoGemHaa, To Mmarpuma A
He umeer oGparHO# m cuMBoa Al He umeer cmucaa. Opmako, Kak Gyger
TOKA3aHO flalee, NJIA NPOM3BOJBHON IPAMOYTrONbHOM MATPHOH A cymecTByer
«ncepaoobparaas» Marpuna A*, Koropas oGiajaerT HEKOTOPHMH CBOHCTBAMY
06paTHOY MAaTpPHIH ¥ MMeeT BA)KHHE NIPHMOHEHHSA IPH pPEHICHHH CHCTEME
JAnEedHNX ypaBHeHHWi. B ciyuae, xorjga A4 — KBajpaTHasg HeocoOeHHAsg Mar-
pumna, ncesrooGparaas Matpuna A* cosmagaer ¢ ob6patmoir A7l1).

1. CrenerHoe ©pasigoMeHme MaTpHOH. B narsEeiimem
MH (yJeM HOIB30BAaTHCA IIPEJICTABICHWEM IPOUSBOJNBHON IPAMOYIrOJBHOMK
m X n-Marpnne A =| a;, || paHra r B BHJe NIpOM3BeJeHHA ABYX Marpan B
u C, NMEIMUX COOTBETCTBEHHO PA3MEPH m X1 U r X n:

by ... by,
bﬂ bi €11 G2 + . Cip

A—BC ="+ Y2 e e e e (r=r4). (36)
Bomge- v b ||| 671 G2 e Crm

1) Ilpneeennoe fanee B 5TOM Taparpade ompefenenne uceBfoo0paTHOH MaTpPHIH
6510 gaso B 1920 r. MypoM, yKasaBIEM Ha BasKHHe IPUMeHEHHS HTOTO TMOHATHA [214].
Tlosmxe nesaBucmMO oT Mypa B ‘HeCKONbKO- HHOIl dopme ICeBROOGpaTHAA MaTpHIa OIIpe-
RelfAnach M HccllefoBajack B paborax DBnepxammapa [159], Ilempose [227] u pmpyrumx
aBTOPOB.
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3necy panrm comHOkmTedell B m C 06g3arenpHO DABHH pAaHTy IIPOH3BEfe-
gusg A, rp=rc=r. Jleiicrurensno (cM. crp. 22), r<rg, rc. Ho pamrm rp
U r¢ H6 MOTYT UPeBOCXOJUTH 7, TAK KAaK 7— OJWMH W3 pPa3MEpPOB MAaTPHUIL
B u C. Tlosromy rg=rg=r.

Jaa toro aTo6H monayumTh pasioskende (36), mocrarouHO B Kagecrse
cTog60B Marpunu B B3ATh Jjw0He r JAMHEHHO HE3aBACHMHX CTOJXGLIOB
marpunsl A, au6o nwobue r NWHEEHHO HE3ABHCHMEX CTOXOGIOB, 4Yepes KOTO-
pHle JEHCHHO BHpaKalTcA cronxbmm Marpunmu A'). Torjga nmpomsBodbHEI
j-it cronGen marpune 4 Gyaer nmHeHHO# KoMOHMHAIWEH cToNGIOB MATPUOH B
¢ ‘KOopPUUHUEHTAMA Csj, C2j, ..., Cpj; BTH KODPPunumenTsH um obpasywor j-it
cronben marpunm C (j=1, ..., n, cm. crp. 19)2),

ITockonpry marpunu B m C HMEIOT MaKCHMANBHO BO3MOKHHIE DaHT 7,
TO KBagpaTaee mMarpunmbkl B*B m CC* ABAAOTCA HEOCOOEHHHMH:

|B*B|5£0, |CC*|s0. (37)

JeficTBuTeNbEO, NYCTh CTOJGEN & — IIPOM3BOIBHOE penieHHe YpaBHEHHA

B*Bz=0. (38)

ITomHO:KEM 3TO ypaBHeHHe cjieBa Ha CTPOKy z*. Torga z*B*Bz = (Bz)* Bx =0.
Orciopa’®) cmepyer Br=0 u (mockonbRy Bz — numEefinag KomMOGuHAIMA
JMHEHHO HE33aBHCHMHX CTOA6mOB MaTpmuel B; cp. ¢ ¢opmymnoit (137)) x=0.
s toro, uro ypasmeHme (38) mMeeT TONBKO HyjeBoe pemenme x = (), BHTe-
Kaer, ur0 |B*B|%0. AmamormuHo yCTaHABIMBAETCA BTOpDOE HEPABEH-
ctBo (37)4).

Pasnoxerue (36) GymeM HasHBATE ckedemHbM DA3IOMEHEOM MATpPU-
e A.

2. CymecTBOBaHEe M €JUMHCTBEHHOCTS
HO# MaTpunH. PaccMorpmm MaTpmunoe ypaBHOHHE

AXA=A. (39)

Ecan A-—kBajpaTHaa HeocoOeHHAasA MAaTpHUIA, TO OTO YPABHEHHE MMEET
epuacTBeHHOe pemenme X = A™l. Ecnm ke A — npowsBojibHAg NIPAMOYIONb-
Hasd m X n-MaTpuua, TO MCKOMOe pelneHume X HWMeeT DasMepH n X m, HO HE
onpefeasiercs opHosEaYHO. B o6mem caywae ypaseenme (39) mmeer Gec-
YnCTEHAOe MHOMeCTBO pemenmit. Hmwke Gyner mokasamo, uTo cpegm srmx
pemenuii uMeeTcA TOJBKO ONHO, o00IafapoImee TeM CBOMCTBOM, 4TO ero
CTPOKM M CTOJOIH ABAAITCH JNWHEHHHMHA KOMOMHAIIHAME COOTBETCTBEHHO
CTpOK m cToa6moB compsykeHHOH Marpunu A*. JMmemHo 10 pemernnme

MH OyfeM HaswBaTh IceBAoo6paTHOH Marpumeir ana A © oGo3EagaTh
gepes AY.

ncesjgoob6par-

1) Mg HCXOQWM H3 H3BECTHOTO MOJOMKEHHA: B Marpmile A pagra r mMmeeTcA
r auHefiHO HE3aBHCAMEIX CTONOMOB, dWepes KOTOPHE JIMHEHHO (T. e. B BHAe JHHEHAHHX
kombmHEanuit ¢ THCIOBHME KosQdmUAenTaAME M3 JaHHOrO MONA) BHPAMRAITCA BCE OCTAIDL-

Axle CTOAGNEL AHAJOTHYHOe YTBepDKJeHHe HMEeT MecT0 M AnA CTPoK. IlompoGHee
o6 atom cm. ra. III, § 1. ‘ .

. %) CoBepmeHHO TaK jXe CTPOKAME MATpHUE C MOTYT OHITE JI00He r CTPOK, wepes
KOTOpPHE BHPA:KAKTCA B BEJe JMHCHURX KOMOMHanmil Bce cTpoxm marpumst A, Torza
roofpunuenTs >THX AEHeHBHX KoMOmHaum# ofpasyloT CTPORH MaTphuu B,

3) Cm. xomeir § 3.

4) HepasencTsa (37) TaK:Ke HeIOCPeJCTBEHHO ClIeAylT H3 fopmysnn Bmue — Komm.
Coraacuo 270l dopmyne ompememuTens | B*B | (| CC*|) paBen cymme KBaJpaToB MoOAyiei
BCeX MHHOPOB I-T0 IOPAAKA Marpunil B (cooTBercTBeHHO C).

3 o.p TanTMaxep
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Onmpepgenenue 5. Marpuma A' pasMepoB n X m HA3HBACTCA ncesdo-
06 pamHoll OAA m X n-MaTPUUH A, ecliu BHINOJHAITCA PaBeHcTBal)

A4 A= 4, (40)
A+ =UA*= 4"V, (41)

rae U u V —Hneroropsie mMaTpums
Noxranem cHagwana, 94TO A JaHHOH MaTpunu A HE MOMKET CymIecTBO-

BaTh JBYX pasInuHHX IceBfoob6parmuix marpmu A; u Af. IeiicrBureasno,
U3 DABEHCTB
AA]A=A454A=A4, Aj=UA*=A%,, Af=U,A4*=A*V,,
nonarasg D=A;— Ay, U=U,—U,, V=V,—V,, naiigem:
ADA =0, D=UA*=A*.

Orcopa v
(DAY* DA =A*D*DA=A*V*ADA =0

m, ciaegosaTenbHo (cM. xomer § 3),
DA =0,
Ho torga DD*=DAU =0, 1. e. D=A; —Af=0.
Jlaa Toro uToGH yCTAaHOBUTH CyMECTBOBAHWE MaTPAUH AT, MH BOCHOJb-

3yeMCA CKeJeTHHM pasmoskeHWeM (36) m Gymem HCKaTh cHagana IICEBLOOG-
patene Marpumi BT m C*2). Tar Kak IO ompeJeNeHRI0 [OKHGL HMETh

MeCTO pPaBEHCTBa
BB*B=B, Bt=UB*, (42)

-~

rae U —HEKOTOpasA Marpuna, TO
BUB*B =B,

VuEOoxkaA caesa Ha B* um 3amewad, uto B*B—mpHeoco0eHHasm XBagpaTHas

MaTpHIa, HafifeM:

U = (B*B)™.
Ho rtorpa Bropoe u3 paBeHCTB (42) maeT HMCKOMOE BEIpamkeHHe Aasa BT:
Bt = (B*B)™'B*, (43)

Copepmenao aHAJOrHYHO HalineM:
Cr=C*(CC*™. (44)

HOK&H{G‘M Tenmepb, 4TO MaTpuua
A+ = C*B*=C* (CC*™ (B*B)™ B* (45)

ynosnersopaer ycaopusaM (40), (41) m, caemoBaTeabHO, SIBIAETCA ICEB/O-
obparHoit Marpmiei aasa A.

1) Ycnosnsa (41) 03HA9A0T, YTO CTPORH (CTOAONE) MATPANH A+ ABIAIOTCH JMHeH-
HHME KoMOumanmmaMm cTpPoK (cToiOmoB) MaTpunn A* (cM. cmocky ¥ crtp. 19). Vcuao-
Bas (41) Moryr OHTL 3aMeHEeHH OfHEAM yciaopueM At =A*WA*, rpe W —neroTOpas
maTpana (cM. KoHeln § 2).

%) Us onpepenenus 5 cpasy caepyer, dTo ecium A=0, 1o m A+=0. Ioaromy
B jaidpHeiinmleM mpegmosiaraercs, 9To A = 0, m moromy r=r, >0.
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B camom geue,
AAT4 = BCC*(CC*™(B*B)* B*BC = BC = A.
C gpyroit croponsl, m3 paBeHCTB (43), (44) m (45) ¢ y1ueToM pameHcTBa
A*=C*B*, monarasa K =(CC*)™'(B*B)™!, maxogum
AT =C*KB*=C*K (CC*1CC*B*=UC*B*=UA*,
A*=C*KB*=C*B*B (B*B)' KB* = C*B*V = A*V,
rage
U=C*K(CC*C, V=B(B*B)"'KB*.
Taxum o6pasom A0Kas3ano, ITO [JIA IPOU3BOILHOR IPAMOYTONbHON MaTpHIEL A
CymecTByeT OIHA M TOIBKO OfHa mceBfoobpaTHas Matpuma A*, kortopas
ompegensgerca ¢opmyaoir (45), rage B m C —COMHOMUTENN B CHEICTHOM
pasaoxennu 4 = BC marpunu A1'). Ms camoro ompepmenenns meeBpoo6part-
HOHl MATpPHIH HEIOCPeICTBEHHO CIeAyeT, 9TO B Ciydae KBaApaTHOH HeEOCO-
Genno#i Marpunu A ncespoobpatHaa MaTpmua A cosmamaer ¢ o6partHON A1,
Hpumep. Mycts
1 —1 20
—1 2 =3 1
0 1- —1 1

3mecs r=2, Ilpumem B KauecTBe cTon6110B MATPUIH B mepBue ABa ¢Toa6ua MaTpHnsl A.
Torga

A=

1 —1
0
amsen 1 280 1|
0 1 1 —1 1]
- ‘
2 -3
55| S W B
30 1/3 0 1
CC*¥= #)=1— =_—F.
10 3 " (e ! 0 1, 3
Ioatomy coraacao gopMmyre (45)
t 0 s 0 13
gr L]0 1 }2 1 1 —1 0|‘: Yoo Yo o
Bl —1flit ol =1t 2 T2y —1 1
t 1 Yy 1Yy By

3. CpofictBa ncergooGparuoit marpunu. OrMernM ciexyo-
mue cBoficTBa mceBgO00paTHON MATPHIH:

10 (A*)+: (A+)*;

2° (AM)* = 4A;

3° (AAH)* = AA*, (A4 = AA*
4° (A*A)*=A*4,  (A*A)R=A*A.

1) Pasznoenue (36) He onpejlensieT OIHOBHAYHO CcOMHOKHMTenell BC. Opmako
MOCKOALKY, Kak OHJIO [0OKasaHO, CYIMeCTBYeT TOILKO OfHA mceBnoobpaTHasA MaTpuna A+,
dopMyra (45) mMpu BCEX CKelNeTHHX Da3lOeHHAX MaTPUIH A JaeT OJHO M TO 3Ké 3Ha-
uenne maa A+, B ra. I, § 5 Oyner mamoen ApYroii MeTOH BHYHCICHWA MCeB000par-
HOX MAaTpHOH, HCOOAb3ylmuit pasémeHme mcXojHo# Marpunkl Ha Gmokm (cm. ¢op-
myay (101) Ha cTp. 64).

3%
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Ilepsoe cBoiicTBO 03HAUAET, YTO ONEPANMH HEPEXOJA K COIPMKEHHON
¥ K ICceBfoobpaTHOH MaTpHile mMepeCTAHOBOTHH MerRAy cofoii. PaBencrso 2°
BHIpaKkaeT co0oli B3aMMHOCTH NOHATHA NCEBRO0OPATHOU MATPHUIE, TaK Kak
cormacHo 2° mnceBmooOpaTHO# Marpuueidt pgas At aBnserca ucxopmasd
marpuna A. CoraacHo pasemcrBaM 3° u 4° Marpuuu AA* n A*A ssaaworca
SPMHATOBHIME H UHEO4MMUeHMY (KBAaJpaT KakRo#l W3 3TUX MaTPUN paBeH
camoii mMarpmre).

Jlns BHBoO7a paBeHcTBa 1° BoCmOnb3yeMcd CKeJTCGTHHM pasnoskeHHeM (36):
A=BC. Torga pasermctBo A*=C*B* pgaer CcrexeTHOe pasIOKeHNE
marpunu  A*. Iloatomy, 3amemsas B ¢opmyme (4D) Mmartpumy B ma C*,
a mMatpuny C Ha B*, moxyumm:

(A*)-l-: B (B*B)"l (CC*)"I C —_ [C* (Cc*)'l (B*B)—l B*]* —_ (A-l-)*.
Pasencrea A*=C*B*, B*=(B*B)' B*, C*=C*(CC*)™ aBasawrcA CcKeer-
HEHME pasaoxeHmsaMua. CiaeJoBaTelNbHO,

(A+)+ — (B+)+ (C+)+ _ (B*)+ B*BCC* (C*)+'
Ncmoawpsysa ceoiticrBo 1°, a rTakske BHpakeHEmA miasa BT m CF, maiifem:
(A" =B (B*B) B*BCC* (CC*)C =BC = A.

CrpaBeiIMBOCTL PaBEHCTB 3° M 4° MPOBEPAETCA HEMOCPEZCTBEHHO HyTeM
IO/ICTAHOBKM B 3TH PpaBeHCTBA BMeCTO A' COOTBETCTBYIOMErO BHpAaKEHHUS
3 dopmyasn (45).

3amernM, uro B ofmeM ciaydae, Korpga pasnoskeame A= BC He ABIAETCA CKeler-
HEIM, HE BCErJa MMeeT MecTO paBeHCTBO A+t=C+B+. Tak, HampmMep,

a=ti=o 14|y | =ze.
31ech
e USSR FURTIRT (o TRV M
= 3:(“:“m1n>+=n1nmén*n1 L=l 3l
IToaTomy

C*B*=|| Y2 Y2 | 1| [=1 V2] + A*.
4. Hamnygmee npulaumenanoe pemenne (00 MeTORy HANMEHB-
MEX KBafparos). PaccMoTpEM mpom3BOIbEYI0 CHCTEMY JIMHEHHHX YpaBHeHHi
ATy~ Q1aTp 4+ o .+ Qyn Tn =Yy,
Aoy Ty 4 AgoX coe b Ty =Y,
2%y + A%z + + a3 Tn =Y, (46)

Ay Ty + AmaTa + - « o+ QT = Ym

UIN B MATPHUYHON 3amuchm

Az=y. (46")
3nech Yy, Yoo « . -5 Ym—BaMaHERE UACHA, & Ly, Ty, . . ., Ln— ACKOMELE,
B ofmem eaywae cucrema (46) Moxer OHTb W HECOBMECTHOI.

Croabern
2= (2", 23, ..., Z3) (47)
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HA3HBAECTCH HAUAYHUUM NPUBAUNCCHHbIM peulenues CUCTeMH (46), ecnium mpu

3HAYCHUAX Ty =20, Tp=1}, ..., &p = I}, «KBAAPATHIHOE OTKIOHEHHE»
m n
2__ 2
[y —Az| -—.21 lyi—kﬂi i | (48)
1= =

AOCTHTaeT CBOEr0 HAMMEHBUIEr0 3HAYEHHMA H CPefd BCeX CTOJAOIOB %, AAA
KOTODPHX 5TO OTKJIOHGHEE HMeeT MMHHMAJILHOE 3HaueHHe, croibern z° mmeer
HAHMEHBINYIO (AIUHAY», T. €. QJIA 9TOr0 CTON6Gma BelmYMHA

n

lzlf=a*s= 2 & (49)

uMeeT HauMeHbIIee 3HAYEHHe.
ITorasxeM, aTo cmcTeMma (46) Bcerga mMeeT OZHO W TOJNBKO OAHO HAMIYY-
mee npuOam:KeHHOe pemeHNe W 9TO IpHOIMKeHHOE PpeIieHAE OIPefeNsaercH

mo gopmye
2% =Aty, (50)

rge At —mceBmooGpaTHAs MATPHIA A8 MAaTpUOsl A.
Jlast sTOr0 paccMOTpUM IIPOM3BOJABHEIA cTOX0EN, £ H HOJOKAM

y—Az=u+tv,
roe
n=y—Az®=y— AAty, v=4("—2). (51)
Torpa
|y —Az[P=(y—Az)* (y—Az) =
= (u+v)* (u+v)=v*e+v*utu*v4v*. (52)
Ho
v*u = (2% — z)* A* (y — AAYY) = (2° — z)* (A* — A*AA™) y. (53)

Hcxona u3 pasaomenmsa (36) m dopmynsn (45), maimem:
A*AA* = C*B*BCC* (CC*)™* (B*B)™ B* = C*B* = A*.

IToaToMy w3 pasemcTBa (53) caemyer

v*u =0, (54)
HO TOorja H '
u*v = (v*tu)*=0. (54")
IToaromy m3 pasercrsa (52) HaxommM:
ly —AzP=|uf+|v|P=|y—A2°P+]|A (2" —2) ", (55)
H, Cllef0BaTeNbHO, AaA aoboro croxbma x
ly—Az|> |y— Azt (56)

ITycrs Temeps
y—Az|=|y—Aw};
TOrJla COIIacHO PaBEHCTBY (DD)
Az=0, o7
rae
z=x—2"
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C apyroit cropoHH,

Ix = (z°+z)* (20 +2) = | 20 f2"HZ 2L (2°)* 24+ 2*2°. (58)
Beoomunas, aro A*=A*V (cm. ompemenemme 5), noayamMm B cuiy (57):
(29 z=(A%yY)* z = (A*Vy)* 2 = y*V*Az==0. (59)

Ho rorma m
%20 = ((z%)*z)* = 0.
ITosromy m3 paBemctBa (58) HaxomuM:
|z =" P42 2,
H, CIeJOBATENHHO,
|z [*>]2, (60)
npuueM 3HAK = HMeeT MecTO TOIbkO npd z=_0, 1. e. npa z = 2°, rue z° = A*y.

NMpnmep. Haiitn mannydmee npubiauKeHHOe pelIeH¥e (IO MeTONY HANMEHLIINX
KBafipaTOB) CHCTEMH JIMHEXHHIX YDaBHEHMI:

zy— xy+2zx3 =3,
—$1+2$2—.313 —]—-I4=6,
zo— z3+z,=0.

3aech
1 -1 20
A=}—1 2 —31
0o 1 -—-11
Ho rorpga (cm. mpmmep Ha ctp. 39)
s 10 13
g la 29
Ar= 2y =19 Yy’
/g e 3g
I HOTOMY
z} s 0 1 3
20— z‘g’ Y e e 6
z9 2y —Yo sl 1l
3 /g g 3/g
CnenoBaTeanHo,

.7:(1’21, Ig:——i, a:g=0, a:§,’=2.

Ompenenum HOpMy || 4 || m X n-marpunsl A = || a;; || Kak HEOTPHIATEIBHOE
9mucyao, 3agaBaeMoe Gopmyiroi

| A |I2=2h|aih . (61)
Ilpn sTOM oOueBmAHO, 4TO ,
14l = 3 A= 34l 1)
PaccMorpuM MatTpuuHOe ypapHeHHe
AX =Y, (62)

rie A m Y —3sagaggee m Xn- W m X p-MaTpuns, a X —ucKomasa n X p-
MaTpULa.
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OmpegenuM Hamayumee npubnamxernoe pemenme X° ypasmerua (62)
¥3 YCJIOBHA

Y —AX°||=min || Y —AX |,
upuYeM B ¢iIydae, Koraa
Y —AX || =Y —AX{,

Tpebdyercsa, 4ToOH

X <Xy
N3 cooTHOmEHMIA
P
| Y —AX szkgi Y. —AX 1 ]2, (63)
D
| X )= 2 ] X (64)

clexyer, uTo k-it cromberm mcKoMoil MaTpuie X'y DOKeH OHTH HaWIYydNmINM
TpUOIVKEeHHHM pelleHueM CHCTeMH JMHeHHHIX ypaBHeHHH

AX =Y .
IToatomy
X% =AY ..
TlocKoMIBKY 5TO PaBeHCTBO clipaBemaunBo mpm awbom k=1, ..., p, T0
X=A4"Y. (65)

TakuM ofpasom, ypaBuenue (62) Bcerma uMeeT OfHO M TOJILKO OJHO HAUJIYd-
mee IpuOIMKeHEOE PEMeHHe, olpenensemoe dopmynoir (65).

B uacrmOM caygae, korga Y = E —e[MEMYHAA MAaTpHOA mM-TO MOPAAKA,
nmeem X°= A*. CuegoBarenvHo, ncesdoo6pamnas mampuya A* asasemcs
Hauayuwum npubausxcentsin peweHuesm (no memody HAUMEHLWUL K8adpamos)
MAMPUUHOE0 [ PABHEHUR

AX=E.

JT1o cBoiicTBO mceBAoo6paTHO MaTpunk A' Moster OHTH HPUHATO B KadecTBe
ee OIpefieleHNA.

5. Metoxg T'peBunas mocaeJOBaTENIbHOTO HAXOMOAEeHUA
mceBRoo6paTHON MATPHUE COCTOHUT B caenyiomeM. Ilycrs

ay —k-it cronbeny B m X n-marpune A, Ap=(ay, ..., ap) —Marpuna, obpaso-
BaHHAA UepBHIMHU & cronbuamm matpunn A. b, —Imoclemgusasa cTpoKa B MAarT-
pune A% (k=1, ..., n, A4;=ay, Ap=A4). Torgal)
v o+ af
Ay =al = e, (66)

¥ ana k>1 uMenT MecTO PeKyppeHTHEE (OPMYIH
B
i= () Ba= Al —diba, du= 4543 (67)

TP DTOM, €ClH Cp = ap— Ap_4dy =+~ 0, 1O
br = ¢t = (an— Ar-1dr)™%; (68)

1) Ecan 4y=a;=0, T0 1 AT =0.
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ecnm me ¢, =0, 1. e. ap=A4p_,ds, TO
by = (1 +dids)t diAL,. (69)
[pegnaraeM wwuraTenio MPOBEPHTH, UTO MATPHIA ( f:) ABJIAETCA TCEBJO-

obpaTroil giasA Marpuns A}, ecam MaTtpuma Bj u cTpoKa by ONpENENsAOTCH
¢opmyanamu (64) —(64). Itor Meron He TpeGyer BHUHCIEGHHA JETEPMUHAHTOB
U MosKeT OWTH HCHOJB30BAH [ BHUHCJIEHUSI 0GPATHON MATPHUIIH.

IIpamep. Iyers

1 —1 0
—1 2 1
A=| o _3 _q>-
oo 11

3dameTuM, UT0 AIA KaiKJ0l BemecTBegHOR MaTpuun M Mu MoKeM mucath M’ Bmecto M*.
Torma ’

, Y
AT =(A14) T Aj =5 A1 =[|Y/s, —/e: 15, Ol ,
g
+ 3 — Yz
dy=AJay=—3/, cp==ay—Ayda=| g ||,
1

. ,_ 2,
bzzc'zi‘z(czcg)‘lczz?czzll Ys, Yz 0, 2/,

By=Af—doby=]||2/3, 3 13 1].
Takum obpasoM,
A;:\

%3 Yz Y3 23 H
3

1/ 1/ 0O
it
anee dy— Abag— H i “ n cg=az— Apdz=0.
[ToaTomy bam (- dydy)-1ds A = [y sl AF =115 2o Vo Sol]
z
e I B B E e 0 e B ]

3 g 2/ %
0 19 —1/9 1
1/ 2y 1/ Bjg

A+=A§'=




TIIABAII

AJITOPITM TAYCCA I HEKOTOPBLIE ETO NPUMEHEHNI

§ 1. Merox mexmouenna Iaycca

1. Iyers pgama cucreMa r JUHEHHLIX YDABHEHUH C 71 HEM3BECTHHME

Tyy Ty, ..., Tn U TPABHMU YACTAME Ui, Y2, . - s Yn!
Q44 Ty - QpaZo+ .« - o Qinn = Yy,
Az Ty ApZy + - - - - QopTn = Y2, (1)

An1 %1+ Apa%a+ « + o 1~ o == Yn.

B martpugsoii ¢opme sra cHcTeMa MOKeT OLITH 3amycaHa TaK:
Az =y. (1)

3necs x= (T, Ty, . -s Tn)y Y=(Y1, Y2 - - - Yn) —CTOROOE u A= ap|[P—
KBajipaTHasA Marpuna Koapduumentos.
Ecan A — meocofeHnas MaTpuma, TO MOKHO HamMCaTh:

z=A"y (2)

Ui B PasBepHYTOM BHAe:
= 2 aPyn (=1,2,...,n). ')
h=1

Taxum o6pazoM, 3ajada BHYHUCIEHAS BIIEMEHTOB 06 paTHON MaTpuist A~ =
=||a{z" ||} sKBUBalleHTHA 3a/la¥e PeINEHN s CHCTeMHl ypaBHeunit (1) mpm mw6rix
TIPABHIX 9ACTAX Yy, Yz, « - -y Yn. OJEMEHTH 0OpaTHOH MATPHIL OnpelexsaioTcA
dopmyaamu (25) rmasa I. Ogpako ¢arTHyecKoe BHIUHCICHHE IIEMEHTOB
marpuust A7 mo sTuM ¢opmMynaMm npu GONBIMIOM n BeckbMa 3aTPYAHHTEIBHO.
IlosToMy Golbmoe NpaKkTHYECKOe 3HAUeHHME UMEWT 3PPeKTABHLIE METOAH
BHYNCIEHUA DIeMEeHTOB 0o0paTHON MaTpullil H, CIe0BaTelIbHO, pemeHuns
CHCTEMHl JUHEHHHX ypaBHeHHH !).

B macroameil riase MK W3JI0KEM TEODETAYSCKUE OCHOBHL HEKOTODHX
U3 THX METO0B, NPEeACTaBIAIIMHAX cOGOil PasHOBHAHOCTH METOAA HCKII0Ue-
uua Taycca, 3HAKOMCTBO ¢ KOTOPHIM ¥ YHTATeNsA HAYAJNOCH eme B Kypce
anre6pm cpeABeil IMKOMH.

1) Jlas nogpo6HOTO 03HAKOMIEHHS ¢ 3THMA METOLAMM ME DeKoMeHjyeM ofpaTaThcH
® ruure QajameeBmx [33], a TawKe K LERIY craTell, HamevaTaHHHX B «Ycnexax Mare-
MATHIECKUX HayK», T. 5, Bum. 3 (1950).
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2. Ilycte.B cucteme ypasmemuit (1) ay5=0. Mu mckmmouanM z; u3 Bcex
ypaBHeHHil, HaYWHAs €O 2-ro, AAA Yero KO BTOPOMY YDABHEHNIO HOTJIEHHO

Az

npubaBuM IIepBOe, TIOMHOMKEHHOE HA' ——£-, K TpPeTbeMy HOYIeHHO NpubasuM
11

a w
mepBoe, HOMHOMKEHAOE HA —731—, n 1. #. Ilocae sToro cucrema ypasuernii (1)

11 :
3aMEHHNTCHA YKBHBAJEHTHOH CHCTEMOi

Q11 %y QgaTa+ .« o T+ Ayply =Yy,
(40 1
a“’xz—{— .o Fagr, =y, (3)

(1) (1) (l)
a 2x2+ +anna’n_yn '

Hospdunmentsr mpn HemsBecTHHIX M CBOGOXHLE WiIeHH B TocHenHUX (n—1)
YPaBHEHHAX ONPeENATCA POpPMYyIaAMH

1? =0;;—

(111 a1]7 ygl):yi“ﬂyi (L7 ]=27 L] n) (3’)

ycre al) 0. Torga Takum e 006pa3oM MH UCKIOYHM I, U3 HOCIEH-
HAX n— 2 ypaBHeHuU#l cucreMn (3) W HOJYYAM CHCTEMY ypaBHeHHI

Ay1%y + A19Te -+ A43%3 + o . . F Qyndn =Yy,
(1) 1) [¢3) (1)
oy To+ QT34 . . .+ 03T =Yy,
(2) (2) (2) .
G333+ . .« T QgpTn =Yg » } (4)
@ ) @ o
lx3+ .- '{"a'rmxn—'yn . J
ITpn sToM HoBHe KoapPHUMEHTH M TpaBHE YACTH CBA3AHEL ¢ IPeHILY IEMH
Jopmyaamu:
™ @

a«
@ __ M ia @ o W coL
aij = a5 — agy %2> =l am Y. (i, j=3, ..., n) ()

IIpogommass sror axropurM fanee, M Ha (n—1)-M 3Tame mpmBegeM
ACXoHyo cacTeMy (1) K TpeyroapHOW peKyppeHTHOH cucTeMe

Ay %1+ Qe +ag3Ts + .. Fapr =y,

(1) (1) (l) (e8]

922 T Qg Ty 4 o . . a5y =Y,
“%yk +a$% —ﬂ?, (6)

a(n -Dp (n- 1). J

nn n yn

JT0 mpHBeIeHHWE BHIOJIHMMO B TOM U TOIBKO B TOM CIydae, eCIH

B Opomecce IPHBEJIGHNA BCE TUCIA 4y, 4%y, a2, ..., ap?, , OKa3HBAOTCA

221 “a39 -
OTINIHHME OT HYJIA.

Nanomennuit namMm AXTOPUTM IMaycca cocTromT m3 OJHOTUOHHX
‘oIepanui, KOTOPHE Jerk0 BEIOJHAITCA HA COBPEMEHHEIX CUETHHIX MAIIKHAX.

3. BepasuM K03QPUIMEHTH ¥ NpaBHe UYacTH OPABETEHHOH CHCTEME
depes KosUIMEHTEH M OpaBEle YACTH UCXofHOH cumctemu (1). Ilpm stom
MH He 0OymeM npegmogararth, 49TO B NpoNecce MNPHBEJEHHUS BCE UYMCIA
44, a‘n, ey @Y OKA3HBAKTCH OTIHYHEME OT HYJS, & PACCMOTPHM 00m{mit
cay4dail, Korga IepBHe p W3 3THX YHCEN OTAWYHH OT HYIA:

au70, a0, ..., e’ %0  (p<n—1), (7)
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9T0 Jaer BO3MOKHOCTH (HA p-M DJrane NpPHBeJIeHNMA) NPUBECTH HCXO[LHYIO
CHUCTEMY YDaBHEHUH K BHMIY

Ay +apra+ ... ... . T @iTs =11,
a(212)$2+ ............ —i_ 0(2%1).’13"' = y(21)’
—1 —1 — ylp—1
aP=Bzpt+ L. +alp=a, =yF=1H, | (8)
a®), L Fprtt .-+ al) En=yP),
a? Ty . +aPx, =y,
Marpuny Kos(pdHIHEHTOB 3TOH CHCTEMH ypaBHeHHil 0603naquM gepes Gp:
Ay Gz .. Gqp ay, p+1 e.. Qp
1 1 1 (
0 af)) ... afh afh o - ail)
(p—1) (p—1) (p—1)
Gp:‘0 0 ...a& alPzb L dll L 9)
0 0 n 0 a’p+1,p+1 agi)i,n
0 0 ...0 aﬁf")pﬂ co.oal®

Tlepexonm or mMarpmnu A k MaTpune G, copepmaics ciefyonum o6pasom:
K Ko CTpOoKe MaTpuIsl A, HAYMHAA €O 2-i M KOHYaA n-if, HOCIeoBa-
TeJBbEO TPHOABIANNCH KAKMe-TO NMPEeALyIiue CTPOKH (M3 GHCaa NePBHX p),
TOMHOKEEHEE Ha HEKOTODHe Koapguummentsl. [losromy y Marpmn A u G,
OJMHAKOBE BCE MMHOPH p-r0 NOPAAKA, COIep:;Kalluecsa B IIEPBHIX p CTPOKAaX,
a4 TakKe Bce MUHODH (p---1)-ro mopsAfka, COopep:ramuecs B CTPOKAX C HOMeE-
pamum 1, 2, ..., p, i (i>p):

N

1 2 ... 1 2 ...
PR EC
ky kp ... kp ky ko ... kp
(1<k1'<k2<...<kp\<;n), . ! (10)
A(i 2...pz)G(1 2 ...p i )
ky ko oo kp kpe) PNk ke ... kp kpn
(1<k1<k2<.--<kp+1<n)~ J
M3 stux dopmya, yumTeBag cTpyKrypy (9) marpunst G,, Haiijem:
12...p . .
A 12...p =agyall) ... 4B, (11)

(12...pi
12...pk

Jexns mouneHHO BTOpPOE W3 ITUX DAaBEeHCTB Ha NepBOe, HMOJYYHMM OCHOBHHE
dopmyasrt)

) = a“a(ziz)‘. .. a=Da® (i, k=p+1, ...,n). (12)

ap

t2...pi
A
(12...pk> (G, k=p+1, ..., n). (13)

a(iiomy

1) Cm. [88], ctp 89.
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Ecau ycnoBus (7) BHIONHEHH RJaA NAHHOIO 3HAYEHHA p, TO TaKHE iKe
YCI0BHA BHIIIOJHEHW Xaf J060re MeHbmero 3smadeHus p. I1lostomy dop-
myasu (13) uMeoT MecTo He TOJABKO INA HAHHOI'O B3HAYEHUA p, HO H [IA
Bcex MeHbmuX sHavenwmit p. To :xe MoixkHO cKasath 1 0 gopmyae (11). Iloaromy
BMECTO STOH (OPMYJH MOHO HANMCATH PABEHCTBA

1 1 2 (€8] 1 2 3 (1) 4(2)
y:| 1 = QAqy, A 12 == A110y5 4 y:| 1923 = A110y5 Qgg s -+ - (14)

Taxmm o6pasoM, ycaosus (7), T. e. HeOOXOXMMEIE M JOCTATOTHBIE YCJIOBIH
BHIIOJTHEMOCTH TIePBHX p 3TamoB axropurMa I'aycca, MoryT GHTH 3amlCaHE
B BHIE CIEIYIOIMHX HEPaBeHCTB:

1 0 (12 0 12...p 0 05
alg)#0 a(yg)0 o aly, )0 a9
Torma us (14) maxommm:

el =535

123 2...%
123 A( p>

12.
, .-
A( A< p—l

Jas Toro 9To6H B anrropmTMe ucKioIennsa ['aycca Momkuo Grro mocae-
HOBATEJABHO MCKIIIOIATD Ty, Toy -+ .y Lp, HYHKHO, 9TOGE BCE BEAMIMHEL (16)
OHIM OTAMYHHE OT HYJd, T. €. 9TOGH BHHOOJHAAACHL HepapeHcTBa (15). B T0 xe
BpeMaA GOPMYIH AN alf) MMEI0T CMBHIC], ecly BHIIONHAETCA TOIBKO MOCHEHES
m3 ycunosui (15).

4, Tlyers marpuna ko3$PummenToB B cmcreme ypapmenuil (1) mmeer
pamr r. Torga HajJeRameld mepecTaHOBKON yPaBHeHWH M M3MeHeHHEM HYMe-
PANEM HEM3BECTHHX MOMHO TOGHUTHLCS BEIOJHEHWS HEPABEHCTB

., @ = (16)

12...7§
A(12“_]-)#0 (7=12,...,7). (17)
910 mo3BOJIAET MOCIHEOBATEIBHO HCKIIUUTH Ly, Ty, ..., Ty U HONYIHATH
CUCTeMY YpaBHEHHH
Ty + e+ Lo +ants =y,

a(ziz)xz + ............ 4+ a(i)xn _ y(zi)’
al=Ye, 4+ . ... e, =y D, (18)

T G VIl

ag’)H Zrw e FdDz, =y,

3aecy xoadpduuuenru ompemensiorca no gopmynam (13). Us srux ¢opmya,
DOCKOIBKY paHr marpuusl A =| a;,||* paBen r, ciegyer, 4ToO

af) =0 (G k=r+1,...,n)
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n matpuga G,, noaydaomasca u3 mMarpunk A = || a; ||}, Mocle IPUMeHEHUS
7-3TANHOT0 aJArOpMTMa MCKIUYeHms l'aycca, mMmeeT BUJ :

Ay Q3 . .- Qqr Ayr41 - - - Qin
1 1 1
0 _‘?fziz) oo ald ag) .. el
= - —1 —1
G,=[l0 0 ...af=Y af7h ... af=b|, (19)
0 o ...0 0 ... 0
0 0 ...0 0 ... 0 ‘
Tocneguue n—r ypasuenwit (18) cBogATCA K YCIOBHAM COBMECTHOCTH
yN=0 (i=r+1,...,n). (20)

3aMernM, 49TO croifen CBOGOMHHX YIEHOB UPH ANTOPHUTME WCKJIOTEHUA
IIOJBePraercs TakWM ke ImpeobpasoBaHuAM, Kak ¥ JI000H cronbern Kospdm-
onentos. Ilosromy, pomoaHaAs Marpunmy A=|as|? (n+1)-M croxbmom
A3 CBOGOMHEIX YJEHOB, ME HOJYYHM:

1...p i
4 (1 ... p n+1>
1...p
4 <1 ves p>
B wacrroctu, ycmosusa cosmecTHocTH (20) CBOAATCA K MBBECTHHIM YCIOBUAM

i1...rr4j
A(i...rn+1

Ecam r=n, 1. e. matpuna A ={la; | meocoGennas, n
A (1 2... j) 0 _
12 ]7& (]—‘s ""7n)7

TO Hpu wuoMomm anaroputMa [aycca MOKHO IIOCIENOBATENbLHO MCKINYUTH
Ly, X, +.., Tn-y U TIPUBECTH CHCTEMY ypaBHeHmil kK BHAY (6).

Yo = (i=1,2, ..., p=1,2,...,r). (21

)::O G=12,...,n—r). (22)

§ 2. Mexanudeckas HHTEpHpeTanua ajaropmrMa layeca

PaccMOTpEM IpOW3BONBHYI0 YOPYTYI0 CTAaTHIECKYI0 cdCTeMy 5, 3aKpemnieHEYIo
H3 KpaAX (Rampumep, CTPYHY, CTep/eRb, MHOIOIPOJETHL CTeDKeHb, MeMOpany, IIACTHHY
BIA [JUCKPEeTHYIO CHCTeMy), M BO3bMeM
Ha Helt n Tower (1), (2), ..., (n). E F F

Mm Oyaem paccMaTpHBATL HepeMe- J, 1 w2 ,', no

meHna (DpoTHOGH) ¥y, Y3, ..., Yn TOUER
1), @), ..., (n) cmcTeMnr S mOX HeicT- y yz
BueM caa Fy, Fy, ..., Fp,, OpANOKEeHHHX < y

B 3THX ke Touxkax. Mu OymeM mpeamo-
Jarath, d9TO CHJIH ¥ = IepeMelleHns Puac. 1.
mapalleJbHH OJHOMY W TOMY ’Ke Ha-
OPABIGHAI0 ¥ [OTOMY ONpPEReISIOTCS CBOMMHE ajrefpamdecKAME Benmgdaamm (pme, 1).
HpoMe TOTO, MEI IpAMEM, 9TO MMEET MeCTO UPDEHIHAN JHHEHAHOTrO HAJIO-
SKeHHMA cul
1° Hpu cymmaprom HaL0MCEHUL D8YX CUCMEM CUA COOMBEMCMEYIOWUE npPo2ubbl CKAd-
ovteaomea. :

2° ITpu yMHOIMCEHUU 8eAUNUH BCET CUA HA OOHO U MO 34 BEUECTNBEKIOE WUCAO 6Ce
nposubbl YMHONAIMCA HA SMO YUCAO.
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OGosHaunM depes a;; KOdPPMIMEHRT BIMAHUA TOUKE (k) Ha TOukry (), T. e. mporub

B TOYKe ({) mOx AelicTBHEM eIMHHIHON CHIH, IPAIOKeHHON B Touke (k) (i, k=1, 2, ..., n)
(puc. 2). Torma mpu commecTHOM feiicTsum cux Fy, Fy, ..., Fp mporu6ul yq, yYs, ..., Un
onpefieAATCA IO (PopMyaaM
n
D airfr=y; (=1, 2 ..., n). (23)
h=1

‘ComocraBaaa (23) ¢ umexommofi cmcTemoif (1), ME 3a4a9y OTHICKAHHA peNleHAs
cHCTeMH ypaBHeHHAd (1) MoeM HMHTEPIPEeTHPOBATL TakK:

Hanwt npoeubst y1, Yo, ..., Yn. Huwymea coomsememsyiowue cuavs Fyy Fo, ..., Fp.
O6osmaumm vepes S, CTATHIECKYIO CHCTeMY, IIONydAlOMy0CA W3 S BBeJEHUEM p
HeNOJBW/KHHX IMAPHEPHHX omop B Toukax (1), (2) ..., (p) (p<Cn). Koosdduumentm
BINGHUA JAJA OCTABMIAXCA IOJBIKHHX
. E.=1 touex (p-+1), ..., (n) cmeremu Sy, o06o-

(i) K 3HAYHM depes

w a® (G k=p+1, ..., n)

Qg
(cM. pme. 3 gaa p=1).

Puc. 2. Hoopdmmment a(f) Mommo paccmar-
pHBATL KAaK mpormb B TOuKe (I) CHCTEMH

§ mpu neifcTBHM efWHWYHOM CHIH B TOUKe (k) M CHI peakuui Ry, Ry, ..., Ry B 3axpen-

Jenanx Ttoukax (1), (2), ..., (p). Ilosromy

a®)=Rya;+ ...+ Rpasp+ai- (24)
C fpyrofi cTOpOHE, IpH OHTHX jKe cuaAax Opormbm cumcTeMe S B Toukax (1),

(2)y ..., (p) paBus Hym;IO:
R+ ...+ Rpayp+ap =0,

(25)

Ecan
1 2...p
4 1 2...p>$0'

TO MH MOMeM H3 (25) ompefilennTdb Ry, Ry, ..., Ry U NOAydeHHEe BHPAarKeHUA HOJACTABUTH
B (24). 910 mekmodenme Ry, Ry, ..., Rp MOWKHO cliemaTs u TaK. K chHcTeMe paBencTs (25)
OpmbaBIM DaBeHCTBO (24), 3alMCAHAOE B BHJP

Ryay+ ...+ Rpeip+aip—a{f) =0. (24"

PaccMarpuBas (25) u (24’) Kak cmereMy p-}-1 ONHODOAHHX ypaBHeHHH, MMEOMYI>
HeHylZeBoe pemenue Ry, Ry, ..., Rp, Rpyy=1, moaydaeMm, 4TO onpefennTteab 3TOH
CHCTEMEl paBeH HYIIO:

aqq ... dip 'llik
Gpy - .. 8pp aph =0.
2i1 -+ 8ip aih—agﬂ)
OTcroma
1 2 pi
(p)___A(iz...pk . 1 n) (26)
ayp = 12---}7 (lv _p+7""l .
4 <1 2... p>

[o sTum $opmynam KodoPPEIMEHTH BIMHHUA «ONOPHOW» CHCTEMH Sp BEHPAamKalTCA depes

K02pANMEHTH BAUAHMA MCXONHOH CHCTEMH S§.
Ho ¢opmyan (26) cosmajaior ¢ gopmyaamm (13) mpenripymero maparpada. [TosTomy

das awboeo p (< n—1) rosdPuyuenmo agﬁ) (¢, k=p+1, ..., n) é aaeopumme Iaycca
REARIOMCR KooPPuUYUeHRMaMU AUARUA ONODPHOTE cucmemst S p.
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B COpaBeIIEBOCTH DTOTO OCHOBHOTO MOJIOKEHHS MOYKHO YOemAThCS M3 YHCTO MeXa-
AMYeCKEX coobpaykennit, He ONEpAsACh Ha anrebpamgeckmit BLBOX fopmya (13). Tas aroro-
paccMOTDEM cHadYaja 9acTHHE clIydailt opmoit omopu: p=1 (puc. 3). B aroM caydae
K0oQHUITACHTH BIMAHHUA CHCTeMH Sy ompefensres 1o dopmynam [monaraeM p=1 B (26)]:

4 1 z>
@ 1k . aiq P e 2
aik_—_T—_a’h_Taik (i, k=1, 2, ..., n).
- A < 11
1
Btm GopMmylH coBmajaioT ¢ dopmyaama (3').

Takum o6pasoM, ecan Koapdmmment agz (i, k=1, 2, ..., n) B cHCTeMe ypaBHe-
HEit (1) ABAAOTCA KodpPAIEEHTAME BANSHHS CTATATECKOHR CHCTEMH S, TO K09POUIUEHTEY
ay (i, k=2, ..., n) BaArOpETMe Taycca ABIAOTCA KOPPUIAeHTAMY BINAHUA CHCTEME S .

Tpnmensia aTH ke COOOPAYKEHHS K CHCTeMe S; M BEOAA B Hell BTOPYI0 OLODPY B Touke (2),
noxyumyM, uto woapdunments ai¥ (i, k=3, ..., n) B cucTeme ypaBHesu#l (4) ABIAIOTCA

kos(unmeRTAME BIASHAA ONODHOHE cHmcTeMEr S, W BoOOme AnA mioboro p(Kn—1)
k03§ PAITeHTH aﬁ’,;) @i, k=p-+1, ...,n) Bax-
ropat™e laycca ABnATCA KOIPOHIMEHTAME 1) @) lﬁ,}:f
BIAAHNA ONOPHOH cHCTeMHL Sp. T

Ws MmexammdecKux cooOpasieHHA ode-
BHAHO, 9TO nocaedoéamentdHoe ggederue P Onop 20
PAGHOCUALHO OJHOBDEMEHHOMY 66€IeHUI0 SMUX Qi i
onop.

3ameuanme. Ob6pamaeM BHAMAHHE Pmc. 3.

Ha TO, 94TO IPH MeXaHAIeCKOH HHTepUpeTALHH
aNrOPHTMA MCKIKNUeHHA He GuiI0 Heo6XOAMMOCTA HpeAmojarats, 970 TOYKH, B KOTOPHX

PaccMATPHBAIOTCA MPOTHOLI, COBLAZAKT ¢ TOYKAME NDWIOKeHHA cdl Fy, Fa, ..., Fp.
Mosmo cumrath, 9T0 Yy, Yo, ... yn——,uporgﬁm TOTeK ), 2, ..., (#, a cuip
Fy, Fs, ..., F, opuaowenn 8 touxax (1'), (2), ..., (»’). Torma a;; —roapdunueHT

BAMAHWA ToUKE (£') ma Touky ({). B aTOM cllyuae BMecTO OLODH B TOuKe (j) clepyer

paccMaTpEBaTh 060GMeHEY0 OMOPY B TOUKax (7), ('), upm KoTOpOR mporub B Touke (;)
ION/IePYKEBASTCA BCe BpeMA DABHHIM HYJII0 3a CdeT HajiieyRamimM 06pasoM BHGpaHHOM
BeIIOMOTraTelbHoi cumsl R; B Touxe (/). YcioBHe BO3MOMKHOCTH BBefleHHA p 0006INeHANX

omop B TouKax (1), (17); @), (27); ...; (p)y (p'), T. €. BOBMOKHOCTE YAOBIETBODHTH
yenosmam y; =0, y»=0, ..., yp=0 mpm m06HX Fy.q4, ..., Fn 33 cuer Ha[emal(ux

Ry=F,, ..., BRy="Fp, BHpaKaeTCA HEPABEHCTBOM
12...p
4 12... p> + 0.
§ 3. JlerepmauanTHoe ToOKmecTBo (mabBecTpa

B § 1 nyrem comocraBienns marpun, A #m G, MH NPHIIIA K PaBeHCTBAM
(10) = (11).

9TH paBeHCTBA IO3BOJAOT CPasy MHOJAYYHThL BaKHOE NeTePMUHAHT-
poe Tompecrso CuapBecrtpa. [eiicreurensso, ua (10) u (11) maxogmm:’

e a(p)

a(®)
(1 2... n) (1 2... p) p+1,p+1 p+i,m 27)
Al=A4 - e )
: l 12...n 12...p a%p)p_F1 afn;;) (
12...p
BeexeM B paccMOTpeHMe OKaiiMiIgomue MuHOp A 19 » OTIPeJeINTeN .

A(12...pi) - {
bip= 12.. pk G k=p+1,...,n).

Marpuny, COCTaBIGHHYI0 M3 DTMX OHpefeixnresedl, 0603HaIUM Tepe3
B=| by, .
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Torga cormacao dopmymam (13)

bp+t, pre oo Upit,n
a4 a® ol
........... _ 1on,p1 bnn _ |B|
........... s 12___p>]n—p—'[ <1 2._.p>]'n—p'
4 4
P 2 l. 12...p 12...p
Tlosromy pasemctBo (27) Moker GHITH 3amMCAHO TaK:
12... p\]*r-t
B|=]4 Al 28
11[(12.__1,)] 4] (28)

Jro m ects jerepMmHaHTHOe ToxmectBo Cuabsecrpa. OHO BHpaskaer
onpefiesuTeNs | B|, cocrapiemHHNH M3 OKalMIAOIMEUX OIpejeluTeledl, uepes
MCXOJHHU ompefelnTelb W OKaAMIfgeMHHE MHUHOP.

PasencrBo (28) GHIIC HaMm yCTAaHOBIEHO AJsf MarTpum A =| a; |7, sme-
MEHTH KOTODHX Y/ OBIETBODPSIOT HEPABEHCTBAM

12...] _
A(”_”].);éo G=1,2, ..., ). 29)

OnEaro w3 «cooGpakeHEH HENPEPEHIBHOCTHY CJIEAYeT, YTO STH OrpaHmde-
HA MOKHO OTGPOCHTE M 4TO TOKAecTBo CHALBECTpA CHPABEINBO A M000H
marpuns A = || a;||?. B camom nene, mycts HepasencTBa (29) Re BHIOMHAIOTCA.
Bremem marpuiy

A, =A-LeE.
QOuesnpuo, limA4,=A4. C gpyroit cropoHE, MHHODH
e->0
4 12...7 i (19
e12“.].=s—1—... G§=12,...,p)

fpefcTaBiIAT coGod p He PABHHX TOMKECTBEHHO HYJ MHOTOWICHOB OTHOCH-
TensHO &. [losToOMy MOKHO BHGDPATH *raKyI0 MOCIELOBATENLHOCTH &, —> 0, 9TO

12...] '
AEm(iz-.‘j)?&O (]=1,2,-..,p,m——_—1’2,...).

Hasn marpuus Ae,, MH MokeM Hammcars TokgecTBo (28). Ilepexoxms B oGemx
9acTAX BTOTO TOMIECTBA K HpefeNy IpH m—> co, Ml HNOJYYHM TOKIECTBO
CuasBecTpa miA mpefpensHOM Marpmubl A =lim A, 7).
m-—»co
Ecan MH ToxpecTBO (28) IPUMEHHM K ONpeeIHTEIO

A(iz...pi1 iz...iq) ( <£1<i2<...<iq/)
, : <nl,
12, phihy...ky) \Pohi<bys ... <k,S

T0 MH DONYyYHM YHOOHKA Aaa npuMeHenmir Buy Toxpecrsa CuiapBecrpa:
iy g ... 1 12...p\Jet 12...pi iy ... 10
2 SESER B I A ). (30)
kikz...kq 12...p 12...pk1k2...kq
1) Tog npedeson (mpm p-~>00) nocaedosameavrocmu mampuy Bp=|| b?;) [| moEuMaroT
marprny B=| bz ||T, TAe bjp= lim bgg) @, k=1, 2, ..., n).
p—rca |
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§ 4. PagnosxeHnme XBaJpaTHOH MaTpUIbI HA TPEYroJbHLIE MHOMKHTENN

‘ 1. Ilycrs pama marpmma A =| a;;||? pamra r. BBeII(EM chenyiomue 060-
8HAYGHHA /A IOCIEOBATEABHKX [JIABHBIX MUHODOB 5TOH MATPHILHL:

D—4 12...k k.12
= 12...k) (k=1,2, ..., n).

JomycraM, 9TO EMEIOT MECTO YCIOBMA BEIIONHMMOCTH ainropurma [aycca:
D=0  (k=1,2,...,7).
O6osmaumm depes G Marpmmy KoaddEnmeETOB cHCTEMH ypaBHeHH (18),
K KOTOpPOH IPUBOXHWTCA CHCTEMA ypPaBHEHHWIT

n
hgiaikzkzyt i=1,2,...,n)

meromoM mckiiogenms Iaycca. Marpmma G mMeer BeDXHIOW TPeyTOIBHYIO
dopmy, mpEYeM 37eMEHTH ee HePBHX r CTPOK oupepexasiorcs popmynamn (13),
a 9JIeMEHTH NOCIENHMX n—7r CTPOK Bce DPAaBHH HyXI0l):

a1y Qg2 ... Qyr Qi, 741+« Qqpn
1 1 1 1
0 afp ...a g, ... o
= —1)  gr—1 —1
G=)0 G ...af=B atr7b ... al=
0O 0 ...0 0 ... 0
0o 0 ...0 0 ... 0

Tlepexom or marpmmu A K Marpmme G COBePIIAJICA IIPH NMOMOINH HEKOTO-
poro wmecaa N omepamnumii CIefyomero THEOA: K (- CTPOKe MaTpEOH IpDH-
fasnsanacek J-A (j << i) cTpOKA, NpefBAPHTENBHO IOMHOKEHHAsg Ha HEKOTOpOe
gmco o. Takas onepaunmsa PAaBHOCHIbHA YMHOMKEHUIO ITpeofpas3yeMoil MaTpHIEL
clieBa Ha MaTtpumy

() )

{
1...0...0...0

- (31)

0...0...0...1

B aroff MaTpHOe HAa IAABHOH JUATOHAJIH CTOAT CQWHMNE, 4 BCe OCTANbLHEE
BJIeMEHTH, 33 MCKJIIOUEeHHeM 5JeMeHTa ¢, PaBHE HYIIO.

1) Marpmma G coBnajaer ¢ MaTpumeidl G, (CTp. 45).
4 @, p. TanT™MaxeD
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Tarum o6paso..,
G=Wy ... W,W/A,

rpe raxpmaa ms marpunm Wi, W,, ..., Wy umeer ujx (31) u, ciegoBarensHo,
ABIAETCA HIKHEH TPeYroibHOli Marpmmeil ¢ JWArOHAJNBLHKME 3JIeMeHTaMH,
paBHBME 1.

Ilycre
W=Wy ... WW,. (32)

G=WA. (33)

Marpunyy W 6Gynem HasmBaTh npeob pasyiupeii Marpaneil nia matpuns A
B Metoje mcKIueHma Iaycca. OGe marpunmu, G m W, opmHosmaumo ompe-
gensiiorca samaumeM Marpugu A. Ua (32) caexgyer, aro W —BmwrHAS Tpe-
yroibHasg MaTpPHIA C HAarOHAIBHRIME 3leMeHTaMH, paBHhiMu 1 (cM. crp. 28).

Ilockoasky W — HeocoBemmas marpmuma, To m3 (33) maxomum:

A=WAG. (33")

Mur mpepcraBuiau MaTpuny A B BHIE IPOH3BeleHUA HIKHEH TPeyrONbHOR
matpumsl W' Ha BepXHIOW0 TpPeyroasHyw Marpany G. Bompoc o pasmomennmm
MaTpuus A Ha MHOMHTENN TAKOr0 THNA IOJIHOCTHIO BHACHSETCH CAeaymomel
TeopeMoii:

Teopema 1. Beakyw mampuyy A=| ap|* panea r, y Komopoi nep-
sule T nOcAed08AMEAbHBIT 2408HBY MUHODO8 OMAULHLL OM HYAR,

12...k
12...k

MmoxcHo npedcmasumb ¢ sude npoussedeHus nuvcHell mpeyeoavioli mampuys B .
Ha sepxuiow mpeyzoavnyi mampuyy C

Torma

Dk=A( );eo (k=1,2,...,71), (34)

by 0 ... 0 €1y Ci3 .- Cn
A BC— bay 522--‘~0 0 epp...cm (35)
b;u’ bn; . . bn;'t 0 0 . Cnn
I pu amom
byscry =Dy, bogtor = Dy s oeeey byl = &— (36)

Dy Dry

Ilepsvim r Ouaconaavmvlm aaemenmam mampuy B u C wmoixno OGame
npouseoavhbie 3Hauenus, yoosaemsopaowue ycaosuam (36).

3adanue nepevix r duazonaivruxr semenmos mampuy B u C onpedeasem
00HO03HAUHO sAeMeHmbL NEepeuxr r cmoabyos mampuysl B u nepswzx r cmpor
mampuywt C. [Jas smuxr ssemenmos umewm mecmo gopmyas

A1 2 h—1g A2 k=1
12... k—1 k 12.. k—1 g, 47
bgn= bin 12... % » Chg=Cra 12.. .k (37)
12. > 4 12...k>
(g=k k+1, ...,n k=1,2, ...,r).

B caywae r<<n(|A|=0) e nocaednur n—r cmosbyar mampuybtr B
MONCHO 8CE IAEMEHIMBL NOAOKHCUML DASHBIMU HYAO, @ 8 ROCAOHUT I — I ¢ po-
kax mampuyts C scem saemenmam §amb nNPousgoabHblEe 3ZHAYEHUR, AUOO
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rHaobopom, nocaednue n—r cmpor mampuybt C 3anoaHums Hyiam, a nocaed-
HUe n—r cmoabyos mampuybl B 63amb npou3gosbHBLMIL,

JoxasarenbcTBo. Bo3aMoikHOCTH TipeCcTABIEHNA MATPULH, YAOBIe-
TBOpAmEe# yciaoBuio (34), B BHge npomsBeseHus (35) GhIa JOKA3aHA BEIINE
[em. (337)].

IIycts Temeps B u C — npousBOJbHbIE HIKHAA M BePXHAA TPeYToJbHEE
MaTpUIbl, IIpoH3BeleHHe KOTopHX paBHO A. Ilonpsysck dopmynoi Axa MuHO-
pPOB IPOM3BEIEHUsI ABYX MATPHN, HAHmeM:

12...k—1 1 2 ...k—1 0y Uy ...«
4 g): N B( g)c(1 2 R
12...k—1k Oy Oy ... Op—y O 1 2 ...k
<<, .. <ay
(38)
(g=k k+1, ...,n, k=1,2, ...,7r).

ITockonpky C — BepXHSAA TpEYyTONbHAS MATPMEIA, TO IepBHEe k£ CTOJOmOB
maTpunil C comeprkaT TONBKO ONWH OTIMYHHE OT HYJA MUHOP k-ro ImOpAmKa

12...
c ( 1 2 k) . Iloaromy paBescTBo (38) MOKET GHTH 3aMACAHO TAK:
12...k—1g B(12...k—1gc12...k
Ao =1k B\ k1 12...k>:
= b“bzz  ele bh—j’ h—ibghciiczz oo Chp (39)
(g=Fk, k-1, ...,m; k=1,2, ...,7).
IMonoxum cHauanxa 3gechk g=Fk, Torma momyumm:
bubzz “o bhkc“czz e Cth.Dh (k= 1, 2, ceey r), (40)

OTKYJZla y’Ke BHTEKAaIT cooTHomeRusa (36).

He mapymasa paBemcTBa (35), MH MO:KeM B HeM YMHORMTb Marpumy B
CcITpaBa Ha IPOU3BONBHEYIO RE0COGEHHYTO0 fUaroHanbryio MaTpuny M = || ;8. ||7,
oflHOBPeMeHHO yMHOkasa Marpuny C caeBa ma M= u;'0; 7. dro pasmo-

CHIBHO YMHOMEHHIO CTOJGIOB MATPHIL B COOTBETCTBEHHO HA iy, Hg, ...y Hn
u crpor Marpmmul C Ha pgt, pgt, ..., un'. Ilostromy mmaromambmEIM diemen-
TaM by, ...y bpry Cy4y ...y Cpp MOJKHO NpPHAATh JIO0WE 3HAUCHHSA, YIOBIIe-

TBOpamue yciaoBuam (36).
Haimee, us (39) u (40) maxomgmm:

12...k—1¢g

A<1 20 k—1 k,
12...k
A(12... k>

1. e. meppue (opmyan (37). CoBepHmIEHEO AHAJOIWYHO YCTAHABIHBAIOTCA
Bropue ¢opmynn (37) gaa saeMmeHTOB Marpuis C.

O6patuM BHEMaHHe Ha TO, YTO NIPH IepemHOKenmu Marpum B u C axe-
MEHTH bz TOCHETHHX n— I CTOAONOB MAaTPUOH B 1 3JeMeHTH Cgj, TOCIEJHAX
n—r crpok Marpunu C mepeMHOKAIOTCA TOJBKO MeRIY coboif. Mu Bugenn,

YTO BCE HIEMEHTH IOCIeIHUX N — I CTPOK MaTpuisl C MOKHO BHGPATH PaBEEIMHA
Hyaiol), Torma smeMeHTH moCIegHUX n—r CTONOMOB MATpPUOH B MOKIO

bgr = by =k k+1, ...,n k=1,2, ..., 1),

1y 3ro caegyer us mpejcraBienms (33"). IIpm sToM [MATOHATLHAEIM BJEeMEHTaM
D11y, -y brpo €1y, ..., Cpp, KaK OBHUIO y3Ke IOKA3AHO, MOMHO NPHUIATH NI00He 3HAYeHUA,
YAOBIeTBOpAKINKe yciaosEAM (36) 3a CcUeT HajeMamEX MHOKHATedeH Wy, Wo, «.., Mp.

4%
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pu6pars npomsponbHwME. flcmo, aro mpowssememme Mmartpunm B m C He u3-
MEHHTCS, 6CIM ME TNOCIeNHNue n— 7 CTOXGIOB MAaTPUOK B BO3EMeM HYIeBHMH,
a 3IeMeHTH IOCIeZHHUX n—T CTPOK MaTpunkl C OPOHA3BOJIBHEIMI.

Teopema goxasana.

W3 moxasamHON TeOpeMbl BHITEKAeT DAL WHTEPECHHX CIENCTBUIA.

Cuanepncreue 1. Saemenmur nepesnx r cmoabyos mompuyst B u nepeviz r
cmpok mampuyst C ceR3ansl ¢ sAemenmamu. mempuys A peryppermHBMU
COOMHOULEHILAMIL;

B—1 N
@ip— D) bijcin
b= —— (izk; i=1,2,....,mk=1,2,...,7),
kR
i1 (41)
“ih‘—z bijcin
cih=___~’b_=i:_—— (<k;i=42,...,rk=1,2, ..., n). j

CoorHomernusa (41) EemocpeACTBEHHO CIe/[yIOT M3 MATPUIHOTO paBeHCTBA (35)
AMH yHIO6HO HOAB30BATHCS JAAA (AKTUIECKOTO BHYHCICHWS DIEMEHTOB

marpny, B u C.
Cnemcrsue 2. Ecau A=j a;|?— neocobenrnas mampuya (r=n),
ydosaemeopsrowas ycaosuio (34), mo ¢ npedcmagaerun (35) mampuyn B u C
onpedeasiomcs O0OHOSHAWHO, KAE MOALKO OUACOHANLHBLE IACMEHMbL IMUT
Mmampuy eubpans ¢ coomeemcmeui ¢ ycaosuamu (36).
Cuaemcrrme 3. Ecau S =| s |[? — cummempuneckasn mampuya parear u
12...k

D,=S$
* (12“.k

)%0 k=1, 2, ..., ),
S =BB’,
ede B = || by ||} — nudHAL mpey20abHai mampuya, § KOmopou

1 (12”.k—1g

—_—___.___—A
bﬂ=iVbWbi 12... k—1k
0 (g=k k41, ..., k=r+1,...,n0).

2. Mlycrs B npepcraBienun (35) y MaTpuuel B 31eMeHTH DOCIeZHAX
n—r c¢ron6mos paBHEE HYJ0. TOrga MOKHO TOJIOMKHUTH:

by 0 Cyq 0

=k, k+1,...,nk=1,2,...,7),
)(g i n M)

B=F. brr , C= Crr L, (43)

0 0 0 0.
rge F—amxaaa, a L —Bepxassa rTpeyroapHAas MATPHUOA; IDH JTOM IIE€DPBHE
r AUAroHANBHHX dJIeMeHTOB y Marpuil F u L paBHH 1, a 9IeMeHTH Iocaen-
HAX n—7 ¢TOJGIOB MAaTpUONK F ¥ IOCIeIHEX n—r CTPOK wMartpuou L

BHOpPaER coBepmeRHO mpomsBoabHo. Ilomcrasasis B (35) BHpamenua (43)
nng B u C m mcmonnaya paseHcrsa (36), mpujeM K cuefgyiomeii Teopeme:
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Teopema 2. Bcawas mampuya A =| a; || pamnea r, y xomopoi

12... &
Du=4 0 (=1, 2, ..., 1),
’ (1 2 ... k)7é ( )

npebecmaguma ¢ sude npouseedenus HuxcHel mpeyeoavroli mampuys F, Oua-
eonaavholi D u eepxrell mpeyzoavnoli L:

1 0 ...0| |ID, U Ly e L
Dy
. Dy
le 1 ...O .-. 01... lZn
A=FDL= ' Dy o (44)
' Dr_yg .
for fuz oo 1 o lo 0...1
a0e
Gy A
Jor= T2 ... % v g = 13 £ (49)
(i) iz )
(g=k+1, ..., k=1,2, ..., r),
a fgr, lng npouseosvnet npu g=k+1, ..., n; k=r41, ..., n
. Merog uckawuenns Faycca, 6ynyqu upmvereH K Mannue A=awrl?
pamra r, guag koropoit Dy0 (k=1, 2,-..., r), maeT HaM [pe MAaTPHIH:

HIDKHIOIO TPEYTOJBHYI MaTpuny W c nnaronanbnmmn saemenrtamu 1 u Bepx-
HIOK) TPEyroAbHYo Marpuny (7, y KOTODOU HIepBHe r [HAaroHAJNLHHX BJje-

Dy
v E: )
myaamu. G—rayccosa ¢popma marpunm A4, W —opeo6pasywmas MaTpHna.

s KOHKPETHOTO BEITHCJIEHHA 3JIEMEHTOB MaTpPHIE W MomuO pexo-
MEHOBATh CJENYIOIMHUE TpaeM.

Mu moayuum marpuny W, ecam x egmauwHOi Marpuume F IpuMmeHdM
Bce Te IpeoGpazoBaHUA (3a,uaBaeMme marpumamu Wy, ..., Wy), KoTopue
Mu B ajropmrme Iaycca pemanum majg marpmmeir A (B sTOM CJIyYae BMeCTO
npounssenenns WA, pasiaoro G, M 6ygem mmerh upoumssemenne WE, pas-
Boe W). Ilosromy K Marpume A XNpHOMCHBaeM CHPaBa €JWHAIHYI0 MAaT-

puny E:

D
MERTOB paBHH D, 53, - a NoclaefHHME h-—r CTPOK 3alOJHEHH
1

......... B (46)

ng -+- G 0 ... 1

Tlpumenss k »Toit TPAMOYTOJBLHOH Marpuie BCe MPeobpasOBaHUA AJIrO-
purma I'aycca, HoayduM OPAMOYTOJBHYI0 MATDHLY, COCTOHILYK M3 . IBYX

kBagparEmx Marpum G m W:
(G, W).

Taxum obGpasom, npumencnue aaszopumma Iaycca k& mampuye (46) Oaem
odnoepemenrno u mampuyy G u mampuyy W.
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Ecan A —nmeoco6enmas marpuma, T. e. |A|5=0, To m |G[5£0. B srom
cayzae u3 (33) caepyer A1=GW. llockonbky MaTpumu G uw W onpeje-
JEHH Up¥® HoMomu amropurtva [aycca, TO HaxomjaenAne oGpaTHOH MaTpUIH
Al cBogmrea k ompepemenwo G m ymmEoenuio G ma W,

Xora HaxoKpenwe ofparHOi Marpumul G7!, mociie TOro Kak oupeje-
JeHa Marpuna (, He IPEACTABIAET 3aTPYAHERWH, MOCKOIBKY G — Tpeyroan-
Hasg Marpuila, TeM He MeHee MOKHO m3Geykarh TOoil omepammm. [las sroro
HapAny c¢ marpumamum G u W BBejeMm aHamorwmansie Marpunu G, m W, musa
tTpaHCcIOEEpoBaHHOW Marpmuu 4’. Torga A’ =W7'Gy, 1. e.

A=W (47)
ComocraBuM Mexxny coGoit pasenctma (33') m (44):
A=W"G, A=FDL.

ITH paBeHCTBA MOTYT OHTb DPAcCMATDHUBAeMH KAaK [IBA PAa3JdWYHEX Pa3sio-
deeHMA BHAA (35); mpm srom MH mnpomsBepennme D[ paccmaTpuBaeM Kak
propoii MHO)kmTenab C. lloCKOABKY IepBHIE 7 JHATOHAJABHHIX 3JIEMEHTOB
y OepBHX MHOKHTeJEd OWHAKOBH (OHH paBHH 1), TO mepeee 7 C¢TOIGHOB
¥ HEX COBIAmaoT. 10Txa, DOCKOJLKY IIOCJIEIHWE Nn-— 7 CTOAOIOB MAaTPHIH
F Moryr 6mTh BHGpPAHH IPOM3BOJLHEIMEH, TO BHIGEDEM HX TAK, UTOGH

F=Ww1, (48)
C mpyroil cTOpPOHH, comocTaBieHHe paBeHCTB (47) u (44):
A=GW ™", A=FDL

II0KA3KBAET, 9TO MOMKHO TaK ImMOm00pATh IMPOW3BOJLHEIE BIEMEHTH B L, 4T06H

L=W, (49)
ITogcraBusia B (44) BMecro F m L ux smpaenua us (48) m (49), moxyqumm:
A=W1DW 1" (50)
ComocraBnss »To paseHoTBo ¢ paBeHcTBaMu (33') m (47), Mm Haiifem:
G=DW™, G =W7D. (51)
Bsegem B paccMoTpeHme QMATOHAJBLHYI) MaTpHILY
E:{_gi-, % Dlg;L, 0, .., 0}. (52)
Torpa, MOCKOABKY
D=DDD,
10 m3 (30) m (51) caemyer:
A=GDG. (53)

@opmyna (53) mOKa3mIBAaET, YTO pa3ioiKeHHe MAaTPHOE A Ha TpPeyroJbHHE
MHOKUTEIN MOMET OHTH IOJydeHO IpmMeHeHmeM aaropurma Iaycca k Mmar-
pumam A u 4’.

Hycrs temeps A—meocobenmag Mmarpmma (r==n). Torga |D|s£0,

D=D1, Hoatomy m3 (50) caemyer: -
A =W, DW. (54)



§ 5] BIOYHBIE MATPHIIEL, OBOBIIEHHBIN AJITOPUTM TAVCCA 5d

dra ¢opMyaa paer BO3MOKHOCTH 3PPEeKTHBHOrO BHYHCACHHA o6paTHOR
marpunu A~! myrem upmMeneRms anroputma l'aycca K OPAMOYTOIBHHEM
MaTpunaMm

(4, E) (4, E).

B wacTHOM cayuae, Korjga BMECTO MATPHOH A BO3bMEM CHMMETPHYECKYIO
marpuny S, marpuma G, cosmagaer ¢ G, a marpuma W;—c marpmueir W,
n noroMy ¢opMyaH (53) u (94) NpEHMMAIT BUT

S = G'DG, (55)
S =W DW. (56)

§ 5. PagGuenne marpmusr ma Onoxu. Texumka omepmpoBammsa
¢ GaounsiMn Marpupamu, O6oGmennsrii aaropurM I'aycca

Yacto mpuxomuMTCA MOJB30BATHCA MATPHIOAMH, pPas0UTHIMA HA IPAMO-
YTOJIBHEE YaCTH — ¢KJIETKWY WiIm .«0I0Kmy. PaccMOTpPEHUIO TaAKHX «OIOYHHX»
MaTPHUI ME DOCBAMAeM HACTOAMMA mMaparpad.

1. IIyeTh pmama mpAMOyroabHas MaTpHUIA

A= ap| (i=1,2, ..., m k=1,2, ..., n). (57‘)

IIpu moMomu rOpPW3OHTANBHHX W BEPTUKAIBHHX JHHHH paccedeM Mar-
puny A Ha OpAMOYTOJbHEE GJIOKH:

n ng ... N
Ali A12 .. Ait } m1
A= Azi Azz‘ ces Azt }. mz. (58)

Asi A,sz LR ‘4St }ms
IIpo marpuny (58) 6ymem rosopurh, uTo OHa pasbura Ha St OJIOKOB
Ays pasmepoM mg X ng (a=1, 2, ..., s; =1, 2, ..., t) mim 9TO OHa

npexcraBieRa B Buue OmouHOH Marpmns. Bmecto (58) GymeM coxpamesHEoO
apcaTh:

A= (Agp) (=1, 2, ..., s; =1, 2, ..., 1). (99)
B cuygae s=1¢ GymeM moab30BaTHCA W TAKOl 3aHUCHIO:
A = (Aqp)i. (60)

HeficrBua Haj OXOYHHME MaTPHNAMH HPOM3BOAATCA MO TeM ke (Pop-
MaJIbHHM OpaBHJIaM, KaK W B CJIydJae, KOTHA BMECTO GIOKOB HMeeM YHCIO-
BHE piaemeHtH. IlycTh, Hampumep, MaHH [BE IPAMOYTIOJIbHEE MATPUIH OH-~
HAKOBHX Da3MepoB M ¢ ONMHAKOBHM pas3buenEmeM Ha GiaoKm:

A= (Ayp)s B=(Bap) {fa=1, 2, ..., s; f=1, 2, ..., 1). (61)
Jlerxo ycmorpers, 4To ‘
A+ B=(Ays -+ Basp) (o=1, 2, ..., s; p=1, 2, ..., ). (62)

IlogpoOree ocramoBuMcH ma yMHO;KeHHH G6.J049HHX MaTpun. MasecTHO
(em. ra. I, crp. 17), 4ro mpm yMHOMKEHMM [OBYX NPAMOYTOJIBHHX MATDHI
A m B pamHa CTPOK B IIEPBOM COMHO;HTEeNe A JI0MEHA COBOAZATH C BHICO-
TOi cTox6MOB BO BTOPOM coMEOKHTene B. Jl1a BO3aMOKHOCTH «O6JI0THOTOY
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YMHOKeHNA STHX MATPHI MH JONOJHHTENLHO IoTpeGyeM, 4rofH Ipm pas-
6meHEM Ha OJIOKH BCE IOPH3OHTANLHEIE PasMEDH B IIEPBOM COMHOMKHUTEIE
COBIANAMM C COOTBETCTBYIOIINME BePTHKAJBHHMHA DasMePaMH BO BTOPOM:

Ay Ap . DA\ Y my By Bis ... By } ny
A=| An A22---A2t }me p_| By BZZ"'32u } na (63)
Asi Asz cos Ag } mg Bti Btz ... By } n:
Torga merko MpOBEPUTH, ITO
t
a=1, 2,...,s
AB=C=(C°;[5), ruge Ca3=2 Aa5355 (6—1 9 u) . (64)

0=1

OrgenpHO OTMETHM TOT WACTHEIA CAyYail, KOTJA OJHHEM M3 COMHO;KHTE-
neil Asnserca keasuduazonaavras marpmua. Ilyers A — KpasmamaromaJdbHAS
maTpuia, T. e. $=1 U Agp=0 mpm a~=p. B srom cnyqae dopmyna (64)
HaM [Iaer:

Cop= AaaBap (e=1,2,...,8, p=41,2, ..., u). (65)

HOpu ymuoxnenuu 640uH0U MAMPUYBL CAC8G HA KEEA3UOUAZOHANLHYR)
MAMPUYY CMPOKU GAOMHOU MAMPUYL YMHONAIOMCS CAeéad HA COOMEEMCM-
syowue OUA20HAAbHBlE KEAEMEU KE6A3UOUAOHAALHOU Mam pUulbl.

Ilycrs remepnr B — KBasmjmaroHaJbHAA MaTpuna, T. . t=u u B wp=0
mpr az=p. Torma ms (64) moxywaem:

Cup=AupBsp (@==1, 2, ..., s p=1, 2, ..., u). (66)

I pu ymuoxcenuu 6.404H0U MAMPUYLl CNPAa HA KEA3UOUAZOHAALHYI 6Ce
cmoabyst 6.404HOU MAMPUYBL YMHONCAIOMCS CIPABE HA COOMBEEMCMEYUjLE
duazondAbHbe KACMEU K8A3UOURZOHAALHOL MAMPUy.

3ameraM, 9TO YMHOKeHNe KBaJpaTHHX GI0OYHHX MAaTpUI OZHOTO
¥ TOrO jKe NOPSAKA BCerja BHIOJNHAMO, KOTJAa COMHOKUTENHR DaszbmTsl
Ha OJMHAKOBHE KBaJgpaTHHE CXeMH O0JOKOB M B K&KJOM H3 COMHOMKHTeJeH
Ha AWATOHAJBHHX MECTaX CTOAT KBAJPATHHE MAaTDPHI[H.

Bmounas Marpmna (58) HasmBaeTcA 6epxmell (HuMdCHel) Keasum peyeoib-
Holi, ecinm s=1 m Bce Aue=0 mpu a>p (coorBercrBeHEO Bce Ayp=0 npm
a < B). YacTHHM ciysaeM KBasUTPEYroJbHOW MATPHIE SABJIAETCA KBasH-
AmaroHAaJbHAs MaTpHEIA.

N3 ¢popmyan (64) merxko ycMoTpersb, 4TO

II poussedenue Osyx eeprrux (HUNCHUT) KEA3UM PEYLOAbHET - MAM PUY
A8AREMCS CHOBA gepxHeli (HUdCHel) Keasum pey20ibHoil mampuyell); npu smom
duazonanvHbie 640KU npouszsedeHus NOAYUAIOMCA RNYMeM NePEMHONECHUS
coomeemcmeyowuT OuazoHabhblr GA0K08 COMHONCUMeRel.

HefcTanrensuo, monaras B (64) s=1¢ u

Agp=0, Baez=0 mpm a<<B,
HadgeMm:
Cop=0 mpm a <P
u (a, p=1,2, ..., )
Cauz d AaaBaoc

1) [Ipm »ToM HpeXUONATaeTCHA, ITO 6I0THOE YMHOKeHHE BHIIOIHHUMO.
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AmajgormuHo pasbumpaercs ciAydail HIKHWX KBA3MTPEYTONBHHX MATPWI.

OTMeTuM OpPaBHJO BHYHCIEHUS OUpEfeNnTeJsA KBa3HTPeYTOJIbHOH Mar-
pPHLH. JTO OpPABHJIO MOKHO HOJYdHTH, WMCXOAA W3 DpasiaokeHusa Jlamiaca.

Ecau A— keasumpeyzoavnas (8 4acmHocmu, £6asuduazonaloHaL) Mam puyae
¢ k6ad pamubimi OUALOHANLHBIMU 6A0KAMU, MO Onpedesimend Mot mampuysl
pagen npouseedenuio onpedeaumeacii duazonasvhuzr 640k06:

IA[-—[Au[ [Asp -'-lAss[' (67)
2. Ilycrs mama 6xogHas Marpmua
ng Ny ...0NH
Ay Ag ... A\ ) my
A= Aay Azz---Azt‘ }mz. (68)

¢ e = e s .

Asi Asz e Ast } mg

IIpuGaBuM K o-ii GmogHO# CTPOKe P-I0 CTPOKY, IPeIBAPUTENHHO NMOMHOKEH=
HyI0 CJeBa HAa OPAMOYTOJAbHYI0 Marpmnmy X pasMepoM mg X mg. llomyamm
61049HyI0 MaTpUIy

Ay oo Agp \
Aai +XA51 .« o Aat +XA5t
B=| ... ...........]| (69)
Aﬁi .o Aﬂt
L Asi Ast

BeegeM BcmomorareabHYI0 KBafpaTHYI0O MaTtpuny V, mOpeicTaBIeHHYIO
B BHOe cieayiomeli KBaJapaTHOE cXeMh OI0KOB:
mg=:.Mg...Mg...Mg
—~— -

E...0...0...70\ }m

v=| .o (70)

0...0...0...E)}m,

B nuaromanbEHX KiaeTkax Matpuns V cTOSAT eAMHHYHME MATDHIH,
TIOPAAKN KOTODHX DaBHH COOTBETCTBEHHO My, M, ..., M,; BCE HEAHATO-
HaJApHKE 6a0okE Matpuus V paBHH Hym&o, 3a mckalogeEneM Gaoka X, cros-
mero Ha mepeceuenmy o-i 6a04mOi cTpok:m ¢ f-M GmOUHHM CTOXGIOM.

Herpyzmo Bmmers, uto

VA=B. (71)
Orcofa, mockoabky V — Heocofennas marpmma, Aaa pamros matpun A m B
nmeeM 1):

ra=rg. (72)

1) Cm. cTp. 22,
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B wacTEOM cayuae, xorma A-—wBagparmaa Marpuia, us (71) mmeem:

|Vil4]=]Bl - (13)
Ho ompepenurens KBasurpeyroabuoil Marpuuu V pasenm 1:
[Vi=1. (74)
CJaegoBaTelabHO,
|A|=|B| (75)

K TakmM jxe BHBOJAM MOMKHO IPHATH, €CIm K KakKoMy-imGo cToabimy
marpuuu (67) mpubaBadrTh APYroi croxber, OpeBapUTeNbHO OOMHOKEHHHI
cIpaBa Ha MPAMOYTOAbHYI Marpuiy X HAAJIeKAIWX DPasMepoB.

Ho.u'yquHLIe pesyabraTe MOTyT OHTH cHoOpMYyIHpPOBAaHH B BHIe CJe-
OYIOmeil TeopeM:l.

Teopema 3. Ecau 6 6aouroil Mampu,qe A &k a-ii 6a0unoll cmpoke
(cmoabyy) npubasumsv PB-to 6aounywo cmpoky (cmoabey), npedsapumensho
NOMHONCeHHYI CAeed (Cnpasa) wa npamoyeoavHylo mampuyy X coomeemcm-
BYIOWUT PaA3Mepog, Mo npu Imom npeobpasosaHul He UIMEHAMCE PAH2
mampuyst A, a marxe 8 cayiae, Koeda A—weadpamnas mampuya, U onpe-
deaumens mampuyst A.

3. PaccMorpuM Temeph TOT UAaCTHHIE cxydait, Korjga B Marpumme A
MUATOHAJABHMYE 0J0K A,  — KBagpaTHaA ¥ HIPHATOM HEOCOGeHHAd MAaTpPHIA
(1A111¢0)

H o-i CTPOKE ~MATpPHUILI A mpubasmM TEPBYI0 CTPOKY, HDOMHOKEHHYIO

caeBa Ha — Ay AT (a=2, ..., s). Torma moayunm MaTpumy
Ail A12 .. Ait
B1= 0 A;lz) N A(l) , (76)
0 A% ... A
rne

AB= — Ay AT A+ Ags (=2, ccey 83 B=2,...,8).  (77)

Ecan A{Y —xkBagpartHas HeocoGeHHAA MaTpHIA, TO DTOT HPOIIECC MOKHO
NPOJOMANTE. MH HOpPHXOAUM, TAKHUM 06pasoM, K 0600mMeAAOMY aiT 0-
parmy Taycca.

Ilyers A —xBagparmast Marpmna. Torga

A;;) . A(l)
...... . (78)
A‘(glz) . A(l)

Qopmyna (78) cBoAMT BHTHCAEHAE OMpeennress | A|, cocToAmero us st
GJI0OKOB, K BEITMCIEHWI0 ONPEIENUTEeNs MEHBINETo IOPAAKA, COCTOAMEro
u3 (s—l) (t—1) GmoxoB?).

Paccmorpum onpemenurext A, pasomTHA Ha qumpe 6JroKa:

A B\
A=
cCD

|Al=|B|=|Ay]

(79)

rae A m D —KBajjpaTHHE MATPHIIH.

1) Ecnam A{Y —uBagpardas Marpuma # | A | 55 0, To K DONXydYeHHOMY OIpefelH-
Temo 43 (s—1)(Z—1) 0I0KOB MH MOKeM CHOBa IDHMeHHTH TaKoe jKe IpeoOpazoBaHme
aT. A



§ 51 BJOYHBIE MATPUULI. OBOBIMEHHBIV AJITOPUTM T'AVCCA 59

Myctp | A|5=0. Torga BEIYTEM M3 BTOPOH CTPOKHM INEPBYIO, IpejBapu-
TenpHO TOMHOMEHHYyI0 cieBa Ha — CA™L Tlomyunwm:
A B
0 D-—-CAB

Touno rtak me, ecaum |D|==0, To MH BHuTeM B A H3 TepPBOW CTPOKH
BTOPYIO, IpeBapPUTeNbHO NOMHOMEHHYI0 cleBa Ha — BD™L Tlomyunm:

A—BDC 0
C
B uwacrHoM cayuae, Korja Bce uwerhpe Marpuns A, B, C, D—xsan-
parste (ofHOTO W Toro ke mopanka n), w3 (I) u (II) caegyor popmy s

Olypa, cBofAmue BHUMCIEHHEe OIpemenuTelsa 2n-ro HOPA/KA K BHEIYUCIE-
HHIO OIpENeNuTeNs n-ro MopAfka:

A:l —|A| |D—CA"B| (1)

A= —{A—BDC||D| (11)

A=|AD —ACAB]| (|415=0), (Ia)
A=|AD—BDCD)| (| D|=0). (I1a)
Ecau marpunst A u C mepecTanoBOYHE MesKy coboit, To us (Ia) cnemyer:
A=|AD—CB| (mpu ycmoum AC = CA). (16)

Toumo Ttar e, eciu C m D mepecranoBoYHH Mexay coboi, To
A=|AD—BC|  (upm ycmosmn CD=DC). (116)

®opuyna (I6) 6mma moaywena B npegmonosxennu | A |0, a popmyia
(I16) npu ycaosun | D |5 0. Onmaxo, mcxona ms cooGpakeHnii HeIpPeDPHIB-
HOCTH, BTH OTPAHAYEHAS MOMKHO OTODOCHTH.

Ws popmyan (I) —(116) MosHO TONYUHTDH eme IecThb GOPMYJ, HOMEHHB
mectamu B npaBhix uactax A m D u ogmEoBpemenmo B m C.

IlpuMep.
10 b by
a| 0t bt
€4 ¢y dy do
ez ¢y d3 dy
Tlo ¢opmyme (I6)
{ dy—cyby—eob3 dg—c1by—cab;
A= d3-—cgby—e4b3 dy—csby—eby |

4, VcramopaM ¢opmyay @pobenuycal) mua obpamenus GunouroH
maTpuns. Ilyerh HeocoGenmmas kpagparHas mMarpmma M (| M |==0) pasbura
"a OGIOKHN '

24
w1 (C3)

n mycTh A—Taxmke HeocoOeHHAaA KBajgpaTHAasg MaTpHOa (| A]=%0). Tpe-
fyerca ompegenuts M1

1) Cm., mampumep, [44].
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IIpumennm k marpume M oboluiermstin aaropurm Iaycca. W3 Bropoit
6107HOY CTDOKH BHYTEM HEePBYI0, NPEIBAPHTENLHO IOMHOMEHHYIO CJEBA

ma —(CA™. Jra onepanua PaBHOCHIBHA YMHOeHHI0 MaTtpunu M ciesa
Ha Marpamny?l) (E O) , Tie X = —CA"1. Ilosromy
X E
E O\ py_(4 B . (81)
—CA E 0 D—-CAB
Beenem oGo3HaueHme
H=D—CA'B
H 3aMermM, 910 u3 pasedcrBa (81) cuemyer:
| M|=[A| |H]|. (82)

Hoaromy, mockoabky |M|5=0, ro m |H|5=0%). Ilepexogs k oGpaTHEM
maTpuiiaM B paseHcTBe (81), momywmm

S AV S

- A B
O6paTHy0 MATDHIy IJfA MATPHIH ( 6ymeM HMCKarh B BUAE

A'lU)
o

0 H™?
Torma m3 paBeHcTBa

AB\ (At U\ _(EO
(OH) (0 H‘l)— 0 E

gaxomnM, ur0 U= —A"1BH™1, Takum o6pasom,
AB —‘:: At ~A"IBH™ _ (84)
0H 0 H1

Ho rorma us paeemctea (83) maxomum
- -1 __ g~ -1
M—1= A B i E 0 - A 1 A IBH ( E O) . (85)
O0H —CA' B 0 H™ —CA1E

DBuIoaHEAA yMHOKeHHe 6JOYHEIX MATpHI B IpaBoil wactTh paseHcTBa (85),
upuxoguM K ¢popmyne ®pobermyca

- - -1 A1 __ A-1RH-1
M — A1 L A'BHICA A1BH ’ (86)
—H1CA? H1
rae ’
H=D—CA1B, (87)

@Dopmyna Opobenmyca (86) cBoguT obpameHHe MATPUIK TOPALKA N --¢
K o0palleHEHIG JBYX MATPHI HOPANKA n H ¢ H K ODEpPAlHAM CIOKEHHA
I YMHOKeHHMA MaWpHO ¢ PasMepaMu nXn, 4 Xq, n Xq B gX n.

1) B nepsoit Gmounoii crpoke OykBa FE o0603HauaeT eJHHHTHYI MAaTPULy R-TO
OOpALKA, & BO BTOPOM—eAmHAMYHYI0 MATPHIY MOPAAKA 4.

2) Ham meT HeoGXOAEMOCTH 3apaHee yCTaHABIHBATH HeocoOenHOCTs MaTpEner M,
TaR KaK 3TO CBOHCTBO MaTpmmsl M ciepyeT u3 Toro, 410 |A| == 0 m |H| 5 0. Ecam 61
okasazoch, uto | H |[=0, 10 Torga m | M |=0, @ B aToM cIydae He cymecTByeT olpaT-
HOK MaTpmmu M-1,
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Ecan mpepmomosimrs, urto |D|==0 (BMecTo [A]—#O) H IIOMEHATH

poaxamu Mmarpunu A u D,

TO MOMKHO IOJNYy4YUTH APYroil Bum GOPMyIH

Dpobermyca:
A B\-t K —K-1BD1 69)
CD — D\CK-' D'+ D\CK-1BD!]’
rae
K=—=A—BDC. (89)
lipumep. TpebGyerca HaiiTm saeMeHTH 06paTHOH MaTpPHIH A MaTPHILE
1 —1 01
Me —1 2 —-10
- 0o 2 01
2 0 12
ITosaraem
A 1 —1] ot _102] _)01
=1 21" T 2ol _12}'
HaxonuMm mociieoBaTeJBHO
A_1:21 =02 21‘2122
114’
H=D—CA-\B=D ] 22 ‘— 21
T - "H \H—w} ’12‘ 1—24 ‘3—2
2 —1 —12
_1= -1 = =
o v RS Tt T B
A-1BH~1— —12 2 —1 ‘_‘ 4 -3
THl=11] I3 —2 _’1—1
4 =3 1|22 —4 2
-1 -1 —],: -
arricai=| | 7] H4 o e |
—23
A"l - A4-1BH-1CA1=
—1 1}
H-1C4-1 2——_—1”22’_‘ 02
3 —2] ||4 2 —i —22]"
IToaromy mo dopmyne (86) maxomum:
-2 3 —4 3
—1 1 —1 1
M-1=
0 —2 2 —1
2 —2 3 —2

5. U3 reopeMn 3 BHITEKAeT TaKke

Teopema 4. Ecau npamoyeoavnas mampuya R npedcmagaena ¢ 6404~

HOM sude

A4
c

-

ede A — keadpamnas neocobennas mampuya nopadka n (| A

B
D

]

(90)

|=0), mo pane
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mampuyvt R pasen n 6 mom U MoabkO0 8 MoM cayuae, Kozda
D=CA1B. (91)

Horkazareanctso. Baurem m3 Bropoii G0YHON CTPOKN MAaTPHIE I
HepBYI0, OPeIBAPHTEILHO MOMHOKeHHAY® ciepa Ha CA™. Torga nomydnm

MaTpuny 4 3
T:(o D_CA-lB) ' (92)

Marprus R u T corjacHo TeopeMe 3 EMEIT OAHMH M TOT ke padr. Panr ke
maTpuns 7' cosumamaer ¢ paHroM Marpumk A (1. e. ¢ n) TOrja W TOJBKO
rorma, xorga D —CAB=0, r. e. gorga mmeer wmecto (91). Teopema
J0Ka3aHa.

N3 TeopeMH 4 BHTEKAeT aATOPHUTM MOCTPoeHUS 0OpaTHOW Marpuiel A~
u Boo6me mpomsBegenus CA™B, rue B, ( —upaMoyroJpHEEe MaTPHIE pas-
MepoM n X p, g X nt).

Tpusegem mpm momomu axropmrMma [aycca?) marpmuy

A B
—Cc 0 (1A4]=0) (93)
K BULY
Gi Bi
0 x| (94)
HoraxeMm, gro
X=CAB. (95)
B camoum meixe, TO ke mpeoGpasoBanme, KOTOPOe GHIIO IPUMEHEHO K MaTpHIe
(93), mpmeemer MaTpunmy
A B
—c —CA‘lB) (96)
K BHIY
G B,
0 X—CA?B)" (97)

CoraacHOo Teopeme 4 marpuna (96) mmeer panr n(n— IHOPAAOK MaTpDH-
nu A). Ho rorma m wmarpmma (97) pomxma mmers pamr n. Orcioma
X —~CAB=0, r. e. umeer Mecro (95).

B qacrmOCTH, ecim B =y, rge y—croabuesas marpuua, n C=E, 1o

X=A1y.

CremopatennHo, mpuMeHrss aaroputm laycca kK marpuie

4 vy
[z o)
1) Cm. [88].

2) 3gech MH mpuMeHfgeM K MaTpuie- (93) He Bech aaroputm 'aycca, a TOTBKO €ro
NepBHeE R JTANOB, THe n— IOPATOK MATPANH A. ITO MOKEO C/leJaTh, eCIN BHIIOIHAOTCH
yenosua (15) npu p==rn. Ecam e 5TM YCIOBHA He BEIIONHEHAH, TO, IOCKONBKY | 4| == 0,
MH MO}KeM TaK IepeHyMepoBaTh LEepBHe i CTPOK (WIX HmepBHe n ¢T0a0moB) MaTpums (93),
9TOGH n HTANOB anropuTMa l'aycca OKasainch BHIONEMMEIMA. Taxo#l BUIOH3MeHeHHEIH
axroput Taycca mMHOr[a DPAMEHSIOT W IIPH BHINOJHERHA ycaoBUMiA (15) mas p=n.
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MHl IOJTydaeM pemieHne CACTeMH ypaBHEHHHA
Ar=y.

Namee, ecau B (93) momomurs B=C=E, To mocie NpuMeHEHHA aJro-
purma I'aycca k Marpume

4, E
( _'E’ 0)
MMOJIYy4YnM:
G, W
o, x)-
raoe
X=A471

IIpounTocTPUPYEM STOT CIHOCOO HAXOMICHUSA A1 ma cmemyromeM IpuMepe.
IMpumep. Ilyers

2 11

A=y1 0 2

3 1 2

Tpebyeres Brameants A-1.
TlpEMensieM HeCKONBKO BAAOMBMEHEHHEIH METOJ MCKIIUeHHA 1) K MaTpHIe

2 1 1100
470 2010
304,02 0 0 1
—1 0 00 0 0}
0—1 0000
0 0—100.0

Ko BceM cTpOKaM UPHOABIsieM BTODPYIO CTPOKY C HEKOTODHM MHOMUTeNeM X Jobm-
BaeMcs TOTO, UTOOH BCe 3JIEMOHTH IepBOro cTOi6IA, KpOoMe BTOpOTO 3JeMeHTa, DaBHA-
auch Hymo. Ilocme BTOr0 KO BCeM CTPOKAM, KpOMe BTODOif, UPEOABisAeM TPETHI) CTPORY
¢ HEKOTODHM MHOMHTeNleM W JOCTAraeM TOro, 9106k Bo BTOpoM CTOIOIE BCO BIEMEHTH,
KpoMe BTODOTO M TpeThero, GHuIH pamEsl Hymo. Ilocae 9TOro K INOCTEHUM TPEM CTPOKAM
npE6aBiseM HepBYK CTPOKY ¢ HeKOTODEIM MHOMUTENeM H IOJTydaeM MATDULy BUIA

XoKoX X X X
X X X X
sk
2

XX
Kok ok K XK
0 0 0 —2 -—i
0o 0 O 4 1 -3
0 0 O 1 1 —1
ITosTomy
—2 —1 2
A l= 4 1 =3
1 1 —1

6. Pas6menne Marpummel Ha GJIOKM MOmKeT OBITh HCIOJB30BAHO TaKiKe
IUIA HaxokIeHus IcesgooGparmoii marpmusl (cM. ra. I, § 5). Ilycre cmoBa

1) Cu. cHOCKy 2) Ha cTp. 62.
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OpAMOyroabHAasa MaTpuma R mpeficrasieHa B BH[E

R= (‘2 g) , (98)

rge A —mneoco6ernaa ksagparmas wmarpuma (|4 |s£0) w ry=rg Torna
coraaceo Teopeme 4 copasepamso paseHcTBo D =CA™B, u moromy

R= (‘é) A (AB). (99)

Tax kax ara QopMyla HABIAETCA Pe3yIbTATOM [ABYX IOCIETOBATEIbLHERX
cKejJeTHHX pasnomeHuit (cm. ra. I, § 5):

A
R= ( c) (E A™B), (E A™\B)=A"1(4B),

TO
. A+ AVt
R*=(AB)* (A™)* (C) =(4B)t4 (C) . (100)
Tpumenas dopmyau (43) u (44) Ha crp. 34, oKOoHUAaTeabHO HaiifeM:
A*
Rt = (B*) (AA*+- BB*)™ A (A*A - C*C)™ (A*C™). (101)

@opmyna (101) maer sBHOe BHpaKeEme NiaA ICeBRooGpaTHOH Marpumm R*
gepes Gmokm A, B,

Dpamep.
1 —1} 2 0
i A B
| —1 21 —3 1=
R= i —\C D
0 1{—1 1
3nech rp=2 1
—1 2 0f
= 3 B= ’ c=l|{0 1 ’ == [}
a=|_, e 2=] 5 il e=o 11 b=t 4y

arerryi=(3] g T5)7 =g s

s R

(AA* - BB*)~1 4 (A*A--C*C) 1___9 ”15 SH

Torpga mo dgopmyne (101)

1 1

3 O3

1 —1 i 1 2
N T T

-9 2 —3 —1 | 2 1 1

0 1 9 T 9 9

4 1 5

9 9 9




TJIIABA III

JNHENHBIE OIIEPATOPHI B n-MEPHOM BEKTOPHOM
ITPOCTPAHCTBE

Marpunsr cocraBasAT OCHOBHOM aHATUTHYECKHIl almapaT MJA H3yYeHHsA
JMHEeHHKX OIepanuil B n-MepHOM OPOCTPAHCTBE. B CBOIO ouepens H3ydueHHe
3TUX OIepamuil JaeT BO3MOKHOCTh pasbUTh BCE MATPUIH HA KJIACCH H BHIA-
BUTH BAasKHEIE CBOMCTBA, IPHUCYIHe BCEM MATPHIaM OJHOTO M TOr0 ;Ke KJIAacca.

B macrosmeil riase mamaraioTca Ham(oJee IPOCTHE CBONWCTBA JIMHENHEX
0IIepaToOpoB B n-MepHOM mpocrpancTBe. JaanHeiimee mccaeqoBanne TUHOHHEX
OIIepaTOPOB B n-MEPHOM HpOCTpaHCTBe Oymer mpoupoaskeno B raasax VII m IX.

§ 1. BerropHOE NPOCTPAHCTBO

1. Tlycrs gama HEKOTOpasA COBOKYIHOCTh I IIPOM3BOJNBHEIX DIIEMEHTOB
%, Y, %, ..., B KOTOPOH ONpe[eNeHH [Be ONeparuu: ONePamuA «CIOKEeHHMIY
¥ omepamus «yMHO;KeHHA Ha umcao w3 moas K»l), Homycrum, uwro arm
omeparuy BCerja BHIOJHUMH 4 OJHO3HAYHHl B B WM Mias JOGHX 2JIeMeHTOB
%, Y, 2 u3 B u dncen a, P us K:

1° xty=y-+x
2° (x+y)+z=x+(y+2).

3° CymectByer rtakoit sinement 0 B R, uro mpomssegenme umciaa 0
Ha m06oit amemerT X u3 B pasro amementry 0:

- Qe =0,
4° 1.x=2.
5¢ o (Ber) = (of) .
6° _ (¢ +B) = ax+ Px.
7° alety)=ax+ay.

Ompepgexnenue 1. CoBokymHOCTH aiIeMeHTOB R, B KOTOpDOH Bcerga
BHIOJTHUMEL W OJHO3HAYHEI /BE OIEPAalVM: (CIO:KeHHE» JIeMEHTOB M «YMHO-
ykeHme sneMenTa u3 R ma umeno m3 K», mpmueM 3TH OmEPATOpH YHOBIE-
TBOPAKT mocryaataM 1°—7°, MH 0OyJeM HA3LIBATL 6EKMOPHUM RPOCIMPAH-
cmeom (mapy momem K), a caMB 3JXeMeHTHL— gekmopami 2).

1) 3tu omepauun 6ygeM 0TMeYaTh OOHTHEIMU 3HAKAMU « -+ » M «-», OPHYEM MOCIHEN-
HUA 3HAK WHOIJA He CTABHTCHA, a4 TOIHKO HOAPA3yMeBaeTcA.

2) He'rpy;uio BHfEeTH, 4TO U3 CBOHCTB 1°—7° clegyT Bce OOHUHHEO CBOACTBA
omepagHil CJIOKEHHA M YMHOKEHHA Ha YHCIO. TaK, HAOpDHMep, Opu xoboM x u3 R:
z+0=1.za4+0.x=(1+0)x=1.x=x, *+(—x)=0, rpe —xr=(—1)- 7 T. I

9 ®. P. Taurmaxep
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Onpepmenenue 2. Berrops &, ¥, ..., ¥ U3 B HA3HBAIOTCA AUHEHO
306UCUMBLMU, €CITH CYINECTBYIOT Takue uHciaa o, B, ..., § ua K, He pasHbie
OMHOBPEMEHHO HYII0, ITO

ax4-py 4 ... +du=0. (1

B caywae, ecnim He CymecTByeT TOJOOHOHE JMHEHHOH 3aBMCHMOCTH, BEKTOPHI
X, Y, ..., U HA3HBAIOTCA JLUHEILHO He3q6UCUMELMIU.

Ecanm sexropm 2, ¥, ..., ¥ JAUHEHHO 3aBHCHAMEI, TO OJHH M3 BEKTOPOB

MO;KeT GHThH OPEJCTABICH B BuAe JHMHeHHOH KOMOMHAIUM OCTANBHHIX ¢ KO3(-
pmomentamu m3 noag K. Tak, manpmmep, ecam B (1) as=0, To

B 8

=—Y— ... ——u.
x <Y LU

Onpemenernme 3. IlpocrpaHcTBo B HASHBAETCH - KOHEYHOMEDHBLM,
a 9HCJ0 1 4ieA0M UdMepeHull 3TOTO IPOCTPAHCTBA, ecln B K cymecTByer 1
JInHeHHO HE3aBHCHMHX BEKTOPOB, B TO BpeMA Kak mio6eie n-+1 Bexropos
n3 B numefino sasmcuMmil. Ecaw ke B IIPOCTPAHCTBE MOKHO HAWTH JuHEITHO
HEe3aBHCHMYI0 CHCTEMY M3 J060oro 4imcia BeKTOPOB, TO TIPOCTPAHCTBO HA3bI-
BAaeTCA 62CKOHEUHOMEDHBLM.

B nacrosmei KHure B OCHOBHOM M3y Yal0TCA KOHETHOMEPHEE IPOCTPAHCTBA.

Oupegenenue 4. CucreMa U3 n JHHEHHO He3aBUCUMHIX 34 aHHBIX
B OIpEJeJIeHHOM MHOPAJKe BEKTOPOB €;, €5, ..., €, B N-MEDPHOM IPOCTPAHCTBE
HA3KIBAETCA 6A3ucoM ITOT'O NIPOCTPAHCTBA.

2. Mpumep 1. COBOKYNHOCTh OORIYHEX BeKTODOB (HAIDABACHHHX TeOMETPHYECKUX
OTpe3KOB) ABIAECTCA TPEXMEePHHNM BEKTODHHM HpOCTpuaHCTBOM. YacTs 3T0TO OpoCcTpaHCTBAa,
COCTOAMAA M3 BEKTOPOB, NHapPaJIeJdbHHX HEKOTOPOU HJIOCKOCTH, ABJIAECTCA IBYMEDHEIM
HPOCTPARCTBOM, a BCe BEKTODH, NapallelbHbe HeKOTOpoll npamoil, ofpasynoT ogHo-

MepHOe BEeKTOPHOEe IPOCTDPAHCTBO.
Mpumep 2. Cronben ns » uncex nola K: r=(ry, x5, ..., &) HA30BeM BEKTOPOM

(IZ—-(I)IZ[KCI/IPOBaHHOE ‘IHCJIO). OcHOBHEIE omepanuy OMpeJeIAM KaK omepanumy Haj, CTOJI6I.(e—
BHIMK MaTpHUAMH:

(1, 20 ooy Tn)FWis Y20 -o s Yn)=(T1+ Y1 T2+ Y20 .09 Tnt¥Yn)
a(zy, X3 ..., Tp)=(ary, ALy, ..., ATp).
dmementom Hyar Oygmer croaben (0, 0, ..., 0). Jlerko mpoBepuTH, UTO BCe MOCTYNATH

1° —7° BRINONHAKTCA, ITH BEKTOPH 00pa3yi0T n-MepHOe NPOCTPAHCTBO. B KadecTBe Oasuca
9TOro MPOCTPAHCTBA MOKHO, HATIPAMeED, B3ATEH CTOJOIN elHHIYHOA MATPUIIE! 2-T0 IOPATKA:

4,0, ..., 0, O, 1 ...,0), ..., (0,0, ..., 1).
IIpocrpadcTBO, paccMOTpEeHHOE B ITOM HpHMepe, 9acTO HA3HIBAIOT HUCACHHBIM N-MEDHbIAL
nPOCMPAHCIMEOM.
IHprmep 3. COBOKYIHOCTS G€CKOHEUHRBIX IIOCTEN0BATeNLHOCTEH (2, T9, .. ., Tp, . .. ),
B KOTODOIl ONepAI[iH ONpe/edeHsl eCTeCTBeHHEIM ofpasoM, T. e. :
(xiv T2y eeey xn)"i‘(!/b Y29 -y Yn» -'-)__—(xi"i_yis x2+y27 R xn—i—yn, ---)7
A (Tqy Lgy oevy Tpy «-.)=(AZy, OTo, ..., GZp, ...),

upepcrasaaer coboil GeckoHedHOMEDPHOE IPOCTPAHCTBO.
HDpunMep 4 CoBOKyWHOCTH MHOTOYWIEHOB Qo+l ...-+ 0,471 cremenn <n
¢ Koapounmentamun m3 K mpepcraBasier co0off n-MepHOe BRKTOPHOE NDOCTPAHCTBO 1).
Ba3ncoM TaKoro IpOCTPaHCTBA ABIAETCH, HANDHMep, CACTeMa crenemeit 0, ¢, t2, ..., "1,
Bce ke rakme wmHOorogaess! (Ges orpaHwdeHms cTemeHn) o0pasyloT GecKOHeUHO-
MepHOe IpPOCTDPAaHCTBO.
MIpumep 5. Bce ¢yuknmm, ounpeneiesHHe B 3aMKHYTOM HHTepBaae [a, b], obpa-
3yHT 0eCKOReIHOMEDPHOe NPOCTPAHCTBO.:

1) B kawectTBe OCHOBHHEIX omepauuii Gepyrcs oOHTHOE CJIOjKeHHe MHOIOYICHOB
¥ YMHOMKeHWe MHOTOWJIEHA HA YHCJO.
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3. IlycTs BEKTODH €, €5, ..., €, 00pasyoT 6as;mc n-MepHOTO BEKTOD-
Horo mpocTpaHcrBa [, a O — OPOU3BONBHEIA BEKTOpP 93TOr0 WPOCTPAHCTHA,
Torga BeKTOPH X, €i, €3, ..., €, TUHEHHO 3aBHCHMH (H60 9HCJI0 HX PABHO
n-+1):

0o+ 0481 4 0gs 4 . . . + e, =0,

rie Mo KpaliHeli Mepe OJHO W3 YHCeJ Oy, O, ..., O OTIMYHO OT HYJIH:
OjHaKO B HAHHOM caydae ¢y==0, Tak KaK BeKTODH €, €3, ..., €, He MOTYT
OBITH CBS3aHL NUHeNHOH sasucumocTtbio. [loaromy

€ =1T,81 -+ T ...+ Tn€n, (2)

a; . ;
rue xi:'_'a—;,(l:i’ 2, ..., n).
3aMeTnM. 4TO UYHCIAA Ty, Ly, ..., &y ONHOBHAYHO OIPEIENSIOTCH 3aja-

HHeM BeKTOpa X w 0asmca ey, €;, ..., €;. D caMoM fexe, eciam HapAny
¢ (2) umeercss Apyroe pasioKeHNe I BEKTOpa «:

=81+ L85 . .. -+ Tn€p, (2
TO, BHYHTag UOUJNeHHO (2) ma (2'), momxyumm:

(x—21) €4 + (T —Tp) €5+ . .. + (T~ Tn) €,=0,

OTKyJa B CUIY NuHeIHOE HEe3aBHCHMOCTH BEKTOPOB fasuca caengyet

Ty— Ty =Tyg— Ty= ... =Tp+— T, =0,
T. €.
Ty=1=Ty, Ty=1=Lp, ..., Tn==0Tp. (3)
Yucna z,, T3, ..., Tp HA3HBAWTCA K0oplunamamiy BeKTopa X B Gasuce
€y, €3y ...y €n.
Ecan
n n
x= X zie;, Y= D Y€
i=1 i=1
TO

n n
x+y= D (z:+y:) e ax= D) are;,
i={ i={
T. €. HOOP6UHamu CyMMbl eenmopoe no./zyuaiomcn NOYACHHBIM CAONCEHUEM
coomeemcmeymwuz noopaunam caacaemux eenmopoe u npu yMHOJICGHuu 6ER~
mopa HA HucaAo Qo ece noopaunambz eenmopa y.unowcarommz HaA amo Yucao.

4, Tlycts BeKTOPH
n

Xy = D) Tire; k=1, 2, ..., m)
=

JHWHEeHAHO 3aBHCUMH, T. €.

m
2 ckoch=0, (4)
k=1

rae mo KpaﬁHeﬁ Mepe OOHO H3 YHUCET ¢4, Cp, ..., Cp HE PABHO HYJIIO.

Ecnu Bextop paBem HYJNI0, TO BCe €r0 KOOPIWHATHL PABHW HYJIO.
IlosTomMy BeKTOpHOE PAaBEHCTBO (4) SKBUBAJEHTHO CAEAYINEH CHCTEMe CKalAp-
HHX PaBeHCTB:

C1Zy + izt .« o+ emZym = 0,
C1%ay + CoZaz . . . -+ CuZom = 0,

€%y + CoZng + - . . + CmTam = 0.

(&)

5%
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JTa cucTeMa OJHOPOJHHX JWHEHHHX YpaBHEHUH OTHOCHTEJIBHO ¢4, (s,
.+ .+, Cm, KaK M3BECTHO, EMeeT HEHYJEBOE pelleHMe TOTa W TONLKO TOTraa,
Korja paHr MaTpHUOmul Kod(QPHUIMeHTOB MeHbIle- YACIa HEM3BeCTHHX, T. €.
MeHBIIe m. 1[09TOMY paBeHCTBO HTOTO PAHTA YHCIY m ABJIAETCA He0OXOTUMEM
¥ J0CTATOYHBIM YCJIOBHEM IJiA THHeHHON He3aBUCUMOCTHA BEKTOPOB Xy, &s,

x
R
Taxum ofpasoM, EMeeT MecTO CIeAyomad
Teopewma 1. Jaa mozo umobs eeEmopu €4, L2, . . , Ly OLLAU AUHETHO

HesagucuMbl, HeoO0rodumo u Oocmamouno, umobsvl. panz r MAMpPuys, CocMmas-
AEHHOU U3 KoopduHnam smux eekmopoe 8 npousgoishom 6asuce,

xii xiz ..‘. xim
Ty Tog ... Tom
X=l| . .......
vxvm Ino .« .« Tnm

6w paserw m, T. €. HUCAY 6EKMOPOS.

" 3aMeuaHnu e. JlunelHaA He3aBUCUMOCTH BEKTOPOB &4, X3, . . ., XL
03HAYaeT JHHEHHYI0 HE3aBACHMOCTH CTOJONOB MATPHANEL X, HOCKOILKY B k-M
¢Tonbne CTOAT KOOPAMHATH BekTopa o« (K =1, 2, ..., m). Ilostomy,
COTJIACHO TeopeMe, ecill B OPAMOYTONBHON MaTpHLe cTONOIE JIXHEHHO He3aBN-
CHMEI, TO PaHT MATPHANEl paBeH aucay cToabmoB. OTciofa ciemyer, 9T0 B Ipo-
VI3BOJBHON IPAMOYTOJABHON MaTpHUe MaKCHMajabHOE YHCJIO JHHEHHO HO3aBW-
CHMHX cTOJOL0OB PAaBHO paHry MarpHmbl. HpoMe Toro, eciam Mel TPaHCIOHH-
pyeM MaTpHIy, T. e. CTPOKH JejaeM cTonbramd (M Hao60poT), TO PAHT MaT-
PMIH IIPH 3TOM, OYeBHAHO, He MeHsercs. IloaToMy ¢ npamoyeoasroll mampuye
8ce20a uuca0 AUKETHO He3A8UCUMBLE cmoaby08 pasHo Hucay AUHEUHO Hesasu-
cuUMBE CMPOK U PABHO DAH2Y MAmMpPUlbl.

5. Ecam B n-MepHOM IPOCTPAHCTBe BHODam 6asmc eq, €3, . ..., €,, TO KaMKIOMY BEK-
TOPY T OTHO3HAYHO OTBeYaeT cToA0eI T = (T4, T, - . ., Iy), THE Iy, I3, . . ., T, —KOOPAH-
HATHL BeKTopa z B JanHoM Gasmce. Takum o6pa3soM, 3ajaHue 6a3mca yCTAHABIMBAET B3a-
IMHO OXHO3HAYHOE COOTBETCTBHE MeX[y BEKTOPAMH HPOM3BOJIBHOrO n-MEPHOTO BeKTOPHOIO
mpocTpaECTBA B 1 BEKTOPAME n-MepHOTLO UHMCIeHHOro mpocTpaEcTBa R', paccMoTpPeHHOIo
B mpamepe 2. IlpuaToM cyMme BeKTOpOB u3 B oTBeYaeT CyMMa COOTBETCTBYIIIUX BEKTOPOB
i3 R’. AHaIOTMIHOe MMEeT MeCTO M [JIA IPOM3BelleHNWs BeKTopa Ha ducio o m3 K. JIpy-
THMH ¢JI0BaMU, IPOH3BOIAbHOE n-MepHoe BEKTODHOe IPOCTPAHCTBO 430mopHHO TUCIEHHOMY
n-MepPHOMY HPOCTPAHCTBY M, CIef[0BaTelbHO, 6ce 6eKmopHble NPOCMparcmed 00H020 U Mozo
Je wucaa usmepenull n Had odHuMm u mem sce wucaostim nosem K uzomop@uu mexncdy coboit.
910 03EAYAET, 9TO ¢ TOYHOCTHIO [0 MIOMOPPH3MA CYHIECTBYeT TOIBKO OJJHO n-MepHOe BeK-
TOpPHOE HPOCTPAHCTBO HPU 3aJaHHOM UHCIOBOM HOJE.

MoskeT Bo3HAKHYTEH BONPOC, 3a9eM MH BBeJHU «a0CTPAKTHOe» n-MepPHOe IPOCTPAHCTBO,
€CJIHU ¢ TOYHOCTHIO 10 m3oMopduaMa OHO COBUAJAET C n-MePHEIM YHCIeHHKIM OPOCTPaH-
ctBoM. JleficTBUTeNBHO, MOMKHO ORUIO OH OIpPeNeNUTh BOKTOP KaK CHCTeMY n dmces, 3alaH-
HRX B OIPeJeNeHHOM IOPALKe, W YCTAHOBUTDL oNepPamuio Haj OTHMH BeKTopamum, KakK aro
Oro chenamo B mpumepe 2. Ho mpm arom cMemanuch OHl BoefiuHO CBOHCTBa BEKTODa,
He 3aBHcAIMEe or Bhfopa 6a3mca, co cBoicTBaMu coenuanbHoOro 6asuca. HanprMep, paBeH-
¢TBO HYJIIO BCeX KOOPAMHAT BEKTODA eCTh CBOHCTBO CAMOT0 BeKTOpa; OHO HE 3aBHCHT OT BHI-
6opa Oazmca. PaBeHCTBO MesKLy co00ff Beex KoOpDAMHAT BEKTopa He eCTh CBOMCTBO CaMoro
BeKTOpa, N60 Opy u3MeHEHUM 0a3uca OHO HcUesaeT. Axcuomamuueckoe onpedeseHue sexmop-
Ho20 npocmpaxncmea ngnocpet?cmeenno gbldeasem ceolicmea 6EKMOpos8, He 3asuciyue om
snbopa Gasuca. :

6. Ecam meroTopas COBOKYNHOCTHL BeKTOPOB R’, cocraBinAwman yacts I,
oframaeT TeM CBOMCTBOM, YTO CyMMa JIOOHX JABYX BeKTopoB uz R’ u mpo-
m3Begerne mpob60ro BeKTOopa m3 R’ Ha umeao o€ K Bcerga mpmHagdeskat R,
TO Taxoe MHOrooOpasme R’ caMo ABIAETCS BEKTOPHHIM IPOCTPAHCTBOM, nOO-
npocmpancmeon B R.
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Ecaun pgamm pBa mogupocrpamcrsa R’ m R B R M H3BECTHO, 4TO
1° R’ m R’ pge umewT o6mMuUX BEKTOPOB, KPOME HYJA, U
2° mwboit BerTop & U3 R mpefcTaBifgeTrca B BUAE CYMMBI

x=x"-+x" ('€R, x"¢R), (9)

T0 MH GygeM rOBODWTH, 4TO NPOCTPAHCTBO [ pacwyenasemcs HA JBA TOI-
npocrpancra R’ u R" u GymeMm OHCATH:

R=FR-+R" (6)

3aMeTHM, 4TO ycxoBHe 1° 03HauaeT eIWHCTBEHHOCTDH NMpeACTaBiaeHHA (D).
B camom pese, ecnm On GiA HEKOTOPOrO BEKTOpa & MH MMENM IBa DAa3HBIX
TmpencTaBiIeHna B BHAe cyMMbl ciaraemibix m3 R u R’, npexpcraeienme ()
¥ mpejicraBieHHe

:l: — :%I +v%// (:i;l E R/, %N E R//), (7)
TO, BEIYHTAA HouneHHo (7) m3 (5), MBI mONy4HIH OB

~ ~,
xl'—‘wl :x/__x//’

T. €. DABEHCTBO MEKAY OTIMYHKIMM OT HYIA BEKTODAMI x —x% ¢R wx"—
— "€ R’, 94T0 HeBO3MOKHO B cmiry 1°.

Tarkum o6pasoM, yecmosume 1° MOKHO 3aMeHHTH TpeGoBaHHEM €[WHCTBEH-
HOcTH mpefcTaBieHHus (5). B Takom Bupe ompeneneHme pacIielvieHHMA HEIO-
CPeJICTBEHHO PACIIPOCTPAHAETCA HA JNIOGOE UHNCIO CIAraeMHX MOXNPOCTPAHCTE.

ITycts

R=R -+ R’

ne, e, ..., €y U €, €, ..., €ns—0a3UCH COOTBeTCTBEHHO B R’ u R,
Torza wurarenap 6e3 Tpyga HoRasker, 9T0 Bce 3TH n' -+ n” BEeKTOPOB JUHENHO
HesaBHCUMH 7 00pasylor 6asmc 8 R, T. €. uTo m3 6a3uCOB CIAraeMHX IOJ-:
TPOCTPAHCTB cOocCTamidgeTcA 6azuC BCOTO MPOCTpPaHCTBA. B wacTHOCTH, OTCIOIA
6ymer ciemoBarh, 9T0 n=n’--n".

Mpumep 1. Ilycrs B mpocTpancTBe TpeX M3MEpPeHHil [AHH TN HeNapaiielbHHX
ogHOfl W TOH Ke MmIOCKOCTH Hampapienud. ‘Taw. Kak ai060# BeKTOP B HPOCTPAHCTBE
MOKHO Da3lIOKHTH HA COCTABIAIIIME IO HTHM TpeM HANPABICHUAM, MPHTOM eIUHCTBEH-
HEIM o6pasom, TO

R=RI + Rll+ RII/,

e R -—COBOKYNHOCTH BCeX BEKTOPOB HANIETO NpOCTpancrBa, R'—cCOBOKYDHOCTL Bcex
BEKTODOB, IlapalilelbHEIX [epBOMY HampaBienuio, R”-—BropoMy, R” —TpeTheMy.
B pannoM caywae n=3, n’=n"=n"=1.

IIpumep 2. [IycTs B NPOCTPAaHCTBE TPEX HM3MEPEHMH JaHH IJIOCKOCTH M Hepece-
Rawimasa ee npaMad. Tornma

R=R' -+ R,

rie R -—COBOKYIHOCTL BCEX HBeKTOPOB HAUIeT0 HpOCTpPaHCTBA, R’ — COBOKYINHOCTH BCEX
BEKTODOB, MApallIeNbHEX B3aflaHiOH INIOCKOCTH, U R”—-conoxym{ocm BCEX BEKTOPOB,
mapajlleJIbHEIX 3aflaHHO# mpAMoil. B aroM npmMmepe rn=3, n’' =2, n"=1.

Sananme Gasmca e, €,, ..., €, B NpOCTpaHCTBe J& MO CYIECTBY O3HA-
4aeT HEKOTOpOe pacIiemiieHue BCEro LpocTpancTea R HA n OHOMEPHHX
TMOATIPOCTPAHCTB.
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§ 2. JInneiiuniit oneparop, oroGpaxarommii 72-MepHOE HPOCTPAHCTBO
B M-MepHOE

1. PaccmoTpuM amHeiliHOE IpeofpasoBaHme
Y1= auZy + G2y + . . . + Aynln,
Yo = Gy1%y + Goo%s + . . . - Applln, )

s e o 8 + e« x s s e e w s s e s = »

Ym = Qm1%1 + Qmaly+ -« - 4 Gmnln,
KO02(pPUIHEHTH KOTOPOrO NpPHHAJJIEKAT UHCIOBOMY moiio K, m JBa BeKTOD-
HEIX IPOCTPAHCTBA HAJX 9THM mojeM: n-MepHoe R m m-mepHoe S. BriGepem
8 R HeroTopHii Gasmc €y, €,y ..., €, U B § HeKoTopHil 6a3nc g1, Jos - -y Om-

Torga mpeoGpasoBanme (8) OTHOCHT KaMIOMY BEKTODPY & = Zm,e, m R
i=1

HEKOTODHHA BEKTOD ¥ == > yxgr w3 8§, T. e. mpeobpasopanme (8) ompefenser
h=1

HEKOTODHiA omepaTop A, OTHOCAMINIL BeKTOPY & BeKTop ¥: ¥ = Ax. Herpynmo
BHJEThL, 4TO 5TO0T ouepaTop A obxamaer CBOHCTBOM JNMHEHHOCTH, KOTOpOE
MH cpopMyIHEpyeM TaK:

Onpegeaernue 5 Oneparop A, orobpaskarommit B 8 §, T. e. oTHOCA-
muii RaKZoMy BEKTOopy 2« us R Heroropsii BerkTop ¥ = Ax m3 S, HagH-
BAETCS AUMHElHHM, €CION IJa JNOHX &, x;us R u o n3 K

A (x+2,) = Ax+ Axy, A(ox)=adx. (9)
Takum oGpasoM, mpeobpasoBanme (8) mpm sajaHEHx Oasmcax B B m §

oIpefelAeT HEKOTOPHH JUHEHHHN omepaTop, orobpaskapomuii R B §.
IMokaxkem Ttemeps oOpaTHoOe, T. €. UTO AJA IPOU3BOIBHOTO JIHHEHHOTO

omeparopa A, oroGpakawmero 2 8 §, I IpOusBoJIBHHX (a3ucos ey, €, ..., €,
B R® g, gy ..., gu B S CymecTByeT Takasd HPAMOYroJbHAsd MaTPHIA
¢ siaemeHraMu m3 moasa K .
ay Qg ... Qip
gy Qg3 .. Qon
, (10)
Amy Qme -« - Qmn ||

9TO COCTABIEHHOE IIPH IOMOINM 5TOHl MATPHOH JmHEeiHoe mpeobGpasopamme (1)
BHpaKaeT KOODJAMHATH IpPeoGpasoBaHHOTO BEKTOpa ¥ = AXx dYepes KOOpAu-
HATH MCXOMHOTO BEKTODA &.

NeitcTBUTeNBHO, MpEMeRAM omepaTop A K 6a3MCHOMY BEKTOPY €; U KOOp-

AUHATH IOIy9eHHOro BeKropa Ae, B 6asmce gy, @i, ..., gn OO03HAUMM
qepes aup, Agky « .., Amp (=1, 2, ..., n):
m
Aek_—_-z1 ang: (k=1, 2, ..., n). (11)
1=

TloMEOskast o6e wacTu paBeHcTBa (11) Ha xp M CyMMEupys B mpegenax or 1
OO n, MONydHM:

n m n
2 zpAey = 21 (hzi aihxh) gi,
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OTRYTA
n

y=Ax=A (hgl :ckek) = E Trdep = '21 Y9,

rie

n
yi:hgiaikzh (i=1,2, ..., m),

910 M TpebOBaXOCH YCTAHOBUTH.

Takum ofpasoM, mpm 3amaEHHX 6asucax B R um 8 kaxcdomy aumel-
Homy onepamopy A, omobpaxcawwemy R ¢ 8§, omeeuwaem Hemomopan npa-
moyeoavnas mampuya (10) ¢ pasmepamu m X n u, Hao6opom, Kaxcdol marol
MAMPUYE OMEEUALM HEKOMO Pyl AukellHbili onepamop, omo6 paxcarowuli Re §.

[pu srom ® marpmne A, orpevaomei omeparopy A, k-i cmoabey

cocmoum us nocaedosamesvrbiz Koopduwam éekmopa Aey(k=1, 2, ..., n).
O603HAYAM "epes T = (Ty, Lz, ..y Tn) A Y= (Y1, Yo» --.» Yn) CTOAOLH
KOODAMHAT BEKTOPOB X M Y. Torga BeKTOPHOMY pPaBEeHCTBY
Yy=Ax

COOTBETCTBYET MaTpUYHOE DPABEHCTBO

y = Az,

KOTOpO€ ABIAETCA MATPUIHON sammchio mpeoGpasosaHma (8).

Mpumep.

PaccMOTPHM COBOKYIOHOCTh BCeX MHOTOWJIEHOB OT ¢ cremenn < n—1 ¢ xoadunu-
eHTaMM U3 YUCI0BOTO Wois K. d1a COBOKYOHOCTEH HpepcraBifAeT coboii HekoTOpOe n-Mep-
HOe BeKTOpHOe upocTpaHcTBO R, (cM. mpmmep 4 Ha cTp. 66). Toumo Tak sKe MHOrO-
9IeHHl OT ¢ cTemeHu < n—2 ¢ koadduumentamn m3 K o6pasywT mpocTpancTBO Rn_g.
Guepartop auddepennupoBasms i OTHOCHT KK[OMY MHOTOLISHY U3 R, HEKOTOpHH
muorowjaeH u3 R, y. Takmm o6pasoM, sToT omepaTtop orobpamaer R, B R,_4. Omeparop
AnddepeHMPOBAHUS ABAAETCA JAHEMHHIM OIepaTOPOM, Tak Kak

d
Llo+po="20 L WO 410 4)=0 2O

B mpocrpancrBax R, n R,_; BuOepeM 0asuch u3 cTemeHel t:

0=1, ¢, ..., t"1 u 0=, ¢, ..., t"2,
IToas3ysice Qopmymoit (11), mocTpouM NPAMOYrOJBHYK MATPHILy pasMepoM
(n—1) X n, COOTBETCTBYIOMYW oNepaTopy AupdepeHIUPOBAHUR = B 2THX 6asmeax:
01 0... 0
00 2... 0
e
lO 0 0.... n—1
§ 3. Cuo:keHne W yMHOKeHMe IMHEHHLIX OIEPATOPOB

1. Hycry gann aBa aumEeiiERX oumeparopa A u B, orobpamaioniue K B §,
1 COOTBETCTBYIONIUE WM MATPHIEI

A=llanll, B=|bp) (=1 2, ..., m; k=1,2, ..., n).
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Onpemenenme 6. Cymmol onepamopos A m B RasmBaeTca omepa-
Top C, ompenessseMHil paBEeHCTBOM

Cx=Ax-+Bx (xcR)). (12)

Ha ocHoBe aroro onpejjesienns Jerko ImpoBepseTcs, 4TO cymma C=A4-+B
JuHeHHHX omepaTopoB A um B ecTh TaKKe JHUHEHHHI omeparop.
Haaiee,

Ce, = Aey, -+ Bep = hzi (@in -+ Diz) €.

Orciona cienyer, aro omeparopy C orsedaer marpuma C = | ci ||, rae c;p=

=ap+bp (=1, 2, ...,m; k=1, 2, ..., n), 1. e. oneparopy C oTBeuaer
Marpuia

C=4- B, (13)

K sromy e BEIBOZY MOMKHO HPHHTH H3 PACCMOTPEHHUS MATPUIHOTO PABEHCTBA

Cx=Az-+ Bz (14)

(z—cronben KoopAuHHAT BEKTOPA &), COOTBETCTBYIOMETO0 BEKTOPHOMY paBeH-
crBy (12). Ilockonpky z— npousBoabHHIl cToaGen, 1o u3 (14) caegyer (13).

2. Ilycrs pgamm TpH BeKTOPHHX mpocTpamctea R, § m 7 coorser-
CTBEHHO ¢, B m U3MepeHHN W ABa JMHEHUHHEX omeparopa 4 m B, u3 KoTo-
pux B orobpamaer B B S, a A orobpamaer § B 7; B CHMBOJIHIECKOIl
3amucu:

ris R
Onpepenenme 7. Il pouseedenuem onepamopos A u B HasmBaercs
omepatop C, gJja Koroporo mpu awbom a us R
Cx =4 (Bx) (¢ R). (15)
Omeparop C orobpasxaer R B T:

T C=AB R.

Uz numeitnocru omepatopoB A m B BuiTeKaeT nmHEHOCTH omeparopa C.
BrGepem B mnpocrpamcrBax K, S, 7' mpou3BoibHEE 6a3uCH U 0603HATUM
qepes 4, B, C Marpmilh, cOOTBeTCTBYlomme omepatopam A, B, C upm sToM
BEGOpe 6asucoB. Torga BEKTOPHEM pABEHCTBAM

2= Ay, y—=Bx, z=Cx (16)
6YﬂyT COOTBETCTBOBATH MaTpHYHLIE PaBEHCTBa
z=Ay, y= Bz, z=Cuz,
The z, Y, z—cToabLE KOOpAMHAT BEKTOPOB &, ¥, #. OTcloga Haxomuwm:
Cx=A {Bzx)=(4B) z,

1 B CHIy UTPOM3BOJBHOCTHU CTOJIﬁI.Ia X

C=4B. (17)
Taxum o6Gpasom, mpomsBemenunio C = A B omepatopoB 4 u B orseuaer
marpuna C =l ¢;| (=1, 2, ..., m; j=1,2, ..., q), paBEas NpPou3BeJeHNI

Matpuny 4 u B.

1) o € R o3HavaeT, 4YTO DJIEMEHT X HNPUHANIEMHAT coBokymHoctu R. Tlpeamona-
raeTesd, 4TO paseHCTBO (12) mMeer Mecto mpu Jaiobom a u3 R.
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IlpenocraBaseM YHTATEII0 CAMOMY J0Ka3aTh, UTO OMmEPaTOpy

C=ad (acK)Y
OoTBeYaeT MaTpHIa

C =aA.

Takum ofpasom, MH BUAUM, 49TO B TyIaBe | pelicTBMA HaJ MAaTPULAMH
ORJIH OmpefeleHH Tak, 9TO cyMMe IHHeilHHIX omeparopoB A - B, mpousse-
nemuaM AB m aAd orBedaor coorTBercTBemHo Marpunsi A+ B, AB u o4,
rge A mw B-—wMarpums, cooTBercTByomme omeparopaMm 4 u# B, a a—
qugeao us K.

§ 4. IlpeoOpasopanue KOOpAUHAT

PacemoTpuM B 2-MePHOM BEKTOPHOM IIPOCTPAaHCTBe ABa 6asuca: ey, €y, . .., €,
(«crapsiity 6asuc) u ey, €y, ..., €, («HOBHI» Oasme).

Bzammuoe pacmonoeHme BexTOpoB Gasmca OIpeNeNHTCA, eCIW 3ajaTh
KOOPJMHATH BEKTOPOB OZHOTO 6a3uca OTHOCHTENHHO NPYToro.
Mn mosossmM:
ey=1l e +1lyes+ ...+ Ilpln,
ey="tppe -+ipney- ...+ lnzén, (185

e e & x T a2 s e s+ s s s 4 » s e

en = l1,€4 +tonea+ ... “+ tanén,

nJIn B COKpalI[eHHOfI 3anucu:
- n

ey = Zi tine (k=1,2,...,n). (18"y
1=

VYeTaHoBEM CBA3L MeMKAY KOODIHMHATAME OJHOTO M TOrO ;K€ BEKTOp&
B pasauuHERX (Gasmcax.

~ ~ ~ :
ycrs x, &5, ... Ty | Ty, To, - .., Tnp— KOOPAUHATE BEKTOPA X COOT--
BeTCTBEHHO B «CTapoOM» H «HOBOM» 6832{03){:

X = z'xiei = 2 5hzk. (19)
o=t h=1

IlogcrasmM B (19) BMecTO BEKTOPOB € ux Bupaxenna us (18). Hoayanm:
n n

2; g zk6i=.2(2 zhxk)

i=1 k=1

ComocraBasa 310 pasencTBo ¢ (19) w yumrHBag, 9To KOOPAMHATH BEKTOPR
OJHO3HAYHO OHpPEREIA0TCA 3aJaHueM BeKTopa M 6asmca, HaXOIUM:

Ti= O tinZn (=1, 2, ...,n), (20)
k=1

1) To ecTs omeparopy, AiA rotoporo Cax=—adw (x € R).
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nuin B mofipo0Holl 3ammcu:

T = t11$1+t12$2+ - tinZn,
Ty = bo %y -+ L2 Tyt . . . - tonTn, (1)
Tn = lng%y + lnga+ - - « + tnnn.

@opmyast (21) ompepensior mnpeofpasopaHue KOODAHMHAT BEKTOpPa IpH
TIepexofie OT OJHOro 6asmca K Apyromy. OHH BHPAHKAKT «CTapHe» KOOPAMHATH
gepe3 «HOBHe». Marpuia

T =] tully (22)

HA3HBaeTCHA mampuyell npeobpazosanus koopduHam WM npeobpasyroujeil
mampuyel. B geii k-i croaber; cocTOUT n3 «CTapHX» KOOPAMHAT K-TO «HOBOIO»
6a3ucHOro BeKTOpa. B arom MOxuHO yGemurhea us gopmynw (18) maum Hemo-

cpeacTeenHo u3 Qopmyn (21), wmoxowEB B TWOCHENHWX Xp=1, ;=0
opm i 5= k.
3amernM, duro Marpuma I' HeocoGemHas, T. €.
|T |0, (23)
Heficrsurenbro, nonomus B (21) 2; =2y = . .. = &, = 0, moIyInM cucremMy
2 NUHeHHHX OJHODPOMNHHX yDABHEHMH . ¢ 7 HEH3BECTHEIMH Tyy Tay «ver In

ac OHpeI[BJIHTEJIeM

. JTa cmcreMa MOKeT HMeTh TOJBLKO HYJeBOe pelme-
mne 7, =0, 7,=0, .. ,:cn——O TaK KaK B NPOTHBHOM clydae 13 (19) caeno-

Bana GH JHHEeHHAA 3aBHCEMOCTD MEKAY BEKTODAMU €3, €g, . . .
[T ] 0.

BBBJIBM B paccMoTpeHue cTON6IeBRe MATPULK & = (Ty, Tz, «.., Tp) H
T = (xi, Toy ey xn)

Torga dopmynsl npeoGpasopanma koopguHat (21) Moryr OHTBH 3alMCAHBL
B BH/E CIeJYIOIEro MaTPUYHOTO PABEHCTBA:

, €n. IoaTOoMy

z=Tx. (24)
Ilomuroxan cHOBa 00e UacTH 3TOTO paBeHcTBa Ha 7!, HalifeM BHIpae-
Hue AJA oGparHOro mpeo0pasoBaHUA

’.’;: T ix. (25)

§ 5. JxBuBasentHrie MaTpuubl. Panr omeparopa. HepaBencrsa CmabBectpa

1. Uycrs manm gBa BeKTOpHHKX npocrpaHcTBa [ @ §, COOTBETCTBEHHO
n # m usMepeHmit Hajx udMciaoBwmM unoxeM K, u Jaumeliauii omeparop A,
orobpamaiomuii B B §. B nacroamem naparpade MH BRACHHAM, KaK MeHAETCH
MaTpuma A, COOTBeTCTBYIODIAA JaHHOMY ImHeliHomy omnepatopy A, OpH
n3MeHenun OasucoB B B u 8.

BriGepem B B n § npousBoibHke Ga3UCH €4, €3, ..., € A g1, Jo1+ - «y I
B astux Gasmcax omeparopy A GymgeT coOTBeTCTBOBATH MaTpuua A__Ha,kH
(=1, 2, ...,m;-k=1, 2, ..., n). BexropHOMy paBeHCTBY
y=Ax (26)

1) HepapercTBO (23) BHTeKaeT U u3 TeopeMu 1 (cTp. 68), MOCKOIBKY diIeMEHTAMH Ma-

TPHULL T ABRAKOTCA «CTApHIE» KOOpAWHATHL JAUHEeHO He3aBACAMHBIX BEeKTOPOB €4, €3, ..., €p.



§ 51 9KBUBAJIIEHTHBIE MATPUIIBI. PAHTI' OIIEPATOPA 75

COOTBETCTBYET MaTpH4YHOE paBeHCTBO

y =4z, 27)
e r M Y — KOOpAMHATHHE CTOJONH JNIf BEeKTOpOB X M ¥ B Oasucax
€y, € ..., € 1 91, 921 seey gm-

BriGepem teneps B R u § gpyrue 6asuce e, e~2, e, EnE g~1, g~2, vy g~m.
B moBHX Oasmcax BMecTO z, Y, A 6ymem mMetwn: %, y, 4. Ilpm atom
Y=A47%. (28)

‘O6ozpaaum gepe3 Q u N HeocobeHHEe KBaJpaTHBHE MaTPHIL COOTBETCTBEHHO

TMOPATKOB I U /m, OCYUWECTBAAWIHe IpeofpasoBaHHe KOOPAMHAT B IpO-
crpaEcTBax J um § Ipm mepexofie OT cTapHX 0asmCOB K HOBHIM (cM. § 4):

z=0Qz, y=Ny. (29)
Torga ma (27) n (29) moayuaem:
y=N-y=N14z-—=N"1A4Qx. (30)
Ilonarasg P=N71, mp w3 (28) n (30) maxogmm:
A=PAQ. : (31)

Onpegexenne 8. JIBe upAMOyrojbHEe MaTpuls A n B 0JuHaKOBHX
‘PasMepoB HABHBAITCH 9KEUEAAEHMHIMU, €CAH CYMECTBYIOT /iBe HeoCoGeHHEbIe
KBajgpaTHne marpuun P u Q raxmel), dro

B=PAQ. (32)

U3 (31) caegyer, 9To ABeé MAaTPUIE, COOTBETCTBYIOWUE OTHOMY H TOMY e
JVWHeHOMY omepaTopy A IpH pas3iudHOM BHGOpe GasmcoB B K u §, Bcerxa
SKBUBAJIGHTHH Me;kay coGoit. HerpymEo Buaers, d4ro u o6paThHO, ecian
matpuma A oTBewaer omepatopy .4 mupu HeKOTOPHX OGasmcax B R u 8§,
a MaTpunma B okBWBaJeHTHa Martpuue A, To OHa OTBEYaeT TOMY e JIHMHeMU-
HOMy OIepaTopy HpH HEKOTOPHX Apyrux Gasmcax B R u §.

Takum oOpazoM, KamkaoMy JIuHeHAHOMY omepaTopy, OToOpakaiomeMy
R B S, COOTBeTCTByeT KJacC SKBMBAIEHTHHX MeXAy c000# Marpum ¢ bie-
MenTamy u3 moxs K.

2. Cienylonmas Teopema yCTaHAaBINBAeT KPUTepHH SKBHBAJCHTHOCTH ABYX
MaTpui: '

Teopema 2. Jas mozo umobs Ose npamoyzoavHble Mampuysl 0JuHa-
KOBL pasmepoe Gl SKEUBALEHMHM, HeoGxodumo u OocmamouHo, 4moGul
PMU MAMPUYBL UMEAL O0UH U TNOM HCe paHe.

HoxasarenbcTBo. Ycunosume HeoGxoaumo. Ilpu ymuomennu
1IPAMOYTONBHOH MaTPUIH Ha KaKYI0-1u60 HEOCOOEHHYI0 KBaf(PaTHYI0 MAaTPHIY
(cmeBa mam cmpaBa) paHI HCXOJHOE HPAMOYTONBHOM MATPUIE He MOMET
usmennthca (cm. ra. I, crp. 27). ITosromy ms (32) crenyer

ra=Tpg.

VemoBue focratodno. llycte A—npAMOyrodbHasg MaTpHOa pas-
mepa m X n. Oma onpepexser nmHefiHmit omeparop A, oro0Opaskatomuit
mpocrpascteo R ¢ Gasmcom ey, €, ..., €, B mpocTPaHCTBO § C© fazucoM

1y Ecam Marpunet A B B uUMeT pasMepH m X R, TO B (32) wBapparnas martpuya P
HMeeT NOPAZOK 7, A KBAApaTHaA MaTpuia () —MOpAAOK n. Eciam bieMeATH SKBABAJIEHT-
HHX MaTpull A W B IpHHajJeraT ReKOTOPOMY HHCIOBOMY HOJI, TO MAaTPHHOE PunQ
MOTYT GHTH BHODAHE TaK, YTOGH MX 3NeMeHTH MPHHAJIIHKATT TOMY K6 HHCI0BOMY IO0IIO.
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g1 25 - - -» Gm- OGO3HATUM Tepe3 r UHCIO JHMHEHHO HE3ABUCHMHX BEKTODOB
cpeau Bekropon Aey, Ae,, ..., Ae,. He mapymas o6mmocTu, MokeM CIHTATE,
9rTo JHMHEAHO He3aBUCHMBEIMHN ABJISIOTCA BeKTopw Adey, Ade, ..., Ae.l),
a ocTaabEHe, Aé€.iy, ..., Ae,, BHPARATICA JUHEHHO dYepe3s HHUX:
T . R
Aey= Q) cy;Ae; (k=r-+1, ..., n). : (33)
=1 .
Onpepe;inM HoBHET Gasmc B I caepylomum oOpasom:
e; i=1,2,...,r)

—~

L r (
é: e;— 2 Cij€j (L=T+1, ,n) \34)
i=1
Torga B cany (33)
Ae,=0 (k=r+1, ..., n). (35)
Jamee momosxmmM:
Ae;=g; (=1,2,...,7). (36)
BexTopn 61, 32, cey g, JHHEHHO He3ABHCHMEL I_[ono.uHHM HX HEKOTODPHIMHU
BEKTOPAMH JTH, ..., gm RO Oasmca gi, gz, .., gm B 8.
Tor;ra MaTpHLA, OTBEYAMAA TOMY 7Ke ONepaTopy A B HOBHX fasucax
€, ... €5 i ..., gm, cOTIACHO (35) m (36) Gymer mmerh BHf
r
1 0...0 0...0
0 1...0 0...0
0 0...1 0...0
=10 0...0 0...0 (37)
0 0...0 0...0

B marpuue 7/, Bgoas raasmott JUATOHANM CBEDPXY BHH3 MAYT 7' €IHHUI;
Bce OCTajbHEE 3JJIeMeHTH MaTpunel J, paBHH HYI. Tak Kak MaTPHIH
A m I, cOOTBETCTBYIOT OfHOMYy U TOMY ke OIepaTropy A, TO OHH DKBHBA-
JTeHTHH MemxAy coboit. Ilo [0Ka3aHHOMY SKBUBAJEHTHEE MATPHUI(EL HMEIOT
OofmH 1 TOT 3Ke paur. Ilosromy paur mcxopmoil marpuoel A paBeH r.

Mu noxasanm, 9ro TPOM3BOJLHAA TPAMOYrOXbHAS MAaTPHOA paHra r
9KBHBAJICHTHA «KaHOHWIeCKoi» marpute [/, Ho Mmarpuma [, mOIHOCTBIO
oIpefeNseTcsi 3afaHueM pasMepos m X n u uuncaa r. Ilosromy Bce mpamo-
YrOJIBHHE MATPHIE [JaHHHX pasMepoB m X n H [JaHHOTO PAaHra r SKBHBA-
JeATHH OfHOH H TOH ;Ke Marpumue [/, mu, ClIeI0oBaTeJIbHO, DKBHBAJICHTHEL
mexay coboit. Teopema moxasama.

3. llycres mam nuueinsit omepatop A, 0TOGparRaOmuil n-MEPHOE Hpo-
crpascTBO I B m-mepHOoe §. CoBoxynmHOCT, BeKTOPOB Buja Ax, rme x € R,
o6 pasyer BEKTOPHOE HPOCTPAHCTEO 2). ITO IPOCTPAHCTBO MHL OyleM 0603HATATD.

1) 3roro MoOWEO MROCTHrEYTh, HAAJNeKamed HyMmepanwell OasHCHHX BEeKTOPOB
€1, €9, ..., €pn. ‘

2) CoBOKynmHOCTH BeKTOPOB BUAA Ax ( € R) yAOBIeTBOpHeT mocTyaaTam 1°—7° § 1,
IIOCKOIBRY CyMMa [ABYX BeKTopoB BHAa A (x € B) ¥ Npou3BejeEHe TAKOL0 BEKTOPA HE
YACI0 CHOBA JAal0T BEKTOP TAKOTO BHJA.
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gepes AR; oHO cocTaBager [acTh IPOCTpaHCTBA & HMIHM, KaK TOBOPAT,
ABIAETCSA NOORPOCM PAHCMEoM B IIPOCTpPaHCTBE .

Hapsagy ¢ mommpoctpamcTBoM AR B § DPaccMOTPHM COBOKYIHOCTH BCEX
BEKTOPOB 2 € B, yIOBIeTBOPAIOINUX ypaBHEHMNIO

Ax=0. (38)

DTH BeKTOpH TaK:ke 00pasywT mOAUpOCTPAHCTEO B R; 9T0 HOAIPOCTPAHCTBO
ME 0003HauUM wuepes IN 4.

Onpepnenenne 9. Ecau nmmeilHstl ounepatop A otobpaskaer BB §,
TO 9HCI0 M3MepeHmi r opocTpaHcTBa AR masmBaercs panzom omeparopa A1),

a umucino usMepeHuit d mpocrpaHcTBa [NV, COCTOAIETO M3 BcexX BEKTOPOB
x ¢ B, ynosxersopaiomux ycixosuio (38), — degekmon omeparopa A.

Cpenin BCeX HKBHBAJEHTHHX OPAMOYTOJBHBEIX MATPHUI, 3aNal0MyX JAHHEIL
omeparop A B PasuMUHEIX 0asmcax, MMeeTCA KaHOHWIeCKas MaTpHIaA I,

~

Tem. (37)]. OGosmadum gepes €y, €5, ..., €4 ¥ Gy, G2, - - .; m COOTBETCTBYIO-
aime et Gasmew B8 B m §. Torpma
Ae =g, ..., Ae,=¢g,, Ae,=...=Ae,=0.
U3 onpepenenusn AR u NA clenyeT, T BEKTOPH gj, ..., g 0o0pasywoT
fasuc 8 AR, a BeKTOpH e,H, ..., €, cocraBisior Gasumec B N 4. Orciopa
BHTEKAeT, 94TO r-—paAr omeparopa A u
d=n-—r. (39)

Eciu A — mpoussBonsHasg MaTpuMna, cOOTBETCTBYlmAsa omepatopy A, To
OHA JYKBHBAJEHTHA J/, W, . CJIE0BATEIbHO, HMEET TOT (Ke DAHr r. Takmm
0fpasom, pane onepamopa A cognadaem ¢ paHzoM NPAMOY204bHOIE mampuyst A

Ay By ... On
a sy ... Q
-A — 21 22 2n ,
Ay~ Amg . - . amn‘
onpedeasiowell onepamop A 6 Hexomopuwx basucar €, €y, ..., ;R u
91,927-- ’ngS .
B cTonbmax ManmJ;m A croar HoopJJ;HHaTLI peKkTOpOB Ade;, Ade,, ..., Ade,.

TaR Kak M3 X = 2 z;e; caemyer Ax = Z z;Ae;, TO paHr omeparopa A,

i=1 i=1 i ’
T, €. uWAcI0 usMepenmit RA, DaBHAeTCA MAaKCHMAJIBHOMY 4YHCIY JNHHEHHO
HEe3aBHCUMHIX BEKTOPOB cpeinm Aey, Ae,, ..., Ae,. Taxum oGpasom, pane
mampuyst coenadaem ¢ YUCAOM AUKETHO He3aeucuszx cmoabyos  Mampuysl.
TI0CKOIBKY IpH TPAaHCHOHHDOBAHWH CTPOKH MATPHIH [eNANTCA CTOXOHAMH,
8 paHr He MEHAETCHA, TO YUCAO AUHEHO He3a8UCUMBIT CIPOK MAIM PUYbL MAKNKE
PasHo pauay mampuyst?).

1) Uncao maMeperuil mpoctpancTBa AR Becerga < 9ucia msMepeHmit nmpocTpagcrsa B,
n .

“T. €. < n. 3T0 clelyer U3 TOro, 9T0 PABEHCTBO & == 2 x;e; (éy, €3, ..., enp—0asuc B R)
i=1
n
BiIedeT PaBeHCTBO Ax = 2 x;Ade;.
i=1
2) K »THM ke BHBOJAM MH mpuuuix B § 1 w3 mApyrux coobpaskenumit (cM. crp. 68).
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4. Tlycrs manm gsa amHeHHEIX omepatropa 4, B # HX IpousBegeHue
C=AB.

Ilycrs onepatop B oroGpaskaer R B 8, a omeparop A oroGpamaer § 8 7.
Torna omeparop C orobpaskaer R B T

risir 1R

Beenem marpuum A, B, C, cooTBercrBymmme omeparopam A, B, C mpm
HexoTopoM BHGope GasucoB B R, § u T. Torga omepaTopHOMY PpaBeHCTBY
C = AB 0yjer COOTBeTCTBOBAThL MAaTPUIHOEe paBeHCTBO == AD.

OGo3nayuM 4epes 4, r'g, I'c pauru oneparopos 4, B, C, uau, 410 TO *Ke,
paurm marpmn A, B, €. 9rtu uucxa oupeeNAlT UYHCIO M3MEePEHHU moj-
npocrpancts A8, BR, A (BR). Ilockonsky BR— S, 10 4 (BR)( AS*Y).
Kpome Toro, umciao wusmepenmuii A (BE) He MOMKeT NIpPeBOCXOANTL YHCIA:
uamepenuit BE?). Ilostomy

re<ra, rec<rs

dTu HepaBeHCTBA OBUIM HaMM HOJydYeHH B Tiase I, § 2 m3 dopmyns ansm
MUHODPOB OpPOM3BEJeHNS JBYX MaTpHI.

Paccmorpum omepatop 4 Kak omepartop, orobpaskaiomuit BRE B T. Torxa
panr aroro omepaTopa OyaeT paBeH uHCJIy M3MepeHHI mpocrpaHcTsa A (BR),
1. e. r¢. lloatomy, mpumensas dopmyay (39), momyunm:

r¢=rg—dy, (40)

rae d,— MaKCHMalbHOe YHCJIO JHHEHHO HEe3aBHCHMBIX BeKkTOpoB u3 BH,

yao BJIeTBOpHIO]I[I/IX YPaBHECHHUKO
Ax=0. (41)

Ho Bce pemenms 3TOT0 ypaBHeHHA, NpuHaAJdemamme §, 06pasyroT DOATpO-
cTpaBECTBO d M3MepeHWi, rye

d=n—rg4 (42)-
— nedexr omepatopa A, orobpakanmero § B 7. Ilockonrsky BR< 8, To-
d;<d. (43)-
Uz (40), (42) n (43) maxomum:
ratrg—n<re.

TakuM 00pa3oM, MH UOJYYHIH ciaefyiomme HepaseHcTBa Cumabp-
BecTpa [JA paHra NIPOHW3BENeHHA IBYX NPAMOYTOJbLHHX MaTpuy A u B
¢ pasmMepaMH m XN U N X g:

Ta--TB—NR<TABKTas I'p (44)
Ecan Marpuunoe ypasHeHume AXB=C, Ige pasMepH OpPAMOYTONBHEX.

marpug, A4, X, B—mXn, nXp, pXq, umeer pemenuwe X (cM. CTp. 23),.
to m3 mepaseEcTB CumibBecTpa JerKo ClIemyer:

re<ry<n-tp—ry—rsg.

A
Mos®HO J0Ka3aTh, uTo ecau ypasHenne AXB = C uMeer Kakoe-inGo pemenue,
TO OHO WMeeT  pemenme J0Or0 paHTa 7, 3AKIIOYEHHOTO MEKAY TACIAMH

rc¢ a n--p—ra—ra.

YRS o3HagaeT, 4YTO COBOKYHHOCTH R coctasiader wacTh cOBoKynHOCTH S
2) Cu. cHOCKY 2) Ha cTp. 22.°
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§ 6. JInneitubie omepaToOpsl, OTOOpAaXKAIOMME 7-MEPHOE
OPOCTPAHCTBO ¢aMo B ceds

1. Jlumefiamit omeparop, oroGpaskalomuil n-MepHOE BEKTOPHOE IIpPO-
crpascTBo K camo B cebs (B mamHOM ciaydae R= 8, n=m), Mu GymeMm
OpOCTO HABHBATL JAUHEUHEM onepamopor 6 R.

CyMMa IBYX JuWHEHHHX omeparopos B R, a TaKme HPOU3BEJeHHE TAKOIO:
omepaTopa Ha WHCJO — CHOBA JIMHeHHEEe omepaTopsl B R. YMHO}keHHME IBYX
TaKUX JWHEHHHX 0OepaToOpoB BCEr[a BHIIOJNHIMO, UM IPOM3BEJEHHE HUX eCTh
cHOBA JaEHeitHHi omepaTop B R. Taxum oGpasoM, JTHHefHHe omepaTops B
obpasyioT Koabuo'). B sTom Koabme uMeercs eMHWYHKHIA OmepaTrop, T. e.
oneparop FE, gia Koroporo

Ex=x (x€R).
Ilpu sroM Fas mpousBonbHoro omeparopa A B B
FEA=AE=A.

Ecan A — nuHeidnuii omepatop B R, T0 uMeeT cMECTS A= AA,
A3=AAA, ... mvoobme A™=A4A ... 4. Kpome Toro, moisaraem 4°=E.

m pa3
Torga, KaK Jerko BHAETHh, LpPH JIOOHX IEJHX HEOTPHIATEILHEX p U ¢

AP AT = APH

Oycre f(t) = agt™+ayt™ 4. . . -yl -+ 0p — MEOTOUICH OTHOCHUTEILHO-
CKaJApHOro aprymenra ¢ ¢ Koaddumuenramu m3 moxa K. Torpga momaraem:

f(A) =0 A" +aA™ .. oy Ao B
Ilpa asrom f(A)g(A)=g(A)f(A) paa a0O6HX ABYX MHOIrOYIEHOB:

f(2) m g(2) :
VYCTD .
y=Ax (x, ycR). (45)
OGo3EaTAM wepes Iy, Lo, ..., Ln, KOODAMHATEL BEKTOPA & B HPOM3BOJLHOM
fasnce ey, €s, ..., €y, 4 YEPE3 Yy, Yz, - .., Yn — KOODLUHATH BEKTOPA ¢/ B TOM
xe 6asuce. Torma
n
pi= 2 anon (=1, 2, ..., (46)
B Gasuce ey, €, ..., €, auHeitnoMy omepatopy A orBedaeT KBaJApaTHas
marpana 4 = || a; ||y, 2). Hamomeum wuraTemo (cM. cTp. 71), aro B k-M cTOIOMe:
3TOil MATPHIE CTOAT KOOPAMHATH BeKropa Aep(k=1, 2, ..., n), 1. e.
n
Aek=_21 aze; (k=1,...,n). (47)
i=
| BOAS KOODAWHATHHEE CTONOWE Z=(Zy, Ty, ...5 Tp) T Y= (Y1, Y2s - -» Yn)»
MHl Tmpeobpazosanue (46) mo)xeM 3ammcaThb B MaTpHaHO#E dopme
y=Az. (48)

1) 910 KoubHo sBaserca aarebpoit. Cp. ra. I, erp. 28. .
?) Cm. crp. 70—71. B pamdoM caydae npoctpaHcrsa R u S coBmagaioT; TOTHO-
TAKK e OTOMKIECTBACHE OAa3UCH €4, €, ..., €n H g1, §2, ..., Jm B 9TUX IPOCTPAHCTBAX.
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CyMMe H IIpom3BeJeHMIO ABYX omepaTopoB A u B oTBegaT CyMMa U IIPO-
u3BefieHMe cooTBercTRYIOMEX KBagpaTHHX Matpnml A = a; |y 1 B=| bl
IIpoussenenmno ad coorsercTByeT Marpuna aA. Exmmumasomy omneparopy E
‘0TBe4aeT KBafpaTHas eIWHWIHASA ManI/IIla.E =] b It Tarum o6pasoM, BeGOp
§a3mca yCTAHABINBAGT UIOMODEPHOE COOMEEMCTNEUE MENCHY KOABYOM AUHEHHbT
onepamopos ¢ R u koabyom K8ad pamusLz Mampuy n-20 no padka ¢ sieMeHmamis
us K. Tlpu srom cooTBercTBUM MHOTOUIeHY [ (A) cooTBeTcTByeT MaTpuua f(A).

2. PacecmoTpuM Hapsmy ¢ 6a3ucoM ey, €y,. . ., €, Apyroi 6asuc gi, 52, e €n
B R. Torma amamormano (48)

~ o~

y=A4z, (49)

THe Z, Y— ¢TON6HeBEe MaTPHI(l, COCTABIEHHEE U3 KOODPAHHAT BEKTOPOB &, Y

B 6asnce ey, €, ..., €y, a A=|| a;||; —KBaZpaTHasA MaTpPUOA, COOTBETCTBYIO-
mas omepatopy .4 B aroM Gasuce. 3ammmeM B MaTpmuHO# (opme popMynn
mpeoGpazoBaHusa KOOPAMHAT

e=Tz, y=Ty. (50)
Torpga us (48) n (50) maxomuM:
y=T"4Tz,
uro B comocraBleHmu ¢ (49) maert:
A=T4T. (51)

Dopmyna (51) mpexcraBiseT coboii cuemuaNbHHA YacTHHM caydai ¢op-
myas (31) ma crp. 75 (B mamHOM ciysae P =T, Q=T).
Onpenmenenue 10. Jise marpmunt A m B, CBA3aHHEE COOTHONIEHHEM

B==TAT, (51")

e T — HekoTopas HeocoGeHHAs MaTpHIA, HA3HBAKTCA noJoGHuMULT).

Taxkpum o0pasoM, MH LOKa3alW, dT0 Jée MAMPUYsl, COOMEEMCMEYHUUE
o0HOMY U momy e auHelinomy onepamopy ¢ R npu pasauunwz 6asucaz,
nodobubt mexncdy coboii, mpmdeM Matpuna I, CBA3HBapMAs TH MATPHIH,
coBnagaeT ¢ MaTpuieii mpeoGpas3oBaHHA KOOPAHMEHAT IIPH MEpexofe OT IepBOro
Gasuca Ko BropoMy (cm. (50)).

Ipyrumu caosaMmu, JImHefiHOMy omepaTopy B R oTsedaeT NeJHIl Kiace
JNOTOGHKX MemAy co06oll MaTpHi; TM MATPUIK HpPEJCTaBIAT [JAHHHA ome-
paTop B pa3IMUHHX Oasucax.

Waywaa cpolicTBa JmHe#HOTO omeparopa B [, MH TeM CaMHEM H3ydaeM
cBoficTBA MATpHI], IPECYIHe OJHOBPEMEHHO BCeMy KJaccy mof00HHIX MaTpHII,
T. e. m3ydaeM CBOHCTBAa MAaTpHIl, OCTAKINHECA HEM3MEHHHMM VHBAPAAHTHRIME
Tmpu mepexofie OT JaHHOHW MAaTpPUIH K MaTpmue, eit momo0HOi.

3aMeTHM emie, 4TO [(Bé mOJOOHEE MATPHIH MMeIOT BCerja paBHHE ompe-
nemurenn. JleficreurensHo, u3 (51°) cmexyer, d9ro

|B|=|T[|4||T|=|Al (52)

Papenctso |B|=|A| aBiaserca HeOOXOAMMEIM, HO HEe HOCTATOYHBIM
ycaosueM Ui mopobmsa MaTtpun A u B

1) Marpmny T Becerfia MOKEO BHGpaTh Tak, 9TOOH ee 9JIeMEHTH IPHHAIEHKAIH
OCHOBHOMY WHCIOBOMY IOJIO K, KOTOPOMY IIPHHAJJIE:HAT 9JeMeHTH MaTpun A u B. Jlerko
HpOBEPAIOTCA TPH CBOMCTBA MOJ06HA MATPHUN: pe@IeKcCHBHOC Th (MaTpHIa 4 Beerja
nono6Ha camoit ceGe), cmMMeTpHIHOCTE (ecnn A mogobma B, to 1 B monobua A)
a4 TPAaH3UTABHOCTH (ecam A nopobea B, B nmopo6ua C, o 4 nogo6ua C).
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B riase VI Gyner yeramomiem KpuTepuit mogo6msa ABYX MaTpHI, T. €.
OyayT fmaEH HeoOXo[MMHE H IOCTATOYHEE YCJIOBHA /s TOro, 9YTOOH fBe
KBaJpaTHHe MAaTPUIOH n-T0 LOPSAKAa OHM mogoGHH Mesxmy coboii.

Cormacmo paseHCTBY (D2) MH MOKeM HOJl OHpefeJuTelleM JIAHEHHOTO
onepatopa A B R (| A|) DOHUMATH ompefieluTeNb JM000H MAaTPUILL, COOTBET-
C¢TByIOMel JaHHOMY OLepaTopy. ‘

Ecim | A{=0 (0), To omeparop A Ha3HBAETCA O0COGEHHBLM (COOTBET-
CTBeHHO Heocobermblm). COTIacHO 9TOMY ompefielenuio B MoGoM Gasuce ocobeH-
HOMY (HeocoGeHHOMY) omepaTopy oOTBedaeT o0co0eHHAdg (COOTBETCTBEHHO
HeocoGernnas) Marpuna. [lus ocobGeHHOro omepaTopa:

1) Becerpa cymecTByeT BeKTOp & =~ 0 Taxoi, 1ro Ax=0,

2) AR cocrasiseT npaBuIbEy0 dacTs K. J[1a meocobGerroro omeparopa:

1) m3 Aax=0 cregyer x=0;

2) AR=R,r. e. BekTopH Bufia A (€ R) 3a00aHAIOT BCe HpocTpancTBo K.

JlpyrumMu  cioBamm, JmHeHHHH omepaTop B R ABiIaeTcA 0CoDeHHEIM
MAN HeOoCOOCHHHIM B 3aBACHMOCTH OT TOTO, 0OJbIé HJIM paBeH HYJIIO €I0
medexT.

3. Ecain A —HeocoOeHHHA omepaTop, TO B paBeHCTBE ¥ — Ax 3ajaHNe
BekTopa y € R opfHosEauHO ompexnensier BexTop x € R. [leiicTBuTennro, cyme-
CTBOBAaHWE BEKTOpa ¥ CJEIyeT W3 TOro, 4TO BeKTOpPH Buia Ax (xCR)
saponHAIT Bee mpocrpareTBo . C Apyroil cropoHn, M3 PaBeHCTB ¥ == Ax’
n y=Ax" (x',x"€R) cuegyer: A (X' —x")= Ax'— Ax"=0 u orciona:
x'—x'=0, 1. e. &' =x". TlosToMy, mMCXOsA W3 paBeHCTBA ¥ = AX, MOKHO
ompepenuTh obparHmil omeparop A™' paseHcTBoM & = A7ly. Jlerko sumers,
qro ofparHHil omepatop A™' AaA nuHeiHOTO omepatopa A B K Tarmke
ABAACTCA NHHEHHKM omepaTopoM B I, mpu sTOM

AA'=A"A=E,

rie F —equAMYHHE omepaTop. Kcam B HekoropoM 6asmce HEOCOGEHHOMY
omepaTopy A oTBedaer HeocoGeEHasa marpmma A, To B aToM Oasmce oGpar-
HoMy omepatopy 47!, coorBercrByer Marpmma A7l

PaccMoTpUM HEKOTODHE FacTHEE THIH JIMHEHHHX omepatopos B R.

1°. Omepatop J B JR Ha3HBaeTCA uHeoaiomuehsim, ecin J2=1F. VHBONWTHBHHHA
omepatop Heocobenusifl u A Hero J ~1—=¢J . NHBOMIOTHBHOMY OmepaTopy B MoGoMm Gasmce
COOTBETCTBYET ukgoalomuenan mampuya J, T. e, Marpmua J, AIA KoTopod J2=E.

2°. Omepatop P B R HA3HBaeTCH npoekyuonkbim, ecin P2=P, IlycTs, pmaHo mpo-
A3BOJLHOE pacmiellienne mpocTtpancrBa R Ha gpa mopmpocTpamcTBa S u T: R=S-+T.
Torga pAasg J0OO0T0 BeKTOpa & € B uMeeT MecTO pasjiosKeHWe &=—xg-+ar, rae Xs€ S,
@1 € T. Bextop &g HA3HBACTCA npoekyuell gekmopd & KA Nodnpocmpancmeo S napasiesbHo
nodnpocmparcmey T 1). Paccmorpum omeparop P, ocymmecTBAAIOIAN HPOEKTHPOBAHUE
npocTpaHctBa B Ha DOAIPOCTPAHCTBO S MapajilennHo moimpocrpanctsy T, T. e. omepa-
Top B R, ompefendaeMHil paBeHCTBOM Px—=xg AIs axo6oro Bextopa « € B. OgeBujHo,
9TOT OHEePATOp ABJISAETCA JMHeHHHM, HO OH fIBJIACTCA H NPOCKTHBHEM, Tak Kak I’x =g,
P2x—Prg=ag U, ciefoBaTeiabHo, i (P2—P)x=xg—xs=0, T. e. P2=P.

Jlerxo mpoBepsieTcs I 00paTHOE yTBep:KAeHMAe. [IPON3BONLHEH TPOEKMUOHHKH Oepa-
Top P B B ocymMecTBIfeT MPOEKTMPOBaHHe BCETO LpocTpaHcTsa B Ha IOANpOCTPAHCTBO
8= PR napannensso pognmpocrpancrsy I -—(E—P) R.

Jlrobass HaTypalbHAsA CTelleHh DPOEKIMOHHOTO ONepaTopa ABJIAETCA NPOSKIMHOHHEM
omepaTopoM. Ecau P—TpoeKIAOSHHI onepatop, T0 B E — P —IpoeKIAOHHLE omepa-
Top, Tak kKak (E-—P)=E—2P {P?=E—P,

Kpagparnas Martpuma P HassBaeTCsA npoekyuonrol, ecnm P2=P, O4eBAAHO, B OPO-
W3BONLEOM 0asHce HPOEKMWOHHOMY OIEpaTOpy COOTBETCTBYET NIPOEKIMOHHAS MAaTpHMIA.

1) AHanoruumo, BeKTOp ®p—IpPOEKINA BeKTOpa & Ha mopmpocTpamcTBo 7' mapai-
JISNBHO NOAIIPOCTPAHCTBY S. .

6 @. P TaHTMaXED
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§ 7. XapaKrepHcTHYECKHEe UHACAA M COGCTBEHHDBIE BERTODbI
amPeiiHOTO omepartopa

IIpr mccnemoBaHmM CTPYKTYPH JAuBeiiROro omeparopa A B R Goapmyio
POIH UIrpalT BEKTOPH ¥, AJAA KOTODHX
Ax =hx (AEK, z5=0). (53)
Takue BEKTOPH HA3WBAIOTCA COOCMEEHHLIMU 6eKMOPAMU, A COOTBETCTBYIOLLHE
HM 9YHCHA A— ZaPAKMEePUCTIUNECKUMU TR COOCIMBEHHBIMU HUCAAMU OIEPATO-
pa A (marpunu A4).
JLiis1 HaXO0KASHNS XaPaKTePHCTHICCKAX TACENT B COGCTBEHHRIX BEKTOPOB OIle-

n
patopa A BubepeM NLPOW3BOALHO Gas3uC €y, €, ..., €, B R. Ilycts o = ine,—
< ,

1=
u A= aik]]'i'—-Mannua, oTBewalomas omepatopy .4 B Gasuce ey, €y, ..., €,.

Torpga, npupaBHUBAg MeKIY o000l COOTBETCTBeHHBIE KOODAUHATH HEKTOPOB,
CTOAMHMX B JIEBOW M HPaBOH TACTAX paBeHCTBA (D3), MOJIyIUM cCHUCTEeMy CKa-

JADHHX ypaBHEHMI
ayZy+ Ao+ - o« -+ A Tn = A2y,
1%y + Goa Ty - - . - AgnTn = AT, (54)
1%y -+ Qoo+ o v - ;*‘ AnnTn = My,
KOTODPY0 MOKHO 3amHcaTb H TaK:
(a1 —A) 24+ apra+ . . .+ Aty =0,
%1+ (G2 —A) Lo+ - .« - GonZp =0, (55)

ATy + Cra - -« (Gun—A) Tn = 0.
Tax Kax HCKOMHIX BEKTOpP He AOMieH OHTH pPaBeH HYJI, TO CPeJH €ro KOOpIH-
HAT %y, Zg ..., Tn OO Kpaiigell Mepe 0fHA KOOPAWHATA NO/HKHA GHITH OTJIMYHA

OT HYJA.
Jlast Toro uTo0Bl cucTeMa AMHEIHHWX ONHODOAHLIX yPaBHEHWH (99) mMmesa

HeHyJeBoe pemeHwme, HeOGXONMMO M [OCTATOYHO, dTOGH OHpejeNHTeNb ITOH
cucTeMsl OHJI paBeH HYJIIO:

agy— A 2273 cee  Qqp
asy azz-—}\. [N Qop, =0 (56)
Qs Qpz  «ev Gun—A

Vpapmerue (56) mpexncrapiser coboli anrefpamueckoe ypaBHeHHE n-ii cTe-
TEeHH OTHOCHTEJNbHO A. IL0sdHIMEHTH 3TOr0 ypaRHeHNA NPHHALIEHKAT TOMY jKe

n
YHCIOBOMY TOJIO, 9TO ¥ dIeMeHTH Marpumil A =| ax ||}, T. e. momo K.

Vpapmerme (56) 9acTo BCTpeYaeTCs B PAsIMYHHX HpoGreMax reoMeTpuw,
MEeXaHWKW, ACTPOHOMAM, (QU3MKM M HOCAT HA3BAHAE IdDAKMEPUCTMUNECKO20

n
Y pasKeHus WIH 6eK06020 ) Y pasnenus MaTPRIH A = || ay ||| (71eByw0 2acTb 9TOr0
ypaBEEHHA HABHBALT LA PAKMEPUCTIULECKUM MHOZ0UAEHOM).

1) Tagoe Ha3BaHAEG CBA33HO C TeM, UYT0 3TO ypaBHEHHUE BCTpeYAETCA TPH HACCIAET0-
BAHAM BOKOBHIX BO3MYIIEHWM IJNAHET.
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Taxum o6GpasoM, KaK[0e XapaKTEPHCTHYECKOE THCJIO ) IHHEHHOTo omepa-
Topa A ABIAETCA KOPDHEM XapaKTepHCTHIEeCKoro ypasHenms (96). I maoGopor,
ecqii HEKOTOPOe UHCIO A sABIAeTcA KODHeM ypasHeHmA (96), TO mpm atoM
3HAYEHHH A cucTema (OJ) H, CHENOBATENEBHO, (D4) HMeeT HEHYJE€BOE€ pellleHHe
Xy, Tay «vvy Tpy T. €, ITOMY GHCIAY A OTBEUAET COOCTBEHHEIH BEKTOD X = 2 z;e;
omeparopa A. :

W3 crazamBOro ciaemyer, uTo nw0God IuHeHHH omeparop A B R mmeer
He 0osee yeM n PABAMYHKHX XapPAKTEPUCTAYECKUX UHMCEIL.

~Ecau K ecTh mone BceX KOMILUIEKCHHIX UHCEN, TO JI0GOH JMMHEHHKH omepa-
Top B J? Bcerga mMeer mo KpaiiHell Mepe ofuH coOCTBeHHHH BeKTOop B B M cooT-
BETCTBYIOIee STOMY COOCTBEEHOMY BEKTOPY XapaKTePHCTHIECKOe TACIO A 1). ITo
cleyeT H3 OCHOBHON TeopeMHl ajreGphl, COTIACHO KOTODOil ajreGpamdeckoe
ypaBEeHme (56) B mome KOMIJIEKCHHIX UHCEN BCET[a MMeeT IO Kpaiimeil mepe
OJIMH KOpEHb.

Hanwmem ypasmeawme (56) B pasBepHYTOM BH[E

|A—AE | = (— M)+ S (— A" S (— A2 ... +

| +Sai (=W +Su=0;  (5)
37eCh, KaKk HETPYIHO BHIETH,

n . k .
Si=Naw S= A(; k) (58)
i=1

i<i<hsn
u Boo(Ime S, PaBHO CyMMe TJIaBHBIX MUHODOB p-T0 NOpARKA MaTpunsl 4 = || a; |7
(p=1,2,...,n)?). B wacrroctn, S,=|4|.
O6osraumm wepes A MaTpmmy, COOTRETCTBYIOIMYIO TOMY e omepatopy A
B apyroM 6asmce. Marpuna A mogo6ma matpuue 4:
A=174T.
Orcrona
A—AE=T1(A—M\E)T

1) 310 momokerme cmpaBeAnnBo u B Goxee obmem cayuae, Kora K — Npom3BOILHOE
anrebpamdeckd 3aMKHYTOe IOJe, T. €. TaKOe HOJe, KOTOPOMY LPUHAJJERAT KODHH BCEX
anrebpamvYeckuX ypapHeHmil ¢ koofUNnenTaM: W3 AAHHOrO HOIA.

2) Cremenp (—A)"~P wMeeTcA TONBKO B TeX WIPHAX XAPAKTEPUCTHIECKOTO OIpe-
nenmTens (56), KOTOpHe cofiepKaT KaKme-amb0 n»—p THATOHAIBHHIX DJEMEHTOB

—A, @ Ay ey @y

Giyin jeje

[IpowssesieAme 2THX AWArOHANBHHX BIEMEHTOB BXOJUT B COCTaB OmpefenmTens (56)
CO MHO)KHTeJeM, DABHHM TJIaBHOMY MHHODY

iy ig ... 10
A(.‘ 2 .p)
U lz...lp/

TAe WHOEKCH iy, iz, ..., ip BMECTE ¢ HMHJAEKCAMHA [ 4, J2, ..., jn—p 0OPABYIOT HOJIEYIO
cucTeMy mugekcos 1, 2, ..., n:
| A—AE |=(a; ;,— M (¢j,5,—M) ... (a; ; —M)4 (’:‘ .. fp>+(>;<).
nn 2)2 n-p’n-p Wizg...lp
) Big... 1
3necs (—A)" P ymuomaercs Ha A < ii i2 ip> . Tepebupas BceBO3MOKHLE COUETAHAA
1l2.--1p

J1r J23 «.+s jn—p TO np H—3 HWHAeKcOB 1, 2, ..., n, MH ONYyYHM B KauecTBe Kod(u-
nmesra Sy mpE (—A)"P cymMMy Bcex TIIaBHNIX MIHOPOB p-TO HODPAfKA MATpHOH A.

6%
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M, CIeJ0BATEJLHO, N
|A—AE|=|A—)\E|. (59)

Taxam oGpasoMm, monoOHBle MATpPUIEl A W A HMET OLHH U TOT }Ke XapaK-
TepACTAYECKAH MHOTOWJIEH. OTOT MHOTOUJIEH HHOT/A HA3HWBAKT XapAKTEPHCTH-
gecKMM MHOTOWJIeHOM omeparopa A m oGosHagawT uepes | A—AE|.

Ecauv 2, Y, 2,...—cobcmsennsle eexkmopsl onepamopa A, coomsem-
cmsylouyue 0OHOMY U MOMY Jce LA PAKME PUCIMUMECEOMY Yucay A, a o, B, v, ... —
npoussoavHile wucaa us K, mo sexmop ax +py+vyz+ ... aubo paeen Ky,
aubo marxHce A8AAEMCA COOCMBEHHVIM 8eKMODPOM onepamopa A npu mom e
yucae A. JelicrBurenbrO, W3

Ax=hix, Ay=»>riy, Az=12>\z, ...

clIegyer:

A(gx+py+vyz+...)=A(axe+Ppy+vyz+...).

IlosTOMy IHHEHHO HE3aBUCHMEHE COOCTBEHHHE BEKTODH, OTBedaloImue OJHOMY
¥ TOMY jKe XAapaKTePUCTHIECKOMY dYmcly A, ofpasyior G6azuc HEKOTOPOTO
«coOCTBEHHOT0» MOJNPOCTPAHCTBA, KAM/IHM BEKTOP KOTOPOTO ecTh cOOCTBEHHHIT
BEKTOD IIpH TOM ke A. B gacTHOCTH, KasKk[HH COGCTBEHHH BEKTOpP HOPOKEaer
offHOMEpHOEe COGCTBEHHOE HmOANPOCTPAHCTBO, «COOCTBEHHOE HANpaBIEHHE).

Onmako, ecim coGCTBeHHHE BEKTOPH omepaTopa A COOTBETCTBYIOT pas-
MMYHHM XaPAKTePUCTHIECKMM THCIaM, TO JnHeiHaA KOMOMHAIMA 3THX CO0-
CTBEHHHIX BEKTOPOB, B0OOIIe TOBOpsH, He Oymer cOGCTBEHHEIM BEKTOPOM OIepa-
- Topa A.

3HaueHue COGCTBEHHAIX BEKTOPOB U XapaKTEPUCTHICCKUX HuCeJ IPU HCCie-
JNOBAHEN JNHBEHHHX OUEPATOPOB OYAeT UPOMJIIIOCTPHUPOBAHO B CIEYIOIEM
naparpage Ha HIpUMepPe OHEPATOPOB IPOCTOH CTPYKTYPH.

§ 8. Jlunefinbie OmepaTOpHI WPOCTOH CTPYKTYPHI

Haumem co ciaemymomei TeMMEL.

Jemma. Cobcmeennsie 6exmopbl, cOOMEEMCmMEYIOUyle NONAPHO PAIAULHbM
TAPAKMEDUCTIUYECKUM YUCAAM, 8Ce20d AUHETIHO HEe3a8LCUMBL.

HorasareabcTro. Ilycrs

Axi=hoc;  (;550; A=A mpu is5k; 0, k=1, 2,...,m) (60)
7 OycTh

igi cic; =0. (61)

Ilpumensaas ® o0emM 9acTAM B3TOr0 paBeHCTBa omeparop A, HOTYIHM:

iii c;hsae; =0, (62)

YMEOKAM 00e WacTH paBeHCTBA -261) Ha A, u BeaTeM nouixenno (61) ms (62).

Torga noayamm:
m

2 ci(hi—h) @i =0. (63)
i=

Mono ckasath, 1o paBemctBo (63) 6mmo momyuemo u3 (61) myrem
OOWIeHHOr0 mnpuMmeneHyA omepatopa A-—ME. Ilpmmeras k (63) moumennO
ounepatopsl A —AE,.,., A— Ay E, MW OpAJEM K CIELYIOUIEMY DABEHCTBY:

cm (Am—Amet) (Am—Am=g) .+« (Am—Ay) Xm =0,
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oTKyma ¢, =0. Tar wak B (61) mw6oe caaraemoe MOeT GHTH HOCTaBJICHO
Ha mociefHee Mecro, To B (61)

c=cCy=...=cn=0,

T. €. MY BEKTODaMH Xy, X, ..., Xn, HET AHMHeHHOH 3aBmcEHMocTH. Jlemma
JOKa3aHa.

Ecim xapakTepmcrTHuecKoe ypaBHEHHE OIepaToOpa HMEeT 72 DPa3IHYHHX
KOpHeli M 5TH KODHH OpHHAjJIe;aT Homo K, ToO Ha OCHOBAHMM JEMMEL CO0-
CTBEHHHE BEKTOPH, COOTBETCTBYIOI[ME 5TUM KODHAM, IHHEHHO HE3aBHCHME.

Onpemeaneune 44. Jlumelinpiii omeparop A B K HasmBaercda onepa-
mopom npocmoli cmpykmypel, ecin A mmeer B B n JMEEHHEO He3aBHCHMEX
COOCTHEHHLIX BEKTOPOB, I[e N — YUCIO0 M3MepeHUi.

TaxkuMm o6Gpasom, auHefHHA omepatrop B . HMMeeT mpOCTYId CTPYKTYPY,
ecIu Bce KOPHM XAPAKTePUCTHIECKOTO YpPABHEHMA pAa3IAYHHE MexAy coboil
n mpunagaexar momo K. OmEAKo »TO yClAOBME HE ABJIAETCA HEOOXOTHMEIM.
CymecTByoT amHeliHEe 0mEpaTOPH HPOCTON CTPYKTYPH, Y KOTOPHX XapaKTe-
PHCTHYECKMIT MHOT'0OYJIEH HMEET KPATHHE KOPHH.

PaccMorpnM npom3BoNbHNN AuHEHEEE omeparop .A NpPOCTOH CTPYKTYDHL.
OGosmauum gepes ¢y, g, ..., gn Oasuc B R, cocToAmuil M3 COGCTBEHHEIX
BEKTOpPOB Omeparopa, T. €.

Aghzkhgh (k:1,2,...,n).
Ecan

n

x = 21 TrGr, 10 Ax= k,gi T Agr = }21 Apxagn.

JpyruMm cmosamm, BOasfeiicTBme omepaTtopa A IpocToil CTPYKTYpPH Ha
n

BEKTOD &= 2, Zzg; MOMKeT GHTH ONHCAHO CIEAYIOMHEM 06pasom:

B n-meprom npocmpancmee R cywjecmeyem n. AUHEUHO HE3ABUCUMBLE
«Hanpasaenully, 6004b KOMOPHE onepamop npocmoi cmpyrmyput A ocyuje-
cmeanem «pacmancerier ¢ koaguyuenmamit Ay, Ao, ..., Ay. I pouseoavuriii
8eKMOp X MOXem 6BUMb DASAONEH HA KOMROHEHMdl, udywue 6004b SMUL
cobcmeennplr HanpagaeHull, Smu KoMROHEHMsl nodéepearmces Coomeéemcmseyio-
WUM (PACMANCEHUAMY, ROCAE U€20 OHU 8 cymme Oaiom eexkmop Ax.

Herpyano sujers, uTo omeparopy A B «co6cTBeEHOMY Gasnce ¢y, gz, - -+, gn
COOTBETCTBYET AMATOHANBHAS MATPHIA
A= 7 H’i'.
Ecan Mu gepes A 0GosHaYMM MaTpPHI(Y, OTBEUAlOMy0 oliepaTopy A B mpo-
n3BOXBLHOM (asmce ey, €, ..., €,, TO
A=T]| rib;z H’;T‘l. (64)

Marpuuny, nomo6HYyH0 AEATOHANBHOM, GyoeM HABHBATL Mam puyell npocmott
cmpykmype. Taxkum oGpasoMm, omeparopy IpOCTOl CTPYKTYpH B JioGoM 6asmce
OTBeYaeT MATPHIA IIPOCTOX CTPYKTYPH M HAOGOPOT.

Marpumna 7' B paBerctse (64) ocymecTniaser nepexof ot Gasnca ey, €z, .. ., €n
K 6asmcy ¢gi,- g2 --.» gn- B k-M crombue Marpmust 7' CTOAT KOOPAWHATEL
(B Gasmce e, €y, ..., €,) COOCTBEHHOI'O BEKTOpPA i, COOTBETCTBYIONETO XapaK-
TePECTHIECKOMY ducay A, Marpunu 4 (k=1, 2, ..., n). Marpuna 7 HasH-
Baerca yrdamenmarvHoli Marpuneil nas Marpuus A.
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Paserncrpo (64) mepemmimeM Tak:
A=TLT? (L={A, Ay + .y An}). (64")

Tlepexomsa k p-M acconmmpoBaBEHM MaTtpunaM (1 < p<n), moayunm (cM. ri. I,

§ 4):

._1' .
?Ip = z10 81c'sp 1 (69)
Q,—nnaromanbEas Marpuua N-ro mopsagka (N = C3), y KoTopoii Ha riaBHOI
IMATOHAJIH CTOAT BCEBO3MOKHEE HPOU3BENEHHMS IO D U3 Ag, Ay, ..., A, Como-

crapaenue (63) ¢ (64') maer Ham Teopemy:

Teopema 3. Ecau mampuya A=| a; H;‘ umeem npocmyl cmpyEmypy,
mo npu awbom p<n accoyuuposannas mampuya A, marwce umeem npo-
cmylo cmpykmypy; npu smoM TapaKmepucmuvecKuMu «uciamu mampuyst Ay,
R6AKOMCS  6CC603MONHCHBIE npoussedenus no p Aphiy ... Ay (1 <i<ih<<
< ... <<ip<n) u3 xapaKmMepUCMUYECKUT YUCEA Ay, Ay, ..., An Mampuys 4,
a gyndamenmanvhoil mampuyeii mampuys A, seasemes accoyuuposannas Ty,
das gyndamenmanvrol mampuyrt T mampuysr A,

CuanemcrBue. Ecau raparmepucmuieckomy wucay Ay mampuyst npocmot

cmpykmypee A =| a; |} omeewaem cobcmeennuili éekmop ¢ Koopdunamamu
bins Loy oo os b (B=1,2,...,n) u T=]| t,-kH’;, mo zapaxmepucmuiecromy

weay Aghng ... Any, (I<ky<<ky<<...<<ky<n) mampuyvr Ap omeewaem
co6cmeennblll 6eKmOp ¢ KOO POUHAMAMU

iy By ... .
T(* ™2 P) A<y <lia<<...<ip<n). (66)
By kyoouky

[ponssoapryio MaTpuny A =| ap l[’i1 MOKHO IPEJCTaBUTH B BHUJe Ipefea

mocaeoBaTeabHOCTH Marpun Ap, (m—> ), KamJad U3 KOTOPDHX He HMeeT
KPAaTHHX XAPaKTePHCTHYECKUX UYHCEJI U IOTOMY HMEeT HPOCTYI0 CTPYKTYpY.

XapaKkTepUCTHYECKHE YuCiIa A A, L., AY™ marpanm 4, B npefeiae mpu
m—> oo TIepPeXOfAT B XAPaKTePHCTHYECKHE YTHCIA Ay, Ag, ..., A, MaTpm-
ua 4, 1. e.
lim A =%, (k=1,2,...,n).
m—>co
Orcioga
lim ATA A = Mg - Ay (ISEi<<Ba<... <kp<n).
m—co

Tak wak, xpome Toro, lim Um)p=A,, To M3 Teopemm 3 BHTEKaeT
m

—30

Teopema 4 (Kpomexepa). Ecau Ay, Ay, ..., Ay—noanas cucmena
TapaKme PUCIMUNECKUT HUCeA NPOUBBOAbHOLU Mampuybl A, mo noaHas cucmema
TQ PAKMe PUCTUNECKUT wuced accoyuuposannoli mampuytt A, cocmoum us ece-
B03MONCHNL N poussedenuii no p u3d uucea hy, Ay ..., Ay (p=1,2, ..., n).

B srom maparpage MH HCCIEHOBAJH OIEPATOPH M MATPHMI{H IPOCTOM
cTpyKTYpH. VayueHHMe CTPYKTYpH OLepaTOPOB H MaTpui o6mero Tuma Oymer
mposefieHo B raasax VI u VIL



I'TABA IV

XAPAKTEPUCTUYECKNN N1 MAHUMAJIbHBINT MHOTIOYJIEHBI
MATPUIBI

C xammgoli KBagpaTHOH MarpuIeli CBA3aHH JBA MHOTOYWIEHA: XapaKTe-
PHCTRYECKUH W MHUHHMAJBLHHE. OJTH MHOTOWIEHH HIpalT GOJLMYI pOJb
B Pa3sIMYHEX BOIPOCAX TEOpUHM Marpui. Tak, HaIpEMep, HOHATHE 0 QYHKIUM
OT MaTpPHI(E, KOTOpOe MEl BBE€JEM B CileyIOMel IIaBe, Oymer 1eJINKOM OCHOBH-
BaTHCA HA NOHATHH O MHEMMAIbLHOM MHOIOYJeHe MaTpuue. B sroif raase
paccMaTpuBaTCA CBOHCTBA XapPAKTEPHCTHIECKOT0 M MHHAMAIBLHOTO MHOIOTIe-
Ha. JTOMY HCCIEOBAHHIO MPEeNIOCHJIAKTCA OCHOBHEIE CBeJCHUA 0 MHOTOYIe-
HAaX ¢ MATPAYHHIMHO K03QPHIHMEHTAMU M O JAeHCTBUAX HaJ HHUMI.

§ 1. Cnosxense m yMHO}KEHAEe MATPHYHLIX MHOTOYJICHOB

PaccMoTpuM KBampaTHYI0 MHOZ04AeHHyX) MaTpunmy A (A), T. e. KBagpar-
HYH0 MaTpuny, 3JeMeHTaMH KOTOPOM SBIAITCH MHOTOYIEHH OTHOCHTEILHO A
(¢ RoopPuImeHTAMH M3 TAHHOrO THCI0BOTO moiAa K):

A= am () 2= | aPW™ A el | )

Matpuny A (A) MO)XKHO mpeACTaBUTL B BHAEe MHOrO4YJeHA C MATPHYHEIMHA
KO3 QUIMEeETaMH, PACHOJOKEHHOTO HO CTEIeHAM A: '

AN =AM+ A0+ A, )
e

A;=|a@ T (G=0,1,...,m). )

Uncno m Ha3WBAaETCA cmenenvie MHorouiena, ecam Agy=%=0. Ywucio n
HazuBaerca nopadkosm MHorodmena. MmorouiseE (1) 6ygeM HasHBaATh pezy-
aapubs, eean | Ag| == 0.

Mroroganen ¢ mMaTpuuEHME Ko3dpPHIIMEeETaMM MH 6ymTeM MHOTAA Ha3HBATh
MAMPUNHBLY MHO20YAEHOM. B OTIHYIMe 0T MATPHIHOr0 MHOTOYIEHA OGHTHHIA
MHOTOYJIEH CO CHKanApHEMH Kosdpduumenramm OyaeM HABHBATD CKA.AAPHBIM
MHO20UAEHOM.

PaceMoTpuM OCHOBHEHIE TeHCTBHSA HAJ MATPHYHHME MHOTOYJeHAMH. IIycTb
JaHH [Ba MATPHYHHX MHOrOYIeHa ONHOTO ¥ TOro ke mopsapgka A (L) m B ().
O603EaunM Yepes m HauGOABIIYIO M3 CTEHEHEH 9THX MHOI'OWIEHOB., JTH MHOTO-
YIeHH MOKHO 3aOMcaTh B BHAE

AN =AM+ AN 4 L+ Ap,
B(\)=BA™+BA™ 14 ... 4 By



88 XAPARTEPHUCTHYECKHN ¥ MUHMMAJIBHBIM MHOTOUJIEHBI MATPHI[ [TJ. IV

Torga
AM) LBM)=(4o L By) A"+ (4y . B) A1+ ...+ 4, & Bp,

T. €. cymma (pasHocmv) 06Yr MAMPUUHBIL MHOEOUAEHO8 00H020 U MO020 He
nopadka moxcem 6umb npedcmasiena 8 eude MHOZOUAEHA, CMENEHb KOMOPO2O
He npegocxodum Hauboabwiell U3 cmeneHetd OGHHMIT MHO2044E€HOE.

ITyerp pamwm gBa MarpuanHux MHorouneHa A (A) mw B (A) crememeil m u p
OJHOT0 W TOTO ;Ke HOPAJKA n:

AW =AM LANT L f A, (Ay70),
B (A) =B\’ +B/AP1 ...+ B, (By 5= 0).
Torpma
A (M) B (M) = AgB)A™? - (4,By -+ A1By) AP 1 .. + A Bp. (4)

Ecim 6w Mm mepemHodimnm B (A) ma A(A) (T. e. H3MeHHIN OH IOPATOK
COMHOKHTEJEH), TO MH DOAydmau Owl, BooOIIe TOBOPS, APYrod MHOIOYJEH.

VYMHOKEHENe MATPHTHHX MHOTOYJIEHOB 00JafaeT elne ONHUM CIenu¢ITHEM
cBoficTeOM. B ornmume or mpomsBefieHUS CKAJAAPHHX MHOIOYIEHOB IIPOU3BE-
JeHre MAaTPHYHEIX MHOTOYJEHOB (4) MOKET MMeTh CTEmeHb, MEHBINYW M - P,
T. €. MEHBIIYI0O CYMMHI cTemeneil comuo:xkureneil. [eiicremrenbuno, B (4) mpo-
ussemenme Marpunm A B, Moser paBHATHCA Hymawo mpu Ay%=0 m By 0.
Onnaro, ecam xora 6w omHa ua Marpun, Ay m B, meocobennas, To us 4,~= 0
m By~ 0 caenyer: AyB,==0. Tarum oGpasom, npoussedernue dsyx mampudi-
HBZ MHOSOULEHO8 DAGHO MHOZOUAEHY, CMENeHb KOMOP0o20 MeHbuie UAU DASHA
cymme cmenenell comroxcumeanell. Ecau xoms 6w odun us deyxr comHoxcume-
aell peeyaspHEIL MHO204AEH, MO 8 IMOM CAYHAe CMEneHb npoussedeHus acezda
pasHa cymme cmenerelt coMHOICUMEREL.

MarpruEmii MHOro4leH n-ro mopagka A (A) MOKHO sammcaTh ABOAKO:

AM) =AM+ AN+ An (5)

A (M) =A"Ag - A A + L A (5)

O6e sammcum OpH CHKAXIAPHOM A [alOT ONMH M TOT j;Ke pesymbTar. OgHAKO
ecam MH LOKeJIaeM BMECTO CKAaJSAPHOTO apryMeHTa A LOACTABHTL KBajapaT-
HYI0 MarTpuimy n-ro mopagka A, TO pesylIbTaTH IOACTAaHOBOK B (9) m (D')
6ynyT, BoOOme roBOpH, pA3NMYHE, TAK KAK CTENEHM MATPHNHE A MOryT

He OHITh LIEPECTAHOBOYHHIMU ¢ MATpUUHHMHE KoddppmuumertTamu Ay, 44, ..., An.
Tlomomum .
AN)=AN"+AAN" I+ .+ Ay (6)
i
AA)=A"4y+A"A + ... + A4, (6")

-~
u Oynem HasmBarh A (A) mpaBuM, a A (A) ieBHM 3HaYeHHeM MATPHYHOTO
mHOrounera A (A) mpu moAcTaHOBKE BMeCTO A Marpumh Al).

PaCCMOTpHM CHOBA [BAa MAaTpPHUYHBIX MHOrOYJIeHa

m P
A= D An M, B (M) = D Bph*
i=0 =0

1) B ¢opaBoM» 3HaueHmH A (A) cremeHEm MATpUIH A CTOAT cmpasa OT KosddmimeH~
TOB, & B (JEBOM» — CJAeBa.



§ 2] IPABOE H JEBOE [AEJIEHWE MATPHYHBIX MHOI'OYIEHOB 8%

N HUX NpOU3BeIeHUE
m p m+p

m P N
P(’“) = Z Z Am—iAin—kM= 2 Z Am—in~k7Vi+k= 2 ( 2 Am—éBp—h) N
i=0 R=0 i=0 k=0 j=0 ifk=j
n (7
m p m p m+p
P(My= 2 2 MAn_ihBpr= D2 X M Ap By = DA D An-iBp
i=0 k=0 i=0 k=0 i =0 itfk=j

@)
IIpeoGpasoBaEns B TowaecTse (7') COXPAaHAWT CBOK CWIYy NIpH 3ameHe A

MaTpuIleli n-ro MOpsAKa A, €CiH TOIbKO Marpuua A mepecTaHOBOYHA CO BCEMH

MATDHYHHME Koabdunmentamu B, p1). AHajzormuso B Toxzmectse (7”) MOXHO
p-k

3aMeHATh CKAangp A Marpuneii A, ecIm MaTpuma A HepecTaHOBOYHA CO BCEMM
rooppunmentamMu An,—;. B nepBoM cliyuae morydaem:

P (A)y=A(A)B(A), 8"
BO BTOPOM

P (A)=A4(A)B (). (8"

Taxkum obpazoM, npasoe (aegoe) 3Hauenue npouseedenus 06Yxr MampuULHLLY
MHOZ0UAEHO8 DPAGHO NPOU3EEOeHU) NPAsby (Ae6blT) SHAHEHULl CcOoMHoMcumerel,
ecau mampuya-apeymenm A nepecmarogouna co 6cemu KOIPPuyuenmamu
npasozo (4€6020) COMHONCUMENS.

Ecau S (L) —cyMMa ABYX MAaTPUYHHIX MHOTOWIEHOB n-To mopsAfka A (A}
n B()\), To mp:m zaMeme ckaiaspa A xio6oif marpmmeil n-ro mopagka A
BCerja CIPABENJIBH TOEIECTBA

SA)=A@N)+B@), SA)=A(A)+EB (@A) (9)
§ 2. llpasoe M JeBoe QREICHAEC MATPAUIHBEIX MHOTOYICHOB,

OGoOmennana Teopema besy

Ilycrs maEM fgBa MaTpUgHEHX MHOrowieHa A (A) m B (A) ogHoro u Toro sxe
nopsAgra n, npmieM B (A) — peryasapHEI MHOTOWIEH:

AM)=AA"+AA™ b+ An (40 0),
B(A)=Bo? +BA +...+B,  (|By|5%0).

Mu 6yzeM rOBOpHTH, UTO MATPUIHHE MHOTOWIEHH ¢ (A) u R (A) aBasiorcs
COOTBETCTBEHHO nNpASslM HACMHbLM U npasbim ocmamkom Upu penenun A (A)

Ba B (A), ecau
AM)=QMBM)+RMH) ’ (10}
u crenens R (A) Menvmme cremenm B (A).

—~~ oy
CoBepmeHHO aHaJOrmuHo OyJeM HaskBaTh MEOrowrens () (A) u R (A) coor-
BETCTBEHHO .1€85lM HACMHbLM U JAebls ocmamkom UpH Aederun A (A) Ha B (L),
eciIn

AW =BMQMW+R) (11)

u CTeneHb /ﬁ(?») MEeHbINe CTeNeHN E(k).

1) B atom caydae M jofad cTemeHb MATPEOH A IePecTaHOBOYHA €O BCEMH Koo~
dmanuenramn Bp_p. ‘
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OOGpaTuM BHHUMAHHE YHTATeId, 4TO IPH «IpaBOM» [eleHm: (T. e. mpH
HaXOMIEHAY OPAaBOT O UACTHOTO H LIPABOT O OCTATKA) B (D) HA (IEIANTEIR»
B (A) uactHOe Q (A) yMHO:AaeTCA cIpaBa, a OpH «JIeBoM» jenennu B (6)

Ha JexuTenb B (A) wacTHOe /Q\(h) yMHO:gaeTcs ciaeBa. B oOmeM cayuae

Muorowienw Q (A) u R (L) He coBmajawT ¢ /Q\(l) u ﬁ(?»).

TorameM, 9TO Kak npaeoe, mak U JAegoe JeseHuUe MAMPULHBLE MHO20-
uAeH08 00HO20 U MO20 d1ce NOPAIKA 6cegda GMNOAHUMO U OOHO3HAUHO, ecAl
desumens — pezyAAPHBLL MHOZOULCH.

Paccmorpum upasoe genenme A (A) Ba B (A). Ecan m <C p, MoxHO mOI0-
a#uth Q (A) =0, R(A) = A ()A). B ciysae m > p gasa saxompenua gactrOro Q (1)
u octatka R (k) OpuMeHuM OOHYHYIO CXeMy [eJeHUs MHOTOWJIeHa Ha MEOTOYIEH.
«Pasmenumy cTapmuil wieH meammoro ApA™ Ha cTapmmil uneH meauTeds BoAP.
Iloqy9nM CTapmuil WieH HCKOMOro 9acTHOTO AgB, A™ P. VMHOMHM 3TOT WieH
cupaBa Ha peamrenb B (A) W moxydeEHOe mpomsBemeHme BHUTeM n3 A (A).
Haiimem «mepsutii ocratoxy A™ (A):

A (M) = AoB;'A™ P B (M) + AP (A). (12)
Cremerb m™ mmorounesa A" (A) membme m:
AD M) =AD" P L . (AP0, m®P < m). (13)

Ecmm m'Y > p, To, HOBTOpPASL BTOT HPOIECC, HONYIAEM:

A(l) (7\,) A(I)B‘llmm-pB (;\') +A(2) (;\'), 14
Am(l) A(Z)kmm—l— .. (m‘2’<m‘“) (1)

aT. [ '
Tax xak creneau maorowienos A (A), A® (A), 4® (A), ... yGuBaoT, TO Ha

HEKOTOPOM »Tame MH mpuieM K ocTaTKy R (A), cremeHR KOTOPOTO MEHbBIIE D.
Torpa us (12) — (14) Oyner ciemoBaTh:

AM=QMNBM)+R®),
e
Q (7") = AoB;lN_"l_p -+ A;l)Bglkm(l)—p NI

JlokakemM Temepr O HOB3HAYHOCTH mpasoro jgexenna. Ilycrs oxmo-
BPEMEHHO

AMN=QM)BM+R(}) (15)

A (L) =0Q*(») B (M) +R* (M), (15%)

rae crenegn maorowienos R (A) m R* (A) Membme cremenn B (A), T. e. MeHbIIE P.
Buianraa mowmemso (11) ms (12), momywmm:

Q3 —Q*(W]B (M) =R*(A)—R(1). (16)

Ecan 6m Q (L) —Q*(A)s=0, To, HOCKOIBKY ]BOE#O CTENEeHb JIEBOH 94ACTH
pasercrsa (16) pasEsmace 6m cymme crememeit B (A) m Q (A) —Q* (A) n motomy
6pL1a OH 3> p. JTO HEBO3MOJKHO, TAK KaK CTeNeHb MHOTOUJIEHA, CTOAINEr0 B Ipa-
Boit wactm pasenacrsa (16), Mempme p. Tarmm oGpasom, Q(?»)—Q* A) =0,
a torga m3s (16) R*(A)—R (L) =0, t. e.

QM=0Q*(A), RMH)=R*(}).

u
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CoBepimeEAo0 aHATOTHYHO YCTAHABIWBAIOTCH CYMIECTBOBAHWE W ©HHCTBEH-
HOCTH JIEBOr0 94ACTHOrO M JeBOTO OcTatTKa l).

IIpamep. . e
A(”=H —AS—2AZ41 BA4A ]_
4o
1 2) 0 1 10 00
at i L e L P e
By
sor=| 550 b=l Tl

e e

35 _ A4 20213
T B I apeo |

—A2-4-1 3A2-4-12

A(D(M_” A3 A 2x3+ml ’ AS4A  2A34-13) ‘_
T —as—2az41 3A34A || || —ASA sA3412A |
_' —3 A2—13A H
—’-27» —A41 =1 |
0 1 —3 —13 00
Amm:”—z of ¥ T “—1 —11”7“+“1 0
Wp-1__ LU N1 | 1 2
A°B°‘W]—2 ol s 2=l 21
Wty oy || 4 2] || 2243 —A2HA) 1 A245
L B [ ewa it o Py |
R (W) =AY (W) —4;"B;' B\ =
__’ —3A A2—134 1 A24+5 _] —3A—1 —13x_5]
- ’——2m-x+1 — 114 1]"‘|—2x2—4 —6 ““ —A+5 —11A-+6 l
e W, |35 1 2)_|3h+1 5A+2
QM)y=AoBy' h+4y By =|| ) 5“7‘Jr “ —2 =2 [2x—-2 5x—-2”'

HpennaraeM YUTATENI0 B KadeCTBe YNpaKHeHNs HeNOCpe[[CTBeHHO IPOBEpUTD, 9To

A =Q M BM+R M.

1) 3aMeTuM, UTO BOBMOKHOCTE M OJHO3HATHOCTH JeBoro Heieuns A (A) Ha B (M)
cllefyeT M3 BO3MOMKHOCTH W OJHO3HAYHOCTH HPABOTO [eJMeHNA TPAHCIOAMPOBAHHHX
marpur A’ (A) u B’ (A). (M3 peryasprocTy B (A) BuTekaeT peryaapaocTs B’ (A).) Heiicrsa-
TeIbLHO, U3

A" (AM=Q (M) B" (M) +Ry ()
caenyer (cM. ra. I, ctp. 29):
AQ)=B}) Q1 W)+ R (). (11"

B cuny atmx e coobparenmii aesoe nedenne 4 (A)-Ha B (A) 0onn03HAYHO, TAK KaK
3 HeoXHO3HATHOCTH JeBoro fedenms A (A) ma B(A) ciefoBaia On HEOJHO3HAYHOCTDH
npasoro meaenms A’ (A) Ha B’ (A).

Comocrasnenue (11) m (11°) naet:

o~

Q M=0Qij(), RN =RiM.



92 XAPAKTEPUCTHUYECKAN M MUHUMAJNBHEIYY MHOTOUYJNEHBI MATPHI [TJ. IV

PaccMOTpUM TIPOHM3BONBHEIA MATPUYHHEE MHOTOWIEH N-TO NODALKA
FAN=F A"+ F A" 14 ...+ Fn (Fo==0). (17)
Pasgenum ero ma 6umoM AE — A cupaBa u cileBa:
F)=Q() ME—A)+R, FQ)=0E—HQM+E (18
B panbom coywae mpaselfi ocraToK R M IIeBHII 0CTAaTOK R me oynyT 3aBHCETH

or A. Has ompemenenmss mpasoro sHauenus F(4) u mesoro £ (A) mowsHO
COOTBETCTBeHHO B ToKAecTBax (18) samenurs ckanAap A Ha Mmatpuny 4,
MOCKONBKY MaTpmila A mepecTaHOBOYHA ¢ MATPHYHHIME Ko9(PumueHTaMK
Omaoma AE — A (cm. § 1):

F(4)=Q(4) (A—A)+R=R, F(4)=(4—A4)Q4)+R=R. (19)

Hamu goxaszama

Teopema 1 (oGoGmenunas teopema Beay). IIpu npasom (aesom)
desenuu mampuunoeo mrozouaena F (N) Ha 6Gunom AE — A ocmamor om Oese-
Hus pasen F (4) (coomeemcmeenno F (4)).

3 noxasannoii TeopeMH cirenyert,-uTo MHoeouaer I (M) Oeaumces 6e3 ocmamra
cnpasa (caeéa) Ha 6unom AE—A moeda u moavko moeda, roeda F (4)=0

(coomeemcmaenro F (4) = 0).

Hpumep. Myers A=|[a;z|I{ u f (L) —Muorounen orHOoCHTENLHO A. Torxa
FM)=f M E—f(4)

JemuTcA (ceBa W cmpapa) 6es octatka Ha AE—A. 3T0 cllefyeT HEmOCDeNCTBEHHO U3
o6o6niennolt Teopemsl Besy, MOCKONBKY B HaHHOM clydae F (A)=2‘\ (4)=0.

§ 3. XapakTepmcTHuecknii MHOrogwleH MaTpunhl. lIpucoeMHEHHAA MAaTPHILA

1. Paccmorpum matpuny A =| a; ;. Xaparmepucmuueckoli mampuyeii
oas Marpuns A HaswBaercs Mmarpuna AE — A. Oupenmeaurenh XapaKTepHCTH-
9eCcKOll MaTpUUH

AMA)=|AE—A|=|Mp—an |y

nmpeacraBuser co00H CKANADHHEIA MHOTOYJIEH OTHOCHTEIBLHO A M HA3HBACTCH
Zaparmepucmuyeckum mHozousernom Marpunl A (cm. ra. III, § 7)1).
Marpuuy B (A) =1 b (A) ||y , rA€ b (A)—anreGpandeckoe ROMOTHeHHE
oimeMenTa Ad;, —ap; B ompepmemurene A (A), MH GymeM HasHBATH N pUCOeOUHEH-
Holi mampuyell pus mMaTpune A.
Tax, Hanpumep, AJIA MATPUIH

[@y Az Qg3
- A: A1 QAga Qg3

a3y Gzz dqgs

1) 3roT MHOrOYIeH OTIAMIaeTcA MHOKETETIeM (—1)® oT Mmorouwnena A (\), BBeeH-
Boro B ri. III, § 7.



§- 3} XAPAKTEPHCTHY. MHOTOYJIEH MATPHIIBL. IPUCOEINHEHHAS MATPHIA 93

OyneM HMeTb:

A—ay —ap  —a|
AME—A=\| —ay A—ayp —ag],
— a3 —azy A—as;!

AM)=|AE—A|=A—(ay+agnt+ap)it...,

A% — (@sz -+ ags) A+ @pal33— G93a32 K K ”
B (A)= Aoy h - Q3831 — G033 K XK ||,
Ash -+ A21@30 — Gg2a31 K X H

W3 npuseneHHHX oupemeNeHuWHl CIEAYIOT TOMKIECTBA OTHOCHTEIHHO Al

(A\E—A)B()=A())E, (20)
B(3) (ME—4)=A () E. (20")

IlpaBsie gacTu 3TMX PABEHCTB MH MOKeM pacCMaTpHUBaTh KAaK MHEOTOYJCHH
¢ MATPHYHHIMZ KOIPPUIMEHTAMH (KaXKIWHA 3 3THX K0dpdUUMEHTOB paBeH
IIPOMBBEIeHUI0 CKANApPA HAa efumHHYHyl0 Marpuny E). MuorounemHyo Martpu-
ny B(A) MOxHO Tak:ke NpPEeNCTaBHTL B BHAEe MHOrOYJeHa, pPACIIONOKEHHOIO
o crenedsMm A. PasemerBa (20) m (20) morasmBaior, uto A (A)E menurca
ciaeBa u cupasa mHa AF —A 06e3a ocrarxka. CoraacHo oGofmieRHONE Teopeme
Besy aro BosMoxHO IHMB Torga, Korga ocrarok A (A) E=A (A) paBer Hym:o.
Hamu nowasanma

Teopema 2 Tamuabstora—HKaan). Beskas keadpamuas mampu-
ya A ydossemsopsem csoemy Taparmepucmuieckomy ypasHenuio, T. e.

A(4)=0, (21)

IIpamep.

=5l

-1 3
A—2 —1 .
A(k):” ) }v__3”=xz_5x+7,

3 5 2 1 10 00
A(A)=A2~5A+7E=H_5 8”—51 > 3“4-7”0 X |=“0 0”:0.
2. OGosmaumm wepes Ay, Ap, ..., A, BCE XapaKTEPHCTUYECKHE THCIA

MaTpuns A, T. e. Bce KOPHM XapaKTepHCTHYeCKoro MHorouleHa A (A) (Raskmoe
U3 Ymcea A; MOBTOPAETCS B DTOM DARY CTONBKO pa3, KAKOBA €ro KPaTHOCTH
Kak KopHfA mHOrowreHa A (1)). Torma

AA)=|AE—A|=(A~Nr) (h—DL) ..o (A—Ap). (22)
[Iyers mam mpomaponbHEIA CRajNApHHIT MuEOrowden g(p). Haiimem xapax-

TePUCTHYECKHE 9ucaa Marpunel g (A4). [las sroro pasmosmuM g (W) Ha JUHEN-
HEle MHOKHTEJH

gm)=ao(W—my) (p—p2) ... (L—m1). (23)
IlogcraBEM B 0Ge 9acTH 3TOrO TOMKIECTBA BMECTO ) Marpumy A:

g (4) = a,(A~pE) (A—wE) ... (A—p,E). (24)
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Ilepexomsa k ompepmeauredasM B o0enx dacTAX DABEHCTBA (24) @ WCHOIB3YS
paBeHCTBa (22) m (23), moxywum:

lg@)|=ap|A—WE||A—pmE|...|A—wmE|=
= (=)™ A (1) A (o) - .. A () =

l n
=(—0"ap I 1l (e—m)=g (A0 g () ... & (ha).
3aMeHnB B pPaBeHCTBE
1g(A) =g (M) g (ra) ... g (M) (25)
MHOTbYJIeH g (u) Ha A—g (W), TEe A — HEeKOTODHU HapaMeTp, HaimeM:
[ME—g (A)|=Th—g (M)l A—g (] ... [A—g (hn)]. (26)

W3 sToro paBemcTBa BHITEKAET Cilenyiomas

Teopema 3. Ecau Ay, Ay, ..., Ap—6ce zapakmepucmuyeckue uucAQ
(¢ yuemom kpamuocmeii) mampuysl A, a g (L) — Hekomo palil cKaARPHELTL MHO20~
yaen, mo g (M), g (ha), ..., 8 (Ay) —6ce xapakmepucmuyeckue wicae mampu-
yu g (A).

B uwactHOCTH, ecaim Marpuma A WMeeT XapaKTEPUCTHYECKHE YHCIA A4,
Mgy ..., Ay, TO MarTpuma A" mMeer xapakTepmcTHYecKHe umcaa AR, Ak, ..., AR
(k=0,1,2,3, ...).

3. Vramem sddextuBHYI0 (GOPMYIY, BHPAKANMYIO OPUCOCTUHEHHYIO
marpuny B (M) d9epes xapakTepmcTHuecKHH MHorowien A (A).

IIycrs
AA)=A"—p A" — pA" 2 — ... — pn. (27)
Pasmocts A (A) —A (u) memmres 6e3 ocraTka Ha A—u. Iloatomy
A)—A N n n-
8 (b ) =2 =0 W) ATy (u—p) AR (0 — prp— po) AL (28)
€cTh MHOTOWIEH OTHOCHTEJNBHO A W W.
ToskmecTBO
A M) —A =5k w) (A—p) (29)

He HApYMMTCH, €CJM B HEro BMeCTO A M |4 HOXCTABHTH NEePECTAHOBOYHEIE
Me:KZy coboit marpuol AE m A. Torga, HOCKOJIBKY COTLJIACHO Teopeme
Tammiastona — Kamm A (4) =0,

A (W) E =8 (AE, A) (\E— A). (30)

Comocrasisaa mempay coGoit papemcrsa (20°) m (30), m3 ogHOSHAYHOCTH
9acTHOTO NOJYy9aeM HCKOMYI0 (OpMyIy

B(A)=8 (AE, A). (31)
Orcoga B cuxy (28)
B(A)=A"1+ ByA" 2+ BoA" 34 ... + By, (32)
rme
By=A—pkFE, By=A*—pA—pkE, ...
n BooOmie ’

By=A*— pAst— At _p B (k=1,2, ...,n—1). (33)
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Marpaou By, B, ..., Bp-{ MOMHO BHYNCIATh TOCHELOBATEIBHO, HCXONA
H3 PEKYPPEeRTHRIX COOTHOMEHM
By, =ABy_— ppE (k=1,2,...,n—1;, By=E). (34)
ITpu sToM _
ABpoy— b= 0 1)' (35)

Cootromenns (34) n (35) HemocpeCTBEHRO ONYYaloTcA U3 To:RAecTBa (20),
ecIH B 00emX 9YaCTAX JTOTO TOKEECTBA NPHPABHATH MexAy coGoil Koadpdu-
OUEHTH IpA OJMHAKOBHX CTEIEeHAX A.

Ecin A — Heoco6eHHas Marpmua, TO

Pn=(—1)"1[4|+0
u m3 (39) caemyer:

a7 :},%B,H. (36)

Tlyets Ao — XapakTepucTHUECKOE 9HCIO0 MAaTpEusl A, 1. e. A (A)=0.
Tlogcrasus B (20) BMecTo A 3HageHme Ay, HaHpmeMm:

(MoF — A) B (he) = 0. - (37)

Hooycrum, aro marpuna B (Ag) %0, u ofosHaumm depea b n0Goil HeHyIeBOH
cronben atoit marpmuui. Torpa us (37) (ME —A)b=0, um

Ab=Agh. (38)

CnemgosatennHo, mo6oit HeHyTeBoll cTosGen MaTpunmu B (A,) ompefexnseTr cob-
CTBEHHHH BEKTOp, COOTBETCTBYIOIIWHA XAPAKTEPUCTHIECKOMY THCIY Ag2).

Taxum of6pasoM, ecau Koagifuyuenme 1apaxmepucmuiecko20 MHO204AIEeHA
u3eecmuu, MmO npucoedurenKas mempuya moxcem Gwmbv Haildena no gop-
smyae (31). Ecau dannas mampuya A rneocobennas, mo no ¢opmyse (36)
razodumces o6pamruas mampuya A™l. Ecau hy— rapakmepucmuueckoe Hucao
smampuysl A, mo Henyaesvie cmoabyw mampuysl B (Ay) asaawmea cobcmeen-
Humu segmopamu mampuyst A 0z A=A,

IIpamep.
2 —1 1
A= 0 1 1],
—1 1 1
A—2 1 —1
AM=|AE—A|=| 0 A—1 —1|=A—4A2450—-2,
1 —1 A1

8ty W="G =0 W a2 h et e—tn+5,

B (\)=06 (AE, A)=MA2E+\ (A—4E)+ A2—4A4-5E.
1 2

1) I3 (34) caepylor paseHcTBa (33). Ecam B (35) moacraBmTe: BHpaKeAwe 1S Bn_y
3 (33), To moayamm: A (4)=0. drtor BHBOA Teopemsl I'amminrTOHA — K3/M He ommpaeTcH
ABHEIM 06pa3oM HA 0000 meHAYI TeopeMy Beay, HO HEABHO COfep:KHUT B cebe 3Ty TeopeMy.
2) Cm. ra. II1, § 7. Ecam XapakTepHCTAIECKOMY UHCIY Ay COOTBETCTBYET d IMHEHBO
HEe3aBACHMEIX COGCTBEHHHX BEKTOPOB (n-—dy— pPaHT MaTpPHLH AgE — A), TO paET MATPHLKI
B (Ay) He mpeBocxoAHT dp. B JacTHOCTH, ecam dACAY Ap .COOTBETCTBYET TOABKO ORHO

cobcTBeHHOe HampaBleHme, T0 B maTpHme B (Ay) smeMeRTH MIOOHX ABYX cTOAGIOB TpO-
HNOPIHORANBHEL
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Ho

-2 —1 1

Bi=A—4E=( 0 —3 1,
—1 1 =3
0 2 =2

By=AB|-}+5E=| —1 +3 -=2|,
1 —1 2

[A2—2A —A4+2 - A2

BM={i —1 A2—~3h4-3 A—2 ,

—Ad1 A—1 AZ—3A4-2

|4|=2, A= By=

e ol o
e o -

Hamee
AR)=A—12(A—2)

Hepsmit cronber mMarpuuul B (1) maer cobcrBenumit Bextop (-+1, 41, 0) mas
XapaKTepHCTHIECKOro yucaa A=1.

Tepswii cronGen marpunsl B (--2) naer coGersenanii Bextop (0, 4, 1), coorBer-
CTBYIOIMZ XapaKTePACTATICCKOMY YHCIY A=2.

§ 4. Merox [I. K. ®agneeBa ogHOBPEMEHHOr0 BHIYMCICHHS
K03 PANAEHTOB XapaAKTEPHCTAYECKOI0 MHOI'OYJIEHa
M NPHECOETTHEHHO MATPHIEI

II. K. ®agneer?!) Opesuommil MeTO ONHOBPEMEHHOTO OUPEAEIEHHA CKa-
JAPHHX KOBQPHIMEHTOB Dy, P2, ..., Pn XAPARTEPUCTHTECKOTO MHOTOYJIEHA

A(R)=A"—pA" —pA"P— ... —py (39)

u MarpuuHEX Ko3pduumentoR By, B, ..., Bp., npucoeamHeHHOH# MAaTPHOH
B(A).

IOaa usnoxerna merona JI. K. Dappeesa?) BBemem IIOHATHE . 0 CleNe
MATPUIH.

Tlop caedom marpunu A =| ax ||? (o6o3mavenne: Sp A) HOHAMAOT CyMMY
IWATOHAILHLEX 3JIEMEHTOB DTOM MATDMIEL

n
Sp A= Z aii. (40)
i=1
Hetpygmo sugers, gaTO
n
SpA=p1=,ZiM, (41)
1=

1y Cwm. [32], cTp. 160.

2) C apyreM 3QQeKTEBEHM MeTOAOM BHYHCIeHWA KOIQPMIMEeHTOB XapaKTepHc-
TAYECKOTO0 MHOTOYIeHa, ¢ MeTtofZoM. A, H. Hpmnoea, MH @003HAKOMEM YHTATEISA
B ra. VII, §8.
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ecad Aq, Asy ..., Ap—XapaKTepHCTHUECKHE YmCIa MaTpuun A, T. e.
AQy=(A—A)(A—Rky) ... (A—21,). (42)
Tax kKag, coriacHo Teopeme 3, cTemeHb MaTpumel A" umeer cBommum
XapaKTepHCTHYECKUMU YUCIAaMU cTemeHu AR, AR, .. .| AR (k=0,1,2, ...), 1o
n
R
SpAh:sk:Zixi (k=0,1,2,...). (43)
i=

Cymmul sp(k=1, 2, ..., n) crenereii kopueit MHorowrena (39) cBszamm

¢ wodpdunuenTamMu 3TOro ypaBHeHuA ¢opmyramr Helortomal)
kpy = Sp— P1Sp-1— - . . — Pr-151 k=12, ..., n). (44)

Ecan BHYUCIHTH CAEXH Sy, Sz, ..., S, marpum 4, A2 ..., A™ 10 3arem
MOKHO W3 ypaBHeHUi (44) IIOCIe[0BATENBHO ONpPEeJeNUuTh KospdHumentn p,
DP2s -..s Pn. B aTOM cocToumT Meron Jlemepphe ompepmemeHus Ko3dPuUIHEHTOB
XapaKTePHCTHYECKOTO MHOTOYJIEHA IO ClefaM CTelleHel MaTpHIH.

H. K. ®axgpeer mpepaoxun BMecTo ciaenoB cTememein A4, A2, ..., A"
BBIYHCINTH MOCIEe0BATEJIBHO CIeIH HEeKOTOPHX Apyrux matpur Ay, 4, ..., 4,
A ¢ X HOMOUIbID ONPeHedUTb Py, P2, ..., Pp B By, B, ..., B, cregyiommmn
dopmyIaMn:

A=A p1=Sp 4y, By=A;—pE,
1
A= ABy, p2:78pA2, By = A, — p,E,

................................ (45)

1
An—i = ABn—Zs Prn-1= n—1 SP An—i, Bn—i - An—-i - pn——iEy

Av=ABuy,  pa=-Sp4,, By, =A,— p,E =0,

Tlocnennee paserctBo B, =A, —p, L =0 momeT GHTh MCTIOIB30BAHO JUIH
KOHTPOJIA BRIYUCIEHMI.

Jna Toro uro6m yGemuThes, 4UTO, UHMCIA Py, P2, ..., Pp U MATPHIEH
By, B,, ..., B,., mocaemosaTeNbHO ompemensembie 1m0 Qopmymam (45),
apasAoTca Koapduumentamu A (A) u B (A), samerum, u4To u3 (45) BHTeKaloT
caenyomue dopmyns gasa A, m B, (k=1,2, ..., n):

dy= AP — p A" — Py A, By=Ar—p AN p A pE. (46)

[IpupaBuseM Mmemay co0oil ciefsl JeBoll WM NpaBoil “acTedl mepBoli W3 HTHX
GopMy; DOIyUYHM:

kpy = Sp— P1Sp-1— . . . — Pr-151.

Ho stu dpopmyan cosuagawT ¢ gopmyramn HrioTona (44), mo KOTOpEM moCKTe-
TOBATEJAbHO OIPeNeNAITca KodPPUIMEHTH XapaKTePHCTHYECKOTO MHOTOUIeHA
A (3). CreoBaTenbHO, 9UCHA Py, P2, . . ., Pn, OLNpeRendemMue mo GopMynaM (45),
u apasaorca Kospdunmentamu A (A). Ho Torma Bropsie gopmynn (46) cosna-
nawoT ¢ Gpopmynamu (33), 10 KOTOPHIM ONPeIeIAITCA MATPUIHEE KO3POUIMeHTH
By, By, ..., B,y mpucoenunennoid marpunu B (A). CnemosarexbHo, ¢op-
Myael (45) ompepensior M Kodppuumenmtn By, B,, ..., B, , marpmunOoro
muorouwnera B (A). * :

1y Cm., mampumep, [20], ctp. 224.

7 ®. P. TanTMaxep
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IIpumepl).
no2—11 2 |—2 —1 1 2
0 110 0—-3 1 0
A= 1 1 10 p1=Sp A=4, Bi=A—4E= —1 1 —3 e
1 110 1 1 1 —4
2 2 4
—3 4 03 —1 4 0—3]
—1—2-—-2 1 1 -1 0—2 1
Ay=AB;= 9 0—2 5" p2=?SpA2=——2, By—=A451-2E = 2 0 0—5]
|—3——3—-1 3 —3—3—1 3
—5—1-—5—4
—5 2 0—2 |0 2 0—2
‘ 1 0—2—4 1 5—2 4|
Ag=ABy=| 4 2 5 | ps=5Spds=—5, Bs—A3+5E=I 17 9 4l
l 0 4—2—7 ' 0 4—2—21
—5—1—7—9
—2 0 0 O
0 -2 0 0‘
A,=AB3= s Py —2,

0 0 0 —2
A (Ay=A—4A3 L2302+ 5A 42,
0 —t 0 1

1
—_— 2 2
|4)=2, a1t p | 2 2
Py 4 7 —{ —3
T 2
0 —2 1 1

3aMevanue. Ecam MH XOTHM ONDEReIUTb Py, P2, P3 Pi, ¥ TOIBKO IIepBHe
cTOAGHH B By, Bs, B3, TO A0CTaTOYHO0 BEIYHCIHUTEL B Ay dIEMEHTH 1-ro cToa6na ¥ TOABKO
NAWATOHANLHES DIEMEHTH OCTATLHEIX CTOXOUOB, B 43—TOALKO 5jeMeHTH 1-To croafua,
B A, —TONLKO [Ba EePBHX djemedTa 1-ro crombua.

§ 5. MuunMaapHbIi MHOrOYIeH MATPHILI

Oumpenenenne 1. Cranspsbii MBOrowIeH f(A) Ha3HBaeTCHA AHHYAU
DYIOWUM MHO20YAEHOM KBAAPaTHOH MaTpuusl A, eciu

7F(4)=0.

Assyampyomuii MHOTOWIEH 1 (A) HAaHMeHbNIEHl CTEemeHH €O CTApILHUM
k03 PUIACETOM, PABHHIM eJMHANEG, HABHBACTCH MUHUMALLHbIM MHO20UACHOM
maTpuus A.

Coranacno teopeme TammibroHa — Hamm xapakrepucTudecKmil MHOTOYICH
A (A) marpaunl 4 sABiafercA AEAYIHPYOIMUM i oroil MaTpuum. OpHAaxo,
Kak OylerT moKasaHO HIDKe, B O0IeM ciydae OH He ABIAETCA MHHUMAJBHEIM.

1y J{as HOHTPOJA 33 BRIYUCJCHAAMA MH IOA Kampgod ua martpul] Ay, Az, Az mox-
NUCHBaeM ee CyMMapuylo CcTpPoKy. IIpomsBelienHa ¢cyMMapHO# CTPOKM HEPBOTO COMHOMRA-
TeJA HA CTONGI[E BTOPOrO FOIKEH AATh BJIEMEHTH CyMMapHOMl CTPOKH NpPOH3BeeHUA.
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PasgeanM NpOUSBOJBHHIN AaHHyIupylomui MHoroumen f(A) Ha MHHE-
MaJIbHEIA:

FA) =) g})+rH),
rge ctemeHn r(A) meHbIme cTemeHH P (A). OTcioga mMeeM:

F(A)=v(4) q(4)+r(4).
Mockoabry f(A)=0 u ¢ (4)=0, 1o, 3Haunt, u r(A)=0. Ho cremens r(})
MeHBIIC CTeNeHH MHUHUMAJIbHOIO MHoroudena 1 (A). Iloaromy r(A)=01).
Takum 06pasoM, npous3goabHslll AHHYAUPYOWULL MHOSOHACH MAMPUysl écezda
deaumces 6e3 ocmamka HA e MUHUMAAbHBIL MHO20UAEH.

Ilycts mBa MmOroudena P (A) u Y'(A) ABIAKTCA MHHHUMANBHHIMHA I
ofHOl W TOH e MATpHOE. 10rga KaKOHEHA W3 HAX JEeAUTCA HA [IPyroi
MHOTouleH 0e3 OcTaTka, T. €. 3TH MHOTOWIEHH OTINUYANTCH HOCTOAHHEM
MHOKHTEJEM. OTOT LOCTOSHHHI MHOKHTEIL DaBeH eRHUHHIE, IOCKOIBKY
paBHH eguHHIE crapmue KodpdunmenTH B P (A) m YPl'(A). Mm pokasanam
eOUHCMEERHOCb MUHUMAALHOZ0 MHO204A€Ha. TIA TaHHON MATpUIH 4.

BusegeMm ¢opMyly, CBASHBAWIIYI0 MHUHUMAIbHHEI MHOTOWIEH C Xapak-
TEePHCTHYECKAM.

O6osuagnm wepes D, 4 (A) HanGoapmimii o6mmil JeauTeldb BCeX MMHODOB
(n—1)-ro mopARKa XapaKTepHCTHYECKOH MaTpuuu AE — A, T. e. RanGoabmumit
o6IIAil TeNnTeNb BCEX IEeMEHTOB IpHcoefuHeHHOH MaTpuuel B (A)=| b (A) |
(cM. mpepsgymuil maparpad); mpu arToM crapmuii koddduumert B Dp_; (A)
Oepem pasEnM efgmunie. Torga

rge C (L) —HeKOTOpas MHOrOYIeHHAs MaTPHIA, «npugedeHHasy npucoedu-
nennas mampuya nas AE—A. Ns (20) n (47) Haxommm:

AMA)E=(AE—A)C (L) Dp_s (1). (48)
Orcioga caegyer, aro A (A) pmeamrcs 6es octarka Ha D, ; (A)2):
AN |
o =W (), - (49)

rge P (A) — HexoTopHii MEOroudeH. OGe wacTm TomecTBa (48) MOMEHO COkpa-
tarb Ha D, (X)3):

Y(A) E=(AE—A)C(}). (50)

Iockoanky ¢ (A) E memurcs Ges ocrarka cieBa Ha AE — A, 1o B cury
0000menrHoit TeopemH beay
P (4) ==0.

Takum o6pasoM, MHorowleH 1 (A), ompepeneHHHH ¢opmymoi (49),
ABIAeTCA AHAYJIHPYIOMAM MHOTOWIeHOM Aasa Martpuist A. IloxaxeM, 9To oH
ABNAETCA MIHHMAJIbHEIM MHOTOUJIEHOM.

1) B npoTHBHOM Cjydae CyIMeCTEOBall OH AHHYIMDPYOMHA MHOTOWIEH, CTeleHb
KoToporo Onuia G MeHBINE CTemeHd MUHHMAJIBHOTO MHOTOYIeHA.

2) B 3TOM MOKHO M HeHOCPeACTBEHHO YOeNHTHCH, pasuaras XapaKTepHCTHTeCKH i
ompeflenmTels A (A) IO dileMeHTaM KAaKoi-1ubo cTpPOKH.

3) B pganHoM ciydae Hapany ¢ (00) mMeeT MecTo ¥ TofecTBO [cM. (207)]

b () E=€ () (ME—4},

7. e. C (A) ABIsAeTCA ONHOBPEMEHHO W JEBHIM M IPaBHM YaCTHHM OT feaesud P (A) E
Ha AE—A.

Yid
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OGosmaupM MHUHUMAaIbHEIA MAOrouwier vepes P*(A). Torma  (A) memmrcs
Ges ocrarka Ha V* (A):

Y (M) =" () x (A)- (51)

[ockonpry Y*(4)=0, 10 B cumay oboGuieHHoii Teopemsr Besdy marpuwmmiit
mrorogaed * (M) E pmemmtcsa ciesa 6es ocraTka ma AE — A:

V* (M) E = (LE — A) C* ()). (52)

s (51) n (52) caenyer: :
P (4) E = (LE— 4)C* (1) x (1), (53)

Toswpectsa (50) u (93) . mokasmpator, yro Kak C(A), Tak m C*(A)y (A)
ABIAIOTCA JIEBHIMH YacTHEIMM 1nipu pexenun $(A) £ va AE—A. B cuny
OXHO3HAYHOCTH HeleHu:A
CM)=C*M)x (A).

Orciona ciaegyer, gato 7 (A) ABIAeTcA OOMUM JAeIUTENSEM BCeX 3IEeMeHTOB
muorounenHoi marpuist C (A). Ho, ¢ mapyro#i croponwn, manGonbmwii ofmmnit
JleJITeNH BCEX HIEMEHTOR OpHuBejieHHo# mpucoeguHenHoit Matpuus C (A) pasen
eIMHMIle, TOCKONBKY 3Ta Marpuua OHia moaydena m3 B (A) myrem pmenenus
ga D, (A). Tloaromy % (M) =const. Tar rax crapmne koaddunuentst B (A)
u P*(A) pasum emupuue, To B (51) ¥ (A)=1, 1. e. Y (A)=v*(A), uro
¥ TpefOBATOCE LOKA3aTh.

Muf yCTaHOBWJIHM CJIEAYIIYI0 $OPMYay AJIA MHHHMAIBHOrO MHOrOYIeHa:

A :
Y (A= Dy (54)

Jlna npuBefgeHHO# mHpmcoequHeHHOW Matpuusl C(A) uMeeM ¢opmyiy,
amarormanyio gopmyre (31) (ma crp. 94): .

CM=Y¥(E, 4), (55)

rge mHoroulen W (A, p) ompegensercda paBeHCTROM

_M)—p !
¥ (%, w) = TTa—u ). (56)
Hpowme TOTO,

(AE—A)C () =% (M) E. (57)
Hepexons ® ompefelnTensMm B 00eHX 9acTAX paBeHCTBa (57), moxydaem:
AM)[C A | = DM (58)

TakuM o6pasoM, A (A) genutcs 6e3 octarka Ha Y (A), a HeroTopas cremenb P (A)
menuTca 6e3 ocrarka Ha A (A), T. e. COBOKYHHOCTh BCEX DAa3JUTHEIX MEHKIY
coboit xopHeit y muorodneHa A(A) u P (A) ogHa u Ta sxe. Hpyrumum cioBamu,
kopramu P (M) cayxscam ece pasiuunvie Mexncdy cobolli xapakmepucmuxeckue
yucaa mampuyst A.

Ecan

A (M) = (A —A)™ (A—2g)™ ... (A—A)™ (59)
(M ==A; mpn is=j; n;>0,4, j=1, 2, ..., s),

1) dopmyna (55) BEIBOLHTCA COBEDINEHHO TaK ke, Kak 1 dopmyraa (31). B ofe uactu
rompmectsa P (A)—¢ (u)=@A—p) ¥ (A, p) BMecTOo A B | INOJCTABIAKTCA MATPUOB AE
H A ¥ IIOAyYeHHOE MATPHYHOE PaBEHCTBO comosTaBageTca ¢ (50).
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TO
P (A)=(h—2r)™ (A — A)™ ... (A—R9)™, (60)
ruge

O<mp<ny (k=1, 2, ..., s). (61)
Ormersm eme oxguo cBoiictBo Matpuumi C (A). Ilyers Ao — Kakoe-an6o
xapakTepucTHieckoe umeno marpuui A = | a; ||?. Torpa ¥ (ko) =0, m moromy

corsiacuo (97)
(ME —A) C (h) =0. (62)

Samerum, aro Bcerga C (Ag) == 0. IHeficTBuTensHo, B IPOTUBHOM Ciaydae
Bce DJeMEHTH LpHBEJeHHoil IphcoequHenHoil marpunsl C (A) Aeauwnnch OH
6e3 ocTaTKa Ha A —Aj, 9TO HEBOBMOJKHO.

O6osmauum uepes c¢ moboii memymesoir croaber, Marpuis C (Ag). Tornma

u3 (62)
‘ (AoE — A) ¢ =0,

Ac= }"OC- (63)

HOpyrumu caopamm, m060it Hemynepoii cronfem Martpunst C (Ag) (a Taxoi
cronGen Bcerja MMeeTcsA) oHpejenseT COGCTBEHHBI REKTOp MiaA A= Ag.

IIpumenp.
3 —3 2
A=|—1 5 —21,
-1 3 0%
A—3 3 —2
A(k):‘ 1 A—5 2|=A3—8A2120A—16=(A—2)2 (A—4),
1 =3 A
o =220 ey gy ar—8r 0,
BMA)y=A24+-(A—8) A+ (A2 —8)\+20) E=
10 —18 12 3 —3 2 1 00}
=l|—6 22 —12|+(A—8)| —~1 5 —2[+A—8+20)|| 0 1 0 fi=
|—6 18 —8 —1 3 0 1 0 1

A2—5h+6 —3A--6 2h—4
A2 A2—3M 2 —2h-b4
A2 3—6 A2—8A2

Bce ameMeHTH MaTpuui B (A) geasrcs Ha Dg (A)=A—2. Cokpamas 9TOT MHOMKHTEJNb,
IOy I0M:

I

A—3 —3 2
cwy=| —1 a—1 —2
1 3 A—6
u
v=2% o _9a_u

A—2
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Ilopctasam B C (A) BMecTO A 3HaYeHMe Ag=2:

—1 —3 2
CO=( —1 1 —2
—1 3 —4

[lepsmii cronben faer Ham coGerrennuii BexTop (1, 1, 1) mas Ag=2. Bropo#t cronGern
Zaer HaM cobcTBeBRHHI BekTOp (—3, 1, 3) AuA TOTO ’Ke XapaKTePUCTUUECKOTO UYHMCIa
ho=2. Tpernit croxber ecTh JUHeHRAasA KOMOMHALNUA NEPBHX ABYX.
Touno Tak ke, mosarag A=4, u3 neproro croabua Matpunm C (4) mnalfem
cobcTrennnit BekTop (1, —1, —1), oTBedaloWM#l XapaKTEpPUCTUUECKOMY UHCIY Ag=4.
O6paTuM BHUMaHUe YUTaTelds Ha TO, 9T0 ¥ (A) U C (L) MOKHO OHUIO 6L ONpeReNHuTD
mHave.
Haxopum crawama Dy (A). Dy (L) MosKeT HMeTh c}lzonMn HKOPHAMHM TOJIBKO UHCIA
1 A—5

1 -3
B Hyab. Ilosatomy Dy (4) == 0. IIpu A=2 croabun MaTpuisl A CTAHOBATCA NPOMOPIHA-
oHanpHEIMH. IloaTOoMy BCe MUHOPH BTOpOro mopsafgka B A (A) upm A==2 paBHH HYIIO:
Dg (2)=0. Tax Kak BHYHUCJIEHHBIH MUHOP HMeeT IepBYI0 cTelleHb, TO Dp (M) 1me Mosker
Jeantbes Ha (A — 2)2. ClemoBaTesbHO,

2 u 4 Tlpm A=4 B A (A) MEHODP BTOPOTO HOpA/KA == —A 42 He ofpamaercs

Dy (M)=h—2.
OTcroma
v =B 2 —s=r2—erts,
O e X i
P (A, P‘)——p‘:}v =u+4A—6,

o ! A—3 —3 2l
CMN=10ME, A)=A+(A—6) E=|| —1 A—1 —2
1 —1 3 A—6



TIIABA V

OYHRIINNX OT MATPHUIIEI

§ 1. Onpenenenne QyHsnum OT MaTPHIBI

[Mycrs manmsl kBampatHas Marpuna A =|| a; |7 n dyErmma f(A) ckamsap-
Horo aprymenta A. TpeGyercs ompemednTh, uro ciefyer HoHMMarb mof f(A4),
T. e. Tpefyerca pacmpocrpaHath (yaxnuio f(A) m Ha MaTPU9YHHE 3HAYEHHA
apryMesTa. :

Pemenue 5Toji 3ajjausm HAM HM3BECTHO MAJiA HPOCTEHINETro ciaydad, Korja
f (&) =vyoA +viA 1+ ... 4y, — MHOTOWIEH oOTHocHTENBHO A. B sToM cayuae
f(A) =yeA' + vy, A1 . 4y, E. Ucxons w3 5T0TO 9acTHOTO caydasd, HOCTa-
paemcs onpefenanth [ (A) B obmeM ciayuae.

O6o3HaunM uepes

PA) = (h—A)™ (A — A))™ ... (A—2y) ® (1)

MHHUMAJIBHHN Maorowien Marpuuel A1) (3mecs Ag, Az, ..., Ag—Bce pas-
AWYHHE XapaKkTepucTHdecKme gucna Marpuus .A). CreméEb 3TOro MHOTOYJeHA
8 .
m = me.
K=1
IIycrs mBa mHOrouleHa g(A) m h(A) TakoBH, 9TO

g (A)="h(A). (2)

Torga pasmocts d(A)=g(A)—h(A), OyAyun aHAYIEPYIOMUM MHOTOYIEHOM
nns marpunu A, memurcsa Ha P (A) 6e3 ocraTka, 4T0 3aMMINEM TAK:

g(A)=h}) (mody(A). 3)
Orcwoga B cuay (1)
d(},k)zo, d’ (7»};)=0, ceny d(m‘k_i) (}\«k)=0 (k=11 27 ooy 3)7
T. €.
) =h), g (u) = (M), -, g7 V() =2 ) (k=1,2, ..., 5).
(4)

m uuceln

FOR)y F )y ooy ™ D) (B=1, 2,...,5) (5)

1y Cm. i, IV, § 5.
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OymeM yCIOBHO Ha3HBaTh axavenuamu gyukyuu f (L) na cnekmpe mampuys A
¥ COBOKYIHOCTH BTHX B3HA4YeHHH cHMBojmdecku obosHaugats uepes f(A,).
Ecam nns ¢pymxumm f(A) cymecryior (1. e. uMeror cMbici) smaueHmsa (5),
T0 MH Gygem roBopHTh, 9T0 Pynkyus f(A) onpedesena wna cnekmpe
Mampuyr A.

Papercrsa (4) noxaseiBalor, 9T0 MHOrouwIeHH g(A) m A (L) mMeloT opgHM
M Te ;Ke 3Ha4YeHHA Ha cHeKrpe mMarpuuul A. B cumpommueckoil sammcnu

g (Aa) =h (Ay).

Paccyxnennsa samm o6paruMH: u3 (4) BHTEKawT (3) u, CIe0BATONLHO, (2).

Taxum oGpasoM, ecam 3ajgaHa Marpuua A, To 3Ha9eHHA MHOroYieHa g (A)
Ha CHOeKTpe Marpunlhll A BIOOJHe oHpefedsT Marpuny g(4), T. e. Bce
MHOTOYJIEHH g (A), IpHHHMAalOm¥We OJHW ¥ Te K€ 3HAUYeHHA HA CHOEKTpe
MaTpHUH A, MMeKT OJHO W TO JKe MaTpudHOe 3HaueHHe g (A).

Mu morpe6yem, uro6H ompenexnerme f(A) B o6meM ciaydae NOMYMHAIOCH
TAKOMY jKe NPHHIMOY: awauenus Pynryuu f(A) nHa cnekmpe mampuysr A
doaxcnvt noanocmuio onpedeaams f(A), m. e. ece dynkyuu f(A), uneowue
00HU U me Xe 3HAUEHUA HG cnekmpe mampuydl A, doascusl umemsv 00HO
u mo ae mampuunoe snauenue f(A)1).

Ho rorma, oueBmpmnO, faa ompefenenus f(A) B ofmem caydae ocra-
TOYHO MOAKICKATh TAKOH MHOro4leH g (A), KoTopHIH mnpuEnMaa G6H Te ke
3HaYeHNA Ha cOeKTpe Marpuusl A, 4to u f(A)?%), U TONOKUTE:

f(4) =g (4).

TaraMm o6pasoM, HPUXOOMM K CIE[VIOMEMY OIpPeJeaeHuo:
Onpenenenne 1. Ecau ¢yuxuma f(A) ompemesena Ha CIEKTpe
marpunst A4, To

1 (4) =g (4),

rae g (A)— 6ol MHOroudeH, HPUHMMAWIMI HA CHeKTpe MaTpuun A Te ke
3HAYeHHA, 910 H f (A):

F{Aa) =g (Aa).

Cpenu Bcex MHOrOYJIEHOB € KOMIUIEKCHEIME KoduumeHramu, HpPUHU-
MaOImuX Te Ke 3HAUEHHA Ha cHeKrpe, 4to u f(A), MMeeTcsas OJUH M TOJBKO
OOWH MHOrowIeH r(A) cTemeEm << m?). ITor MHOrowieH r(A) O/HOBHAYHO
onpejeasaeTcA MHTEPHOJALMOHHHIME YCIOBHAMH:

() =f (M), " () =1 (Aa)y ., TR () = D (h) (k=1,2, .. 9).
(6)
MEuorounen r (A) HABHBAIOT UHMEPROAIYUOHHBIM MHO20%AeHOM Jlazpanca-

Cuaveecmpa A pyurumm f(A) ma cmextpe Marpuusl A. Onpepeaenne 1
MOKHO emnie COPMYJIMpPOBATH TaK:

1) Kpome Toro, npeamomaraerci dro ofmee ompefeneHue auag f(4) B 4YaCTHOM
ciydae, Korja f(A)—MHOTOYeH, [OIKHO faBaTh TOT K€ De3yibTaT, 4TO M Hemocpes-
CTBeHHAf NMOJCTAHOBKA B MHOTOYJIEH BMeCTO A MaTpuIu A.

2) B § 2 Gymer moKas3aHO, YTO TaKOil VHTEPIONHMIUOHHHHA MHOTOWIEH Beerja CyIie-
cTByer, W Oy/eT DaH alrOpPUTM [id BHYHKCIEHWH KO3PPUIHMEHTOB WHTEPIOJANUOHHOIO
MHOT'0YJIeHA HaHMeHbINeH CTeIeHH.

3) DTOT MHOrOYJeH IoAydYaeTca U3 J06Oro Apyroro MHOTOYIIEHA, MMEKOLIETO Te e
CIeKTpaJbHHE 3HAUeHHA, GT0 H OCTATOK OT JemeHus Ha P (A).
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Onpegenenne 1. Ilycrs f(A) — ¢yHKIEA, onpefeieEHaA Ha CIOEKTpe
matpunki A, a 7 (A)— COOTBETCTBYIIWI WHTePHOJIANNOHHHN MHOTOUJICH
Jlarpamra—Cuapsectpa. Torma

f(4)=r(4).

3ameuannme. Ecau MuanMaiapHbEil Muorodwied 1P (A) Mmarpume A
HE MMeeT KpaTHHX Kopmeiil) [B pasencrse (1) my=my= ... =m;=1; s=m],
TO IJIsi TOro, 9T0GH f(A) MMexo CMHICH, TOCTaTOYHO, dTo6H ¢QyHkKmuA f(A)
GblIa ompe/iesieHa B XAPAKTEPHCTHIECKUX TOUKAX Ay, Ag, ..., Ap. Ecam sxe
P (1) EUMeeT KpaTHHE KODHM, TO B HEKOTODHX XapaKTepHCTHYECKHX TOUKaX
OOJGKHEL GHITH OmpejeieHHl W TPOM3BOAHHE OT f(A) 0 M3BECTHOIO IOPANKA

[em. (6)]:

ITpumep 1. PaccmoTpmM MaTpmmy 2)

o 1 0
0 1...0

H=| ......
00 0...1

lo 0 0...0

Jlna Hee MHHMMANLHHM MHOrowieHom Oymer A". Ilosromy smauemmavm f(A) Ha
cumextpe H 6yayt amcaa f(0), £/ (0), ..., F=1 (0), u MuOTOWIeH r (M) OymeT UMeTh BHJ

’ (n—1)
=1 O+ L0 At Lot

Taxum 00pasom,

Q) )
1O = - - =Y
' (0) 00 s {0 O ‘
fHE)y=fOE+"2H+ ... + L 2 gri=) ' .
©) 1 =11 7o
) 1]
0 0 ... f(0
ITpumep 2. PaccMOTpEM MATDPHIY
—_
Mt 0...0 |
0 &% 1...0
J=. . . .
0 0 0...1
0 0 0...%

3amerum, uro J =AyE -+ H u, caemoBatenbso, J —hoE =H. MUAEMAIBHEM MHOTO-

qaeHoM aana J, ogesmpHo, Oymer (A—Ag)". WurTepmonsanwmonusii Muorowien r (L) mas
¢yHruEA f(A) ONpe/lelHUTCH PAaBEHCTBOM

1 (n—1)
r =1 0o+ 15 0t + Lo a—ngmt

1) B ra. VI 6ymer BHIACHEHO, 4TO B 3TOM M TOJBKO B 2TOM cJIydae MaTpuua A
SABIAETCA MATPUIEH mpOCTOil CTPYKTYpPH (cM. ra. I11, § 8).
2) Cpoiictea MaTpuni H pazofpaEs B mpuMepe Ha cTp. 24—25.



106 ®VHHKIIMHA OT MATPHILI [ro. v
{Toaromy nmt)
f()=r ()= (ko) E+f—i7!"—°) H+ ... +f(n4_1<)%&) e
1’ (o) )
1 (M) —T!'Q“ D! 0
_ 0 1 (Ao)
' ' "1 (h)
. 11
0 0 f (M)

OrmernM Tpm cBoHiCTBA (YHKIMH OT MAaTPHIIHL

1° Ecau My, Agy ..., A,——XapaKTepuCTAYECKHE 4YHCJIA MATPHIE n-TO
wopAgka A, 10 f(A), }(Rs), ..., f(A,) —TOIHAaA cmcTeMa XapaKTepHCTHYEC-
KOX d9uces MaTpuuil f(A4).

B vacrmOM caywae, Korpma f(A)—MHorounen, 3To mpelJiodkeHHe OBLIO
norasano Ha cTp, 94. [lokasartenbcTBo s OGIIEro CIydas CBOAHTCA K DTOMY
9acTHOMY CIy4alo, MOCKOAbKY (B cmuy ompenenesus 1') f(A)=r(4)n f(\;)=
=r (M) (i=1,...,n), rae r (\) — HATe PHONATAORHKLI MHOro4IeH Jlarpan:xa —
Cunbsecrpa ans ¢yrkmum f(A).

2° Ecau dse mampuyst A u B nodobun u mampuya T npeo6pasyem
A ¢ B:

B=T71AT,

mo wmampuyst f(A) u f(B) nodobret u ma owe mampuya T npeo6pasyem
f(4) e [(B)

f(B)=T7f(4)T. )

JeiicTBuTenpHO, [Be MOMOOHKE MaTpPANM MMEKT OJMHAKOBHE MAHAMAJb-

HEe MHOTOYJeHH ') m, cremoBaTesnbHO, QYHKIUA f (A) IPHEAMAET OJHA U T€ K€
3HaUYeHHA KaK Ha COeKTpe MaTpumel A, Tak H Ha CIOEKTpe Marpumu B.
~ IloaToMy cymecTByeT MHTepHONAUMOHHHNE MHOrOWIEH r (A) Takoi, 4o f (4) =
- =r(A4), f(B)=r(B). Hororga n3 pasencrsa r(B)=71"1r(4)T (cM. CHOCKY)
clenyer:

fB)=T7f(A)T.

3° Ecau A— ksasuduaeonasvhas mampuya
A={A4y, Ay ..., A},

FA)={f (41, [(42),....f(4)}.

O6osnmavum wdepes r(A) HHTepHONANMOHHHI MHOTOWIeH Jlarpamma— CHib-
BecTpa maA ¢ymxkumu f(A) Ha cmexktpe Marpumil A. Torga, Kak Jerko

BHIIETH,
f(A)=r(4)={r (A1), r(42), ..., 7 (Au)}. (7
C npyroit cTOpOHH, MEHWMAIbHHI MHOrowieH Y (A) maa A asiagercs
AHHYJIHPYIOMMAM MHOTOYJEHOM [JA Kaskjaoh mua w™arpum Ay, A, ..., A,
[losToMy u3 pasencrBa
f(Aa) =7 (A4)

FAa)=rAay)s - f(Aa) =7 (As)).

1) s B=T-1AT cuegyer B*—T-14kT (=0, 1, 2,...). Orcoga gus moboro Muo-
rcérmeﬁa g (A) mmeem g (B)=T"1g (4) T. Tlosromy u3 g (A)=0 BuTexaer g (B)=0 m =Ha-
obopor.

mo

cJemyer:
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IMoatomy
F(4)=r(4), ..

7 PaBeHCTBO (7) MOKHO 3aHMCATH TaK:

f(A)=A{f (A1), [(42), ..., (4w}
ODpumep 1. Ecaa MaTpmia mpocToll CTPYKTYpH
A=T {Ay, Ao, ..., A3} T,

FA=T{f (M), o)y ..., f(A)}T7L

o f (Ay) =71 (Aw),

TO

f (4) mmeer cMmmca, ecam ¢ynrnus f(A) ompejeiena B TOYKAX Ay Ao, ..

(8)

s Ape

Npumep 2. Matpuua J mMeeT cleJyIOmuid KBasHAWATOHAILHEINA BUMI:

Vi
M1 0...0}
03.11...0%
0 0...1]
0 00 M
J___
vu

T

Ay 10 .0

10 Ay 1 )

10 0 0.y 1

| {0 0 0...0 Ay

B HepgmaromanpHEX OIOKaX Bce BIEMEHTH pAaBHHE HYIIO.
(cM. Takyxe mpmMep Ha c1p. 109)

CoriacHo ¢opmyne (8)

I () A
foa) Y e
0 fy
' ' ()
11
0 0 f (A}
f()=
jowy [0
0 f(w
o o

£ 0
Fa1)!

s
11

f(A)

3/ech, KaK W B MaTpHie J, Bce IeMEHTH B HeMaTOHANBHHX 6JCKaX paBHEH HyToO 1),

1y B pansuefimem (ra. VI, § 6 mmn rm. VII, § 7) Gymer ycramoBieno, 9To LpOM3-
BonpHas MaTpuma A==|| a;; ||7 Bcerga mopobmra HekoTopoi Matpmie Buja J: A=TJT-1.

Toaromy (cM. 2° mHa crp. 106) Beerpa f(A)=Tf(J)T-1.
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§ 2. Unrepnonaumonnniii mporodaen Jlarpamxa — CuabeecTpa

1. PaccmorpumM cHagaja TOT chayuail, KoTJa XapaKTepHCTHIeCKOe YpaB-
menne |AE—A|=0 ne mMeer KparHHX KopHeil. HopHm sroro ypapHeHHT —
XapaKTepHCTHIeCKUe 4ucia MATPHIEl A —O0003HAYMM 4Yepes Ay, Ay, ..., Ay
Torpa

YA)=|AE—A|j=A—k) (A—R2) ... (A—Rn),
H ycaoBus, (6) 3ammCHBAOTCH TaK:
r(h)=f(s) (k=1, 2,...,n).

B srom cayuzae.r (L) aBasercs oOHYHHIM MHTEPHOJANOHREIM MHOTOYIe-
HoM Jlarpamwa gad q)ym{mm f(A) B Toukax Ay, Ay, i..,An:

. (A=A ... A—Aag) A—Apyy) ... A—Ap)
FN =2 i Or T O Gty ] M)

CoriacHo ompepeneHno 1’

_ 9 A—ME) . (A—My4E) (A—MppE) ... (A—IE)
f(A)—r(A)—Ei Ar—2) ... Ae—heog) Ar—Rasy) ... (Aa—=hn) f ().

2. JlomycTuM Temephb, YTO XapaKTEPUCTAUECKUIT MHOTOYJEH HMeeT KpaTHEHe
KOpHHU, HO MUHMMAJbHHI MHOrOYNIeH, ABIAIONUACA AelInTeleM XapaKTePHCTH-
9eCKOT0, MMEET TOJIBKO IPOCTHE KOpHH '):

YA =A—A)(A—Rg) ... (A—2LAn).
B sroM caygae (kak u®p mpefmHAymeM) Bce mokasatenrnm mp B (1) paBHE
efuHANe, 1 papeacTsa (6) mpuAEMAOT BHUJ
’ r{dy=Ff(r) (k=1, 2,...,m).

r (L) cHOBa sBiseTCH OGHITHBIM HHTEPHONANNOHEEIM MHorowiesoM Jlar-
pamka u

o (A—ME) ... (A—hpyB) A—IpE) ... (A—hpE)
HA) = 2 0y - G im0 Iy e Gy 1 (-

3. PaccMmorpum ofmumit caywaii:

PA)= (A =AM (A—dg)"2. .. (A—Q)"™  (myt-myt ... +mg=m).

r ()
p(A)

IlpegcraBuM mpaBHIBHO-APOOHYIO PYHKNHUIO B BHJIE CYMMEl TIpO-
CTHX Jpobeii:

i(‘;\’)—— 8 a’ki akz ‘..—L ak,mk 9
w(x)’g ’:(A_}\k)mk +(x—xh)mh“+ e | 9)

rae ap;(j=1, 2,...,mp; k=1, 2, ..., s) —HeKxoTopHe gYHCIA.
s ompenenennsa wmcauteNefl MpoCTHX Apobedl op; yMHOKHEM ofe dacTn
P (M)
(A—2p)"*

sToro papeHcTBa Ha (A —Ap)"* M oBosHAaTmM gepes P! (1) MEOTOTIEH

+ 1) Cm. cHocky 1) mHa ctp. 105.
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IMonyaum:

r (M)
Pr Q)

=0p (A —Ax) + ... arm, (A — M)t 4
FA—r)" () (k=1,2,...,5), (10

rae @ (A)— panuoHanbHAsA QYHKIMA, PeTyIApHAA OPH A = Al).

Orcwma
_rr
Opy = l_\P" (7») —]7‘ }‘h \}
"y
Wpy = [wk (7\,)—‘7» A, (kh)wat(A) ’+ r ()bk) ka(}" yoes (k:1,2,...,s).J
(11)

Gopmyar (11) mokasHBawWT, YT0 UHCAHTENN 0; B TIPaBOH YacTH paBeH-
crBa (9) BHpaskaiTCA depe3 3HAYEHMA MHOTOUJIeHA 7 (A) HA CHEKTpe Mar-
pur(il A, a 9TM 3HaYEHUs HAM HM3BECTHH: OHH PABHH COOTBETCTBYIOIIAM. 3HA-
gepnam Qynxuud f(A) u ee mpoussogHHX. Iloaromy

1 (Ag)
ahi:—‘l’h—(;{z)w, hzﬂf()‘h) ] +f (h) oy q;"(k)

(=1, 2,...,9).

(12)

Dopmynu (12) MOHO eme COKPAmIEHHO 3alucaTh TAK:

1 f ) 6= . . . )
= l_lph ) G=1, 2,...,my; k=1, 2,...,5).(13)
ITocae Toro kKak Bee ap; HalileHH, MB oupefensaeM 7 (k) U3 cJaenyomei
$opMYIIE, KOTOpasg HOJYydaeTcss yMHOMeHHeM ofeMX dacTedl paBeHCTBA (9)
ma 1 (A):
P(M) == D) [@ar -+ ora (h—RAa) .o O, A—A)™F TP (R). (14)

h=1

B 310ii opmyse BEIpaskeHWe B KBafpaTHHIX CKOOKax, CTosAImee B Kaue-
cTBe MHo:ruTens mepen P* (A), B cmay (13) paBHO cymMMe NepBHIX my YIEHCB
pasnomerua Teitnmopa mo crenensam (A—Ax) mas ¢yurmun f (A)/¢* (A).

IIpumenp.

Y M) =A—~)2 (A—hA2)3 (m=5).
Torpa
r(y) a I 8 €
YV VA LA et Wil e VS iy e o

OTcona
rMy=[a--f A —M)] A —n2)3+[y+8 A—hy)+ e (h—A)? (A—1)?
M, CJeN0BaTeJbHO,
r (A)=[ak B (A—ME)] (A—ME)S - [yE +8 (A—A2E) & (A—hoB)2] (A—ME)2.

1) To ecTh He o0pamammanca B cO HpH A=Ag.
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a, B, y, 8, € Hafigem us caepyommx gopmym:

_ Q) _ 3 1 )
(1"‘(7\,1-7\,2)3 , B= (Ai—Ag)t f(Aq) =+ (A‘i‘—_‘_xz)a 1’ (A,
_ f(h) 2 .
Y=Re—ap?’ T3 f(kz)+(x2_h)2f (A2),
3 2 1 1

e =T — At f (A2) ~ Ba—hp? f'. (M)-l-;m 1" (Ag).

Mpumegsanne 1. MNATepmonAnmoHnwit Muorouwnen Jlarpamma — Cuib-
BeCTpa MomeT GHITH IOJyYeH HpeNebHHIM MEPEXOJOM M3 MHTEPHOJANVOHHOIO
MHOrO4JIeHa Jlarpamsxa.

Hycrs

P ) = (A—A)™ (h— A7 ... (h— 1) ™s (m= 3 mh).

h=1{

O6osmagum wepes L (A) MHTepHONANNOHHHIA MHOrOUJeH Jlarpamsixa, HOCTPOeH-
HH# AJa m ToYeK

1 2 (m1), (4 2 (mg), e 2
A, AR, A AR AR, A LA, A, e,

Torja HeTpyAHO HOKa3aTh, UTO HCKOMHIN MHOrowieH Jlarpam:xa-— Cuab-
BECTpa ompejenaserca GopMyIofH

r(A)= lim L ().
AL, L (M) Sy

MY, e,

lpumeuwannme 2. Ilycts A =| a; || — eewyecmeennasn mampuya, T. e.
MaTpulia C BeMIeCTBEHHHMH aieMeHTaMu. Torja MHHHMAIBHEINA MHOTOYJIEH
Y (A) umMeeT BemlecTBeHHble KO{$UIIHEHTH !) M ero KOpHHM, T. e. XapaKTepH-
CTHIECKHE THCIA A;, Mu0O0 BemECTBEHHH, JHG0 HONAPHO KOMIIEKCHO CONpA-

KEHEI, IIPUYeM, eClI Ag==Az, TO COOTBETCTBYIOIIWE KPATHOCTH DPABHEL Mg =
=myp. YCIOBHMCS TOBODHTB, 4TO pynryus f(A) éewecmeenna na cnexmpe
Mmampuysl A, ecaum [JA BeI[ECTBEHHOTO A; Bce ee B3HAYEHUA HA CIEKTpe

f(As), f (A),... BeimeCTBEHHH, a [IA [BYX KOMIIEKCHO CONPSAKeHHBIX
XapaKTepHCTUYECKUX THUCEN Ap, H Agy=~A,; COOTBETCTBYIOmME 3HAUEHuMA HA
cmeKTpe KoMIuIeKcHO compsukeHHL f(Ag)=f(An), f (Ag)=Ff" (As),...2). Barom
cayqae f(A)—sewyecmeennas Marpuna. lleHicTBUTenBHO, B JaHHOM CiIyuae

cormacro dopmydam (12) @iy, @;p, ... — BeIECTBEHHWE UHCIA H Ogy = Gpy,

gy = Gpg, .. .; TP BTOM JJIA BEMECTBEHHOLO A; MHOrOWJeH 1 (k)=m

—A;
MMeeT RemecTBeHHHe KoddduumenTs, a KosdpdunmenTsr Muorownexop Y" (M)
u Y’ (A) (mpu Ag= Ap) — KOMIUIeKCHO compsykeHE. I[lostomy B cumy dopmyist
(14) vHTEPHONANMOHHLI MHOTO4JNEH 7 (A) HMeeT BemecTBeHHKe Ko3(PUINenTH.
Ho rorga r(A), a snaunt u f(A)=r(A4), —BemecTBeHHas MaTpPHIA.

1y 3ro cmeayer HeDOCPEACTBEHHO H3 OMpefeleHHA MUHMMAILHOTO MHOI'O4IeHAa THGO
n3 gopmynur (54) ma ctp. 100,

2) QyEKOUA, HmpefcTAaBIAeMas CyMMOH CTEMEHHOTO PAfa ¢ BEH[ECTBEHHHMH KOa(-
dummeHTaMH, BeH[eCTBEHHA Ha CHOEKTPe JI000H MaTpUIE, XapaKTepHCTHYeCKHe gucIa
KOTOPORf HAXOAATCA BHYTPH KPYra CXOJAMOCTH JAHHOIO- PAjA.
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§ 3. [Ipyrue dopmmt onpegexenna f (A). Kommonenrnr maTprust A

Bepremca x ¢opmymne (14) gaa r(A). Iloncrasass B Hee Brparkenns (12)
s KoapuumeHToB 0. U OOBEAMHAA UIEHH, COJEep/Hamue OfHO M TO jKe 3Ha-
uenne QyHKmuM f(A) WM Kakoii-mu6o ee IPOM3BOJHON, MH IpefcTAaBUM I (A}
B BHJE

r(h) = E; 17 () @ (W) 4 £ () Pra (W) & - 777 (h) @y (W] (15)

3pecs @p; (M) (=1, 2,...,my; k=1, 2,...,5)—JNerko BEMYUCISEMEEe MHO-
TOYNEHH OT A CTENeHH < M. JTH MHOTOYJEHH BIOJHE OIPeJeNIATCA 3aja-
HueM P (A) u He 3aBuCAT OT BHOopa ¢yHkmum f(A). Ymcao sTmx mHOrOYIE-
HOB. paBHO umcly 3sHaueHmit Qymxnmu f(A) Ha cmextpe Marpuuu A, T. e.
PaBHO m [m —cTeneEh MHHEMAILHOro MuorouieHa P (A)]. OyHrmma @g;(A)
IpejcTaBIAeT cO00H MHTEPHONANMOHHEIN MHorouleH Jlarpamxa — Cuibsectpa
AIsA YHKIMH, Y KOTOPOH BCE 3HAYEHHA HA CIHEKTpe MAaTPUUH A PaBHH HYIIO,
3a MCKaogerHmeM ofguoro fU-1();), pasHoro 1.
U3 $opmyan (15) cneayer ocuosHasa dopmyaa gaa f(A):

F(A)= 3 1F 08) Zus o1 () Zag - 1T 08) Zamy ), (16)

roie
Zuj=qr; (4) (=1, 2,...,ms; k=1, 2,...,3). (17)

Marpuus Z;; BuoIHe ONpeleNAIOTCsA 3afaHMeM MAaTpuusl A u He 3aBUCAT OT
BriGopa pymxmuu f(A). B mpasoit wactm ¢dopmynn (16) ¢ymxmua f(A) mpex-
CTaBIGHA TOJLKO CBOMMH 3HAYEHAAMU Ha CIEKTPe MaTPHIE

Marpuns Zp; (j=1, 2,...,ms; k=1, 2,...,8) OygeM Ha3HBATbL C0-
CMABASIOWUMU MAMPUYAMU WIA KOMNOHeHmAmU JaHHON MaTpuus A.

HomuonenTs matpumus A Bcerja JUHEHHO HE3aBUCHMEL.

JleiicTBATEABHO, ILIYCTh

k

s ™My s m
2 Y criZag= 2 X Cnipn; (4) =0. (18)
E=1 j=t E=1 j=1
Onpegenuym HHTEPHOJANMOHHEIA MHOTOWNeH 7 (A) H3 m yCJOBHI

r=1) (Ag) = cg; G=1,2, ..., mp; k=1,2, ..., 9). (19)
Tor,r.zav, corstacHo dopmymae (19),
r(A) = kgi ,Zi ChiPns (A).- | ct
W3 comocraBmerua dopmya (18) n (19) maxommm
r(4)=0. (21

Ho cremeHr MHTepIONANUOHHOr0 MHOTOWIEHa r(A), 3ajaBaeMoro (Qopmy-
noii (20), MeHbINe m, T. €. MEHBIIe CTeNeHH MWUHAMAJIBHOTO MHOTOWIEHR 1P (A).
Ilosromy m3 pasemctBa (21) caemyer ToxgecTBO

r(Ay=0.
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Ho Torpa coraacmo (19)
ckf:() (].:1,2,...,mk;k:1,2,..-,3),

gT0 # TpefoBasoCch JOKasaThl),

Wa nuneiiHOli HE3aBHCHMOCTH COCTABJIAIONIAX MATPHL Zp; CAELYeT, MEKIY
mpo9YuM, 9TO HA OJHA W3 STHX MATPHUI[ He paBHA HYJI0. 3aMETHM eIne, 4YTo
mo0He [Be M3 KOMIOHEHT Zjp; NEepPeCTAHOBOUHH MEKAY Cc0Goit m ¢ MaTpH-
meir A, MOCKOJNBKY BCE OHHM CYTh CKAJASAPHEE MHOTOWIEHH oT A.

Qopmyaoit (16) gasn f(A) ocobenHo yno6HO mOJNB30BATHCA TOTAA, KOrAA
OPUXOMHICA HMETH Jej0 ¢ HeCKOJbKRUMH (QYHKUMAMH OT OFHOH M TOH Ke
matpuugsl A, ambo xorpga ¢yHKmusa f(A) SaBUCHT HE TOABKO OT A, HO H OT
HekoTOpoTO mapamerpa ¢. B mocaegmem cayuae B mpasoit wactu ¢opmyant (16)
KOMIOHEHTH Zp; He 3aBUCAT OT ! M mapaMeTrp ! BXOAMT TOJNBKO B CRAJAP-
Hele K03(QUIIMEeHTH WPH DTUX MATPHUIIAX.

B mprmepe ma c1p. 109, re P (A) =(A —Aq)2 (A—A2)3, MBI MOxeM r (A) mpejcTaBaThL
B BH/E

r(M)=f M) o1 W)+ 1" (M) P12 (A 7 (Ag) 1j(1921 (M) f" (M2) Paz (M) 17 (A2) Pas (),

rie .
A= N 3 —M) _ (A—hy) (A —hp)3
Py (M) = M—M) |1 —hs Pr2 (M) = oy — )3 )
*// A—M7y \2 I _2(}\,-—}\,2) _3(}\,—}\,2)_3
0= 55 ) [T e )
A=A (A=A T )]
R vy Mty = vl K
(A—2A)2 (A—Ap)2
P23 (}"): 3 (;\’2_(_ }\’1)2 ?
[ToaTom,
=1 A) Z-1' (M) Zya 41 (h2) Zag+ 1" (Ae) Zoz--1" (M) 2o,
rie
L=y (A) = — (A, E)a[E——L(A—x E) |
1=P11 (Ki_x2)3 2 ) }‘1—?“2 1 i .

1
Zyo="0y2 (A):m (A'—-}\,iE) (A—?\QE):3 uT. .

Ecan panma marpuna A, To [jA KOHKPETHOTO HAXOMKIEHUSA KOMIOHEHT
. . 1 i
3TOH MATPHIH MOMKHO B OCHOBHO# ¢opmyme (16) momosurs f(p):—r— ,

B
rae A —HexoTopwii mapamerp. Torga momywum:
4y ST Zm 11 Zyo e — ! Zp,,
(E—A)=53) "hz_i Limmt ot T T 1 @

rie C (L) —opuseneHHas OPUCOSIMHEHHAA MATPULA JJ1A AE—A (ra.1V,§6)32).

1) M3 jora3aHHOU JTUHEHHOH He3aBUCHMOCTH MATpUL Zpj=@pj(4) ciaegyer Takixe
JAMHeHHAA He3aBHCUMOCTE MHOTOWIEHOB Qpj(A); j==1, 2, ...,mp; k=1, 2, ..., s.

2y Ipu f(u= }»ip nmeeM f (A)=(AE — A)~*. [eiicTBuTenbHO, 'f (A)==r (4), Tae

r (1) — EHTEPIONALUONEHE MHOrowieH Jlarpamsa— CumabBectpa. Ma toro, uro f(p)
M r (W) COBHAfAT HA CHEKTPe MATPHUH A, clIefyeT, 4T0 Ha STOM CHEKTpe COBNAJAIOT
(A—p)r ) 1 (A—p) f(u)=1. Orcoopa AE—A)r(A)=(RAE—A4) {(4)=E.
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Marpuum (j—1)! Zp; ABAAOTCA 9HCAMTENAME INpocTedmux mpobeit
B pasioskeHnu (22), ¥ DOTOMy IO aHajormm ¢ pasiaoxenmeM (9) »Tm wmeam-
TeAM MOryT OHTBH BHpa)keHH uepes sHauenma (' (A) Ha cmeKkTpe MaTpunu A
mo dopmyrnam, momgobmrmM (11):

(=) Zamf =288y 2)1 Zpymy oy =[ ST

W () | Pr A JA=n, Tt
Orcwopa
_ 1 c() L
Zhj_‘ G—D! (mg—7)1 [\Ph () Ja=p, (] = 1’ 2: . eey M, k—i, 2, veny S). (23)

Hopcrasasaa » (16) BMecTo cOCTABNANMUX MATPUI WX BEpaxends (22), Mu
MO3KeM OCHOBHYI0 opmyny (16) mpencrasurh B BH7E

IS T I P L
F =3 Gy [ia/® LS (24)
Ipamep 1.
2 —1 1][2y A—2 1 —
A= 0 1 1||2, AE—A4= 0 A—1 —1|.
—1 1 1)1 1 —1 A—1

B pannoM caysae A (A)=]AE—A|=(A—1)2 (A—2), IlocKoIBKy MEHOp 3ieMeHTA
[1, 2] 8 AE—A paBen 1, T0o Dy(A)=1, m moromy,

PA)=A M) =0A—1)2 (A—2)=A3—4A2 5} —2,
¥ (O, P)=\|>(u)—1lo(7~) -

W—A w2+ (A —4) p4+A2—44 45
n
C W=V AE, 4)=A2+(A—4) A+ (A2—4A+5) E=
3 —2 243 2 —1 1 1 00
=[—1 2 2|3+@A—4], 0 1 1||+(r2—4r+5[0 1 0
-3 3 1|1 —1 1 1 0 0 1
OcuoBras QopMyda B NAHHOM cly4ae HMeeT BHL
=1 ) Z4+1" ()Zs+1 2)-Z5. (25)
Ilonarasn speck f (p)= Ai , Haxopmm:
2 C Zy Zyg A%
— 1 =
A — A= =T T a0 T =2
OTKyJa

Zy=—C (1)—C' (1), - Zz=—C (1), Z3=C (2).

Ilonb3ysich HpUBEJeHHEM BHIe BHpaxKeHweM uaa C (A), Buuncanem Zy, Zp, Zg ® mofi-
CTaBifieM MOJydYeHHHE pe3ylnbTaTH B (25):

1 00

1 —1 1] 000
f@=f 1 O O+ M1 —1 1)4+f@ | —1 1 0)=
1 —1 1 0 0 0.] —110
f+1 M) —f" ) )
=fO+ =@ —fN+f@ FO].
f—f@ —f+f@ )]

cuBOM Habpanm MEH HTPOJBHOTG MMa 0 ¢ToAbma. YMHOMAA
) K 0 6paAk SJXEMEHTH KOHTPO TG ¢ HOT 6ma. YMHO

CTPOKE MAaTPHIH 4 HAa CYMMapHHH cToxbery MaTpHEUH B, moiyYaeM BJIEMEHTH CyMMap-
HOTO c¢Tonbma mpomsBeneHuA AB. :

8 a.p TanTMaxep
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Mpumep 2. IToxameM, KaK MOMHO ompefeilnTsh f(A), HCXORA TOJABKO W3 OCHOB-
goii fopmyan. IIycTe cHOBa

2 —1 1
A=ll 0 1 1|, yR)=0r—12@7x—2).
—1 1
Torpa
fA)=f) Zy+f" (1) Z2+1(2) Z34 (257)
Hoxcrasam B fopmyay (25') smecro f(A) mociaemoparenpno 1, A—1, (A—1)2:
1 00
Z+Z3=E=||0 1 0},
001
1 —1 1)1
Zy+Z3=A—E=| 0 0 1|1,
-1 1 0}0
‘ 0 0 00
Z3=d—E2 =) —1 1 0]0.
' —1 1 offo

BrunTas ¥3 NepBHX ZBYX PABEHCTB IOWIEHHO TpeThe, OmpefeimM Bce Zp. [lopmcraBasma
B (25"), moaywmM BHpaxkenme Jia f(4).

PazofpanHse IpUMEPH WIIIOCTPHPOBANA TpH cIocofa IPaKTHIECKOTO
Haxoaenns f(A). B mepeom cmocobe MH HaxoguAnm WHTEDPHOONSANMOHHHIH
muorowner r(A) u moxarand f(A)=r(A). Bo BropoM cmocoGe MH, HOJB3YACH
pasnoxenmeM (22), BHpaKaId KOMIOHEHTH Zp; B opmyue (16) dwepes smHa-
4eHnA OpEBEEHHOH mpmcoefvHEHHOH Marpmmu C (A) Ha cmeKTpe Marpumsl A.
B TperpeM cmocoGe M WCXOAMAA W3 OCHOBHOW (opmyin (16) m mopcraBisiau
B Hee BMecro f(A) IOCIeJOBATeIBHO HEKOTODHE IpOCTeiimBe MHOTOYJIEHEH;
713 MOJYHYeHHHX JNHEeHHHX YPAaBE$HU ONPe/esANN COCTABIAOMMUE MATPRIH Zy ;.

Tpermii cmocof ABIsieTCA, MOMKaNyH, IpaKTHYECKH HamGoiee yNOOHHIM.
B o6meM Bume ero Mo;KHO cPODMYAMDPOBATEH TaK:

" B ¢opmyay (16) smecro f(A) moacramiseM mocliefoBaTelbHO HEKOTODHE
muoroaiernsl gq(A), g2(A), ..., &m (A):

gi(4)= h; [g: (M) Zua+ 81 (M) Zno oo 8™ (i) Zaymy ] (26)
- (i=1,2,...,m).

W3 m ypasmermii (26) ompepenseM m MaTpOn Z,; @ HOACTaBIAEM MONYYeH-

Hele BHpaskenus B (16). \
Pesyaprar mekmiouenns Zy; u3 (m--1)-ro pasercrsa (26) m (16) Momxer

OHTL 3allICAH B BUME
FA) FA) ... FmD () o (A L. fTTR ()
g (4) gi(h) .- 8 o g (M) . g (A)

Em(A) gn(he) .o BRIV (M) ent 8 (M) ... gV ()
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‘Pagnaras sTor ompejeauTens mo »aeMEHTaM IIEPBOLO CTONONA, MHE IIOXY4EM
nckoMoe BHpaxerue aaa f(A). 3peck mpu f(4) B KagecTBE MHOMUTENS
6ymer croarh ompegemmrens A=|g{?(Ay)| (B i-if cTpowe ompepenmTens A
CTOAT 3HAUEHWSA MHOrowleHa g; (A) Ha cmexTpe marpmmur 4; i=1, 2, ..., m).
Hdag rtoro urto6m MokHO GEiTo ompepeamth f(A), HymHo, uTobm A =£0.
910 Gyner mMeTh MecTo, eCIM HUKaKaA JHHelHag KOMOMHANUA !) MEOro4JIeHOB
gi(A), g2(A), ..., gm(A) He oOpamaerca cuIJoms B HYJAb HA CHEKTpE
MatpmOo 4, T. e. me memmrca Ha P (A).

Ycaosme A ==0 Bcerga BHIONHEHO, €CIH CTeNIeHH MHOTOWIEHOB g (A),
g2(A), ..., gm (L) coorBercTBeEEO paBEm 0, 1,2, ...,m—12).

B sakaiouemnme OTMeTHM, 9TO OGOJBmMUEe cTeneHA MaTpumi A" yxoGHO
BHYHCIATE 0O OCHOBHOL ¢opmyne (16), samemaa B Heit f(A) ma A™3).
5 —4
4 —3
neEm A100. MmanuMaasHEHE MEOrogiaer P (A)=(A—1)2,

OcnoBras gopmyia
f)=71 (%) Zy+1 (1) Za.
3aMeHsasn 3meck f(A) Ha 1, a 3aTeM Ha A—1, momygmm:
' Zy=E, Z;=A—E.
FA)=f)E+f (1) (A—E).
TMonaras f (A)==A100, gaiigem: 0 A .
A100=E+100(A—E)=:”é 1“-}-100“4 4 ||='

IIpumep. Jlama mMaTpmnma A=‘ “ . TpeGyercs BHUHCIHTH BIEMEHTH CTO-

IToaromy

4

401 —400
400 —399 ”

§ 4. llpencraBienne QyHrmmii OoT MaTpmH, pAKaME
Oycrs pana marpuna A =| a; | ¢ MEUHAMAIBHEIM MEOTOUZEHOM 1 (A) =
8

= (h—h)™ (=A™ ... (A—Ag)"s(m= > m,). Iycrs, pamee, GymEEK-

A f(A) # mocaenoBaTeABEOCTh GYHKUMIL fi (A), fa(A), ..., fp(A), ... ompe-
HeneHsl HAa CIEeKTpe maTpEOel A.

Mu OGyneM roBopHuTh, 4TO nocaedosamensvrocmv GyHEyuld fp (L) npu
p—> 00 cmpemumea K HeKOMopomy npedeay Ha cnekmpe mampuyst A, ecaua
CYIMECTBYIOT HpPeIeJH

lim fp (A'k)’ lim f;’ (A'k)’ eeey lim f;mk:-i) (A‘k) (k = 1’ 2’ seey S).
p->o0 Drrco p—>o0

Mz Gyaem roBopmTh, uTo nocsedosamenvrocmd Pyuryuil fp(A) cmpe-
mumea npu p—> oo E gynryuu f(A) Ha cnexkmpe mampuytt A, m 6ymgem

oucarh:
Lim f(Aa) =1 (8a),
ecnun
lim fp () =f (ha), lim £ () =" (ha), -y Hm f5770 () = 7870 (ha)

(k=1,2,...,9).

1) C He paBHEIMH OJHOBpeMEHHO HYII KospdmmmenTamm.
2) B nocremuem npmMmepe m=3, gy (A)=1, ga (M)=Ar—1, gz (A)=(A—1)2,
3) ®opmyary (16) MOHO HCIONB30BATH M JJA BHYHECIGHAA 00paTHOH MaTpmue 471,

nonaraﬂf(k)=T MNH, 9TO0 TO ke, monarag A=0 B gopMyue (22).

8*
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Ocnopuaa ¢opmyna

FA) = 1 () Zas -1 () Zag b+« + 172 (Ay) Zim, ]
k=1

Bupaaer f(A) uepes 3Hauenmsa f(A) Ha coekrpe Marpunul A. Ecam pac-
CMaTpMBAThL MATPHILy KAK BEKTOP B OPOCTPAHCTBe n? maMmepermd R,., TO u3
0CHOBHO! (JOPMYyJIH B CHIY JHWHEHAHON HE3aBUCHMMOCTH MAaTpmi, Zy; caefyert,
ato Bee f(A) (upm sajgamHOM A) 06pasyioT m-MepHOe IOJOPOCTPAHCTBO B Rya

¢ GasmeoM Zg;(j=1, 2, ..., my; k=1, 2, ..., s). B arom Gasuce «BexTop»
f(A) uMeeT CBOMMH KOODAWMHATAMH /m 3HadYeHmi ¢QymKnum f(A) Ha cmekrpe
MaTpane A.

9TH coobpaskeHns AEIA0T COBEPIIEHHO IPO3PAYHOIl CAeAYOMYI0 TeopeMy:

Teopema 1. Has mozo umobu nocaedosamesvrocms mampuy fo(A)
npu p —> O CMPEMUAACL K HeKOmOpomy npedesy, Heobrodumo u Odocma-
mouno, umobw nocaedosamesvrocmd f, (M) npu p —> 0o Ha cnekmpe mampuys
A cmpemuaacy k npedeay, m. e. npedest

lim f, (4), lm f, (Aa)
p—>oo Pp—roco

eceeda cywecmeyiom 00Ho8pemerno. IIpu smom pasercmeo

11010010 fo(Aa)=1F(A4) (27)
gaevem aa co6oll pasercmeo
Lim f, (4) =1 (4) (28)

u Haobopom.
HoxasareascTBo 1. Ecam smauenmmsa f,(A) Ba cmekTpe Marpums A

oapu p— R0 CTPEMHTCA K ‘IIpeI[eJII:HHM 3HA4YCHUAM, TO 3 qJOpMYJIH
8
fp(4)= Ufo (M) Zrs 4 fo (M) Zna - o - Fors™ (M) Zamy, ] (29)
k=1

ciexyeT cymecTBoBaHHe mpefena lim f, (4). Ha ocroBammm aroii sxe dopMynn

p—>o0
n ¢opmyan (16) ma (27) BmTeraer (28).
2. O6parmo, mycTh cymectsyer lim f,(A). Tak Kark m cocrasasArmMAEX
i P00

Marpun Z JWHEHHO HE3aBUCHMH, TO MH MojKeM m3 (29) BmpasuTs (B BHAE

nunejianx ¢gopm) m 3HaueHHH f, (M) Ha cmexTpe Matpmum A wepes m aie-

MEHTOB MaTpuisl fp (4). Orciofa caepyer cymecTsoBanme mpejena lim fp (A,),
~500

u paseHcTBO (27) MMeeT MecTO IPH HAJMYMW PaBeHCTBa (28).
CorsacHO yCTAHOBIEHHOW TeopeMe, eCJIH TOCIef0BATEIbHOCTH MHOTOUIE-
HOB gp (M) (p=1, 2, ...) crpemurca K ¢yExnoum f(A) Ha cmexTpe Mar-

punst A, TO
lim gp(4) =1 (4).

p—ro0

Jdra gopMysna HOIEPKUBAET ECTECTBEHHOCTh H OOMHOCTH JAHHOTO HAMHU
ompepenerns f(A). f(A) Bcerza momTyuaercs OPeeTbHKM IePEX00M u3 gy (A)
OpE p—> ©, eCJAH TOJBLKO MOCJIef0BATeAbHOCTh MHOTOUICHOB g, (A) cxomuTes
k f(A) Ha cmexrpe martpuum A. Ilocrenmee yciosue sBIseTcs HeoGXOXEMEM
Ans cymecTBOBaHMA Hpefeaa lim g, (A) mpm p— co.

p—o0
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oo
YcaosaMea TOBOPETE, 4TO pad M up(A) czodumca na cnekmpe mam-

p=0
puyw A k gynryuu f(L), m GygeM mucaTs:

Fha)= 3 up(Aa), - 30)

p=0

eciu Bece QUIypHpYIOmue 3Kech QYHKIHUE ONPEIEIeHH Ha CHeKTpe Martpuuu A
U UMeOT MeCTO DPaBEeHCTBA .

F) = Sup )y £ Oa)= Sup(ha)y +e oy £ ()= ™0 ()
p==0 p=0 p=0

(k=1, 2, ..., s),

mpudeM B TIPaBHIX 9acTAX 3TAX PaBeHCTB CTOAT cXopamuecd paxu. pyrmmm
CIIOBAMH, €CJIH IOJOKATH

D
sp(A)= Dlug(d) (r=0,1, 2, ...),
q=0
To paBeHCTBO (30) PaBHOCHILHO PAaBEHCTBY
f(Ay)=Hm s, (Ag). (31)
p—roo

OgeBuEO, YTO AOKA3aHHON TeopeMe MOJKHO JIaTh CJIEeAYIONYI0 9KBHBA-
NeHTHYI0O (OPMYIHPOBKY:

oo
Teopema 1°. Jas moeo umobw pad ) up(A) cxoduaca k Hekomopoi
=0
o
mampuye, neo6xodumo u docmamouro, wmober pad ) up(h) cxoduacs Ha

. . p=0
cnekmpe mampuyst A. IIpu amom U3 pascHcmea

F(Aa)= Fus (8a)

caedyem paserncmao =0
()= Sup(4)

p=0

u raobopom. )
IIycts faH cTemeHHOH PAJX ¢ KPYroM CXOAMMOCTE |A—Aq|<<R m cym-
Moit f(A):

FO) = ioap<x—xo)p (1A —%| <R). (32)
p=

Tak Kak cTemeEHOH pAX MOMHO mowiaeHHo pAupdepernmposars ma1060e
4HUCJI0 PA3 BHYTPH Kpyra CXOJZHMOCTH, TO DAA (32) cXoxuTCA HA CICKTPe
m060if MaTpHIH, XapaKTepPHCTHUECKHE 4YHCla KOTCpOH momajfaioT BHYTPb
Kpyra CXOJMMOCTH.

Taxum oOGpasoM, mMeeT MecTO

Teopema 2. Ecau ¢ynryus f(A) pasaaeaemcs e cmenennoll psd
8 Kpyee |A—ho|<<r, '

F0)= Sap(h—n?, (33)

p=0
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Mo SMO pasA0ICeHUe COLDARALM CUAY, eCAU CKAARDHEE apaymenm A samerums
atoboll mampuyeli A, xapakmepucmuiecKue wucAa KOmOpOU JACHAM GHYM U
KEpyea cxrodumocmu.

Ilpumevannme. B aroif TeopeMe MOKHO JOmMyCTHTH, 9TOGH XapaKTepu-
CTHYECKOe umcaAo Ap MaTpunmul 4 momajno HA mepudepHioc KPyra CXOZHMOCTH,
HO IPW 5TOM HYKHO [AONOJHUTEJIHHO mOTpeboBaTh, 3TOOH mp—1 pas
mounenHo Tpopuddepernuposanuntiit pag (33) B touke A = Ay cxoguiacsa. Orcio-
Fa, KaK H3BECTHO, Y:Ke CJIOIyeT CXOAHMOCTEH j Pas mpoauddepeHIuPOBAHHOTO
paga (33) B Touke Ay K f(”(M) nag j=0,1, 2, ..., mg—1.

11/13 JIOKA3aHHOH TeOpPeMHl BHITEKAIOT, HAIPHMED, CIOeAYIOLUIHEe Ppa3IoKe-
HEA 1):

. bt AP (___1) 2 2P+t
eA_—Z—', cos A= Z ~@ AP sind = 2 pm,
=0 p=0
A42P b A2p+t
A=Y A ha=3
p=0 p=0
(E—A)y1= D) AP (| <l;k=1,2,...,5),
p=0
> -1
111A=21%L(A—E)” (ha—1|<l; k=1,2,...,5)
p=

(3mech mox lnA Mm moHmMaeM Tak HashBaeMoe IJIasHOe 3HAYeHHWE MHOIO-
apaynoil pyEKumH LnA, T.e. BerBb, jusa xoropoit Ln1=0).

Qopumyna (22) ma crp. 112 mo3BOMAET NErKO pACUPOCTPAHHTH MHTETPAJbLHYIO (Op-
myay Homm nna ananmraweckux ¢yHxkuuid Ha QyHKUEE OT MaTpuI.
bus  PaccMOTpHM B INIOCKOCTH KOMILUIEKCHOTO HEPEMEHHOTO A IPaBHABHYI 00JacTh,
OTpaHNIeHHYI0 3AMKHYTHM KOoHTYpoM I' H cofepsamyo BHyrpHm celsf XxapaKrepHCTH-
YecKHme YHCAA Ay, ..., Ap MaTpHIE A. BosbMeM IpOM3BOJBHYI0 AHATHTHYECKYI (yHK-
nuo f(A), pBI‘YJIHpHYIO B aTo# obxacry (BKiaiouas rpasmuy I'). Torma mo m3BecTHHM
dopmyiaam Homm 2)

P o= | xmx) b, [ ()= iﬂ(x_{-%?dh e M gy =
T T
_ (ma—1)1 F™
2ni S (A— 7~h)
(k=1, ..., s).

f)

YMHO:®a8 00e gacTH MATPHIHOTO paBeHCcTBa (22) Ha 5 0 WHTETpEDYA BROAb T3,

IOy YUM:

(mp—1)
o | AB—ay1f () dh= Z [ (ha) Za 1 ) Zaa o+ () 24 1,
r h=t
1) Pa3nomeHAsa B HEPBEIX ABYX CTPOKAX HMEIOT MECTO IIPA IPOU3BOJLEON MaTpuie A,
2) Cm., HanpuMep, U. U. [IpumBamnoB, Beejenne B Teopuio ¢ yHKNHEHA KoMOaekc-
HOro nepemeHHoro, ®mamarrums, 1960, crp. 166.

3) MATerpan OT MATPUNH ONpeReAfAieM KAK PE3yIbTAT (HO03JTEMEHTHOTO» HHTerpH-
posaumda. IloaTomy

S ME—4)1() dl:“ S AE—a)51f (A) dh “:‘ -
T T

rie
b(l;») (i, k=1, ..., n)—pdaemedTH MaTpmEuK (AE — A4)~1

(ME — A)zh =
(cM. ta. IV, § 3).
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9T0, COrdacHO ocHOBHOH ¢dopmyne (16), m paer:

f (A= S (ME—A4)-1 (A) dA. (34)
r
3TH e paccymneﬁni{ HOKaaHBaIOT, qTO HHTerpaJI, CTOﬂ]I[EH B HpaBOH Jacrtn paBeH'

cTBa (34), paBex my;io (mpHE f(A4) == 0l), eci:m Bce xapaKTepHCTHYECKH® YHMCJIAa MAaTPUNH A
pacmoyIo;keHH BHe KOHTYpa I', W paBeH

(my,—1)

q
21 [f (he) Zog+ 1" (M) Zno+- - 1 Ae) Zpm, ) (2 <9)s
k=

€CJIl XapaKTepHCTHYeCKHe HCHA Ag, ..., Ay PACHONONEHH BHYTDH, a Agts +oes Ap—
BEe I'.
@opmyny (34) MOANO TPUHATEH 33 ONpEJeNeHNe AHAJATNYeCKOH GYRKIAY OT MATPHAIEL

§ 5. Heroropsie cBoiicTBa QyHRImit OT MaTpHI

B arom maparpade M [QHajKeM HECKOJbKO IpeIOKeHUH, N03BOJANIMAX
PaCIPOCTPAHWUTH TOKIECTBA, CBABHBAamMYEe (YHKOIWA OT CKAJAAPHOro mepe-
MEHHOr0 Ha MATPH9YHHe 3HaYenwns apryMeHTa.

1° Iyems G (uy, ug, ..., Uy) — MHO20UACH OMHOCUMEALHO Ug, Ug, . . ., Ug)
F1(A), fa (M), ..., fu(A) — Pynryuu om A, onpedesennbie HA cnekmpe Mampu-
yu A, u
gM =Gy (M), fa(A)s «oos fi (M) (39)
Toz0a us
g (Aa)=0j
caedyem

Glfi(4), f2(4), oo, [1(4)]=0

Heficreutensno, o6osEaumM uvepes rq(A), ra(A), ..., r; (A) uHTepmONA-
IUOHHKE MHOrouleHH Jlarpamma — CmabBectpa Aaa fy (A), fa(A), ..., f1 (R)
U TOJOKAM:

h(A)=GI[ri(A), ra(A); «ony i (M)
Torpa m3 (35) BHTeKaeT:
h(Ay)=0
Orcioma ciemyer, 4TO
G/ (A), £(4), ..., fu (A)=G[ri(4), r2(4), ..., 11 (A)l=h (4)=0,

9T0 B TpeGOBaNOChH MOKA3aTh.
Corsacno mpepnomxenmio 1° W3 ToRmecTBa

cos? A 4-sin?h =1
cienyeT 1aA 6ot MaTpmmm A
cos24-+sin?Ad=E

(B nammOM cuyuae: G (uy, up)=ui+u;—1, fy (A)=cosd, fs(A)=sinA).
Togro Tak xe ana moGoil MaTpHIEH A

ele—A=E

s

e=4 = (e4),
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Hanee, muag mwoGoit Matpumm A
e'A—=cos A-}isin 4.

Ilycrs nama mHeocoGemmas marpmma A (jA|=40). OGosmaumm uepes J/A

0IHOSHAYHYIO BeTBb MHOr03HAYHOH pymkmmm |/ A, ompenenenEyo B obmacTH,
He cofep:xameil Ry 1 coep/rameii Bce XapaKTe pACTAYSCKNE YHCIIA MATPHIE A.

Torna mmeer cmuicxt )/ A. IIpm atom ms ()/A)?*—A=0 Gyaer cmemoBarsl):
(VA)y=a.
ITycts f()»):—}iv—, u A =| ai |} —Beocobennass marpuma. Torma ¢ymk-
gua f(A) ompemeneHa Ha CIEKTPe MaTpuud A, W NOTOMYy B DaBeHCTBE

Af (V=1
MOKHO B3aMeHHATH A Ha A:
A-f(A)=E,
T. .
f(A)=A713).

o 1
OGozmauaa wepea r(A) HATEPIONANNOHHHIN MEOTOUIEH A GYHKIAA - ,
MH cMO3KeM o6 paTHyIo MaTpuny A~! mpeficTaBETH B BAfe MHOT'OYJICHA OT JAHHOM:

Al=r (A)

=§—§%, rae g (h) mh(h)—
BBAEMHO IPOCTHIE MHOTOWIEHH OTHOCHTENBHO A. OJTa QYHKIOEA OIpefeTeHa
Ha CIIeKTpe MaTpumH A B TOM U TOIBKO B TOM CIydae, eClH XaPaKTepPHCTH-
gecKMe gucia MATpuUnH A He ABIAIOTCA KOPDHAME MHOTOouleHa K (A), T. e.9)
ecau |h(A4)5=0. IIpn BHIONHOHWE BTOr0 YCIOBHA MH MOKeM B TOMJECTBE

eMhrR)=g®)

Pacemorpum pamumoHANBEYI0 (QyHEDHIO Q(A)

samMeHnTh A Ha A:
e(A)h(A)=g (4).
Ozcrona
Q(A)=g (A [R (A =[R (4 g (4).
2° Ecau cocmagHas @Gyrryus
g)=h[f(M)]

onpedeacrna Ha cnexkmpe mampuyts A, mo
g(4)=nr[f(A)],

m. e. g(A)=h(B), 2de B=f(A). llpu moxasarembCTBe 3TOro mpefI0KeHHA,
Kagk W pamee, OyIeM mpejmoaaraTb, 9TO

PA)=A—A)™ (A—2)™ ... (A—2A5)™

1) B ra. VIII §§ 6 m 7 Gyner gano Gonee ofmee ompefeneHde . VA4 nax mpoms-
BOJILHOTO pPeNIeHWA MATPHYHOTO ypaBHeHHA X2—=A4,

2) JTHM IONOKEHHEM MH y:;Ke moabaoBanuch Ha crp. 112. CM. crocky 2) & crp. 112,

3) Cu. (25) ma ctp. 94.
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— MEHOMAJIbHEHA MHOTOuleH Marpuni A. Torma smauemnma o¢ymrnmmm g (A)
Ha cmeKrpe MaTrpunu A ompefensorcsa mo gopmyaam?l)

g(M)=h(us), & (A)=P" (&) f (An), ...,
g () = BT () TF (a1 L R (ua) FRTD (M),
rae pp=7f(Aa) (k=1, ..., s). Muorounen
X () =@—p)™ p—p)™ ... (p—p)™
GymeT aEHYIHpYyIOMAM MHOTOWTeHOM nias Marpuuil B. IleiictBurennHo, Kam-

I0e UHMCIO Ap ABIACTCA KOPHEM Mo KpaiilHe# Mepe KpaTHOCTH mp,; (QYHKOHR

q () =xf M= 1] [f W) —F )™

(36)

[TosTomy
q(As)=0
m coriacao 1°
q(A)=y[f(4))=y(B)=0.
MoaToMy cpeim 3HAYeHMI

h(u)s B (s ... B g) (k=1 ..., 5), (37)

cofepskarca Bce sHaueHwsa ymkmmum A (1) Ha cmexrpe marpumu B. Hcxons
n3 sHavenuii (37), MOCTPOMM HHTePHONANMOHHKN MHOTOWIeH r (A) miA QyHK-
pua k(X). Torma, ¢ omHOH CTOPOHH,

k(B)=r(B).
C gpyroit cropoHH, Kak nokasmBaloT ¢opmymsr (36), ¢ymrmum g (1)
n g (A)=r[f(A)] 6ygyr paBEn mHa cuekTpe Marpunu 4. Ilosromy, mpmme-
usas K pasmoctd g (A)—r[f (A)] mpenaoxenue 1°, momygumm:
g(4)—rlf (A)N=0;
HO TOTAA

gA)=rlf(Al=r(B)=h(B)="hIf(4)],

910 ¥ TpeGoBaJOCH [OKA3aTh.
Kom6rnrupysa upemnosennsa 1° m 2°, mpuxommm K cirexymomemy 1606me-
HHI0 npepioskenns 1°.

3°. Iycme
g(}") = G[.fi (}")1 fZ(}")v « ey .fl(}")]’
ede pynryuu fi(A), fa(A), ..., fu (M) onpedeaenss na cnekmpe mampuys A,
a gyuryus G (uy, up, ..., ;) eCMb peyALMAm NOCAED08AMEAbHO20 T PUME-
HEHUSR K GCAUMUHAM Uy, Uy, ..., U; ONEPAYULL CAOIHCCHUS, YMHOHNCEHUS, YMHO-

HCEHUR HA HUCAO U 3AMEHbBL BeAUMUHB RPOU3EoAbHOl @ynryuel om Hee.
Toz2da us

g(Aa)=0
1) NpenmonaraercdA, 4T0 BCe BXOJAMEe B 5TH QOPMYAH BeIHIHHH

. —1 -1
AR, - TV 00, @), o BV ) k=1, )
BMEerT CMEICII.
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Me@yem
Glf, (A)y f2s(4)y - s i (A)]=O

Tax, manpnmep, mycts A —meocoGennas marpmma (| 4|=40). OGosma-
gmM gepe3 In A OZHOSHAYHYIO -BeTBH MHOrosHaumoit dymximum LnA, onpege-
JeHHYI0O B HEKOTOpoil objacTu, He comepskamed umcaa O m comep:xameit Bce
xaparTepucTHIecKue umcia Marpuou A. Torma B CRaJIAPHOM TOMKIECTBE

eltd —h =0
MOKHO 3aMEHNTH CKAJIADHHIA aprymeHT A Ha Marpuny A:
elnd — 4 =0,

1. e. elr4=4. Ipyrumn crosamm, Marpuna X = In A ygoBieTBOpsAeT MAaTPHY-
HOMY YypaBHeHni0 eX=A, 7. e. #ABIAeTCA (HATYPAIBHEM JOTapEPMOM»
MaTpuns A.

Bepsa B kagecrse lnA npyrwe ofHO3HAYHHE BETBH MHOrO3HAYHOH PyHK-
muy Ln A, Mu Doxyanm ppyrue dorapndmm marpuim A1), Hycrs A =|) a1 —
BeIMecTBeHHAA HeocobemHadA Marpuma. B raase VIII, § 8 6ynyT ycranosmenst
HeoOXOZUMEE H [OCTATOYHEE YCIOBMA OIA TOr0, uTOOH BemlecTBeHHASA
MaTpUIa HMeJa BeMeCTBeHHHN HATYPAalIbHHH Jorapum. 37ech Ke MH
PacCcMOTPHM IBa 9YACTHHX Ciydas.

1) Marpuma 4 He mMeeT Bel[eCTBEHHHX OTPHOATEIHHHX XapaKTepH-
croaeckux uuces. (Ofozmauumm depe3 IngA ONHOZHAYHYI0 BETBb QYHKINH
InA B KoMmlIeKCHOH A-IIJIOCKOCTM € pa3pesoM BHOJNb OTPHALATENBHOH Heii-
CTBHTEJBHOH OCH, ONPEHeNsieMyI0 PAaBEHCTBOM

IngA=lnr4ip, —a<o<am (A = reiv),

Qyaxnusa lng A npumEEMaeT BelmeCTBEHHHE SHAYEHHS NOPH MOJOMKHTEILHHX
BeIECTBEEHHX A W KOMIIEKCHO COUNPAKeHHH® B3HAYCHWS NIPA KOMILIEKCHO
coupsKeEHHX 3HAueHUAX A. llosromy dymrnmsa lny A BemecrseHma Ha cHeKTpe
marpuul 4 (em. crp. 110) m gny A —BemecTBeHHan MaTpHHA.

2) A=DB*% rpe B—BemectBerEaa Marpmna?). Hapany ¢ ¢ymrumes
In, A BBemeM B paccMOTPEHHe [Be ONHO3HAYHHIE BETBH (YHKUUH ln A B KoM-
IJIEKCHOH A-IIIOCKOCTH C Da3pesoM BJONbL LOJNORHUTENBHOHE JeiicTBHTeNb-
HO# ocH:

Iy A=Inr+ig 0<p<n (A =rei®),
InpA=Inr4ip —2a<<ep<0 (A =rei®),
Ilyérs wMatpupya B nMeeT pasiInYHHE XapaKTEPUCTHYECKHe YHCHA Ax
(k=1, ..., s). Bubepem xpyroBue okpecTHOCTH Gj Touex Ay (k=1, ..., )
TaK, 4TO0H OHE He mepecexauinch ¥ He comepsaiam Hadamo A=0. B obma-

CTH, COCTaBJeHHOH M3 BTMX OKpecTHOCTed, ompemennmM ¢pymkmumo f (A) paseH-
CTBOM

J(A)=1Ino A2, ecim AEGr m Rei,=%0,
F(A)=1In A%, eciu AEG, m Rery=0, ImA, >0,
F(A)=Iny A%, ecim ACGy m Rehy=0, ImA, < 0.

1) Ofmako Ha 3TOM HYTH MH He NOJXy4nM Bce jorapupmmi Marpmnu A, Obmas
dopmyna, oxpaTmBaromas Bce Jorapm@mu . Matpmusl A, Gymer pmama B ra. VI, § 8.

2) B aroM caydgae MaTpHma A mEMeeT OTpHNAaTelNbHHE XapaXTepHCTHUYEcKHe HCJa,
ecam MaTpHma B mMeeT UHCTO MHIMEE XapaKTePHCTHYeCKHE YMCia.
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Torga ¢yaknma f(A) mpeacrarisder coGoii OZHO3HAYHYK BeTBb QYHRIMU
In A%, ompepmeleHHYI0 W BeIleCTBeHHYI0 Ha cmekrpe Matpunu B. Ilosromy
f (B)—BemecTBeHHAA MATpHIA I

efB) — B2 — A,

T. . MaTpuua f(B) ABIAETCA BeMECTBEHHRM HATYDAJXbHEIM JIOrapugMOM
Marpuun A4.

Hprumevwarsme 1. Ecim 4 —mHedEn#A omepaTop B n-MepHOM OpocTpaHCTBe R,
T0 f(A) ompefienseTcA COBEPIIEHHO TaK jKe, kKak # f (A):

f(A)=r(4),

rae r (A)—unHTepHOAALAOHRKH MHOTOWIeR Jlarpamma—Cmabsectpa Aas f (A) Ha cmexrTpe

onepaTopa A4 (CIeKTp omepaTopa A ONpeJeNseTcA MEUHUMAABHHM AHHYJIHDYIOIIAM MHOTO-
gxeHOM P (A) omepaTopa A).

+ n

CormaceHo 9TOMY jOIpe/elleHNI0, ecan omeparopy 4 orpedaer MarpEua A=||a ||]

B HeKoTOpoM Gasmce mpocTpaHCTBa, TO omepartopy f(A) B Tom e Oa3mce oTBedaeT
matpuna f(4). Bee yrBepisaenus m GopMynupoBKm BTOH IiaBH, B KOTOPHX {mrypupyer
MaTpmua A, 0CTAalOTCH B cHJle M IOCIe 3aMeHHl MaTpHIE A omepaTopoM A.

IIpuMmeuwanme 2. MokHO ompefennthl) QyHEOEIO OT MaTPHIH f(A4), HcXoxs
43 XapaKTepHCTAYECKOTO MHOTOYJIEeHa

AM=[] a—a)",
k=1

8
3aMeHAl WM MEHOMAJBALI MHOro4leH VP (A)= H (k——hk)mh. Ilpz sTOM mojaramor
. k=1
i (A) =g (4), roe g (A)—NATEPHONALMOHHEI MHOrO4IeH cremeHE <z mo mod A (A) mas
¢yaxomEn f (A) 2). Qopmyam (16), (22) m (24) samenarwTca GopMyramu

fly= 3 110 Zaa 1 O Zrat oo 17 ) B ), (16"
B=1 .
_ e B(}\.) s_‘ —Z~h1 1!—Zh2 (nk-—-1.)l 2hnh I
(ME— a1 ="F 5y = [ T e +”'+————Hx—-x — ] 22')
h=1 ( k)
. 1 B (M) (ny—1) ,
Fh=2} Gy [aar® )5, o (24
rae
Ah(h)=—A—@n— (k=1, 2, ..., $).
(h—2p) %
Ojuaxo B dopmyne (16') sHagenusn f(mh) (A)s f(mh-H) (AR)y - e» f(nh—i) (M) BXOAAT

awms (EKTHBHO, HOCKOABKY W3 comocTaBneHms (22) ¢ (22°) caepyer:

Zpy=2Zpy, ... kah=kah, kah+1= vor =Zhny=0,

1) Cm., mampumep, B. JI. Max-Mungnan, J[umammka TBep/OTo Tela, ni, M.,
1951, ctp. 403 m gaxee.

2) Muoroumen g{A) He ompefedsercs OfHO3HAYHO paBeHCTBOM f(4)=g (4) m ycmo-
BHEM «CTemeHb < 7). .

3) YacrHmit caydail dopmynn (24'), rorma f(A) = AR, mEOTAA HasmBalOT PopMyIOH
Ileppona [cm. [29], cTp. 25—27]. -
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§ 6. Ilpumenenne ¢yHKnmii 0T MaTPANBI K HHTErPHPOBAHUIO
cucTeMbl JMHeHHBIX TU¢epeHnnalbRBIX ypaBHeHmIl
¢ IOCTORHHBIMA Kod¢drnmenTamu

1. PaccmorpmM cHagama cumCTeMy ONHODONHHX JuHEHHHX muddepen-
IWATBHHX YpPaBHEHHH € MOCTOAHHHMHA KO3(OUIUMEHTaMH NEpBOr0 MOPSIIKA:

d:z:i h
—p = ATy ApTa - . . - Apn,
dl‘z
5 = Tt ATt . - Gondn, (38)
dzp .
4t - Gy + @noZo+ . . .+ @natn;
37eCh [-— HE3ABHCHMOE IIEPEeMeHHOe, Xy, s, ..., Ln— HEM3BECTHHE (QYHKIITH
mepeMeHHOHN ¢, a;, (I, k=1, 2, ..., n)—KoMmiexkcHHe wHCa.
Beenem B paccmoTpeHme KBajpaTHyo Marpuny A= a;l||{, cocraBien-
By n3 koapPUImUEHTOB, W CTONOIEBYIO MATPHIY X = (Z1, Zo, ..., Zp). TOTHA

cucteMa ypapHeHmt (38) MoskeT GHITH 3amHECcaHa B ‘BHJle ONHOrO MATPAIHOIO
auddepeHINAIBHEOr0 ypaBHEHUA

d
L2 Az (39)

3mech M B majdbHEANEM NON RPOu3B0OHOU Om MAMPUYb. MH IOHUMAEM
MaTpUIly, HOJY9al0MmyCcsa W3 MaHHEOH UyTeM 3aMeHH BCEeX BJIEMEHTOB HX

z dz
nponspoganiMu. [loaromy E—t-—CTOJIGI.IeBaﬂ MaTpuma C = SJeMEHTAMH —#,
dzg dzy,
dt ? " dt *

Bynem mcxath pemenme cmcTeMn anddepeRnmanbEHX ypaBHEHUH, YHO-
BIETBODPAIOMEE 3AMAHHHM HAYAIBHKIM YCIOBHAM:

4 [t=0 = T10, T2 lt=0 =20, .-, Zn lt=0 = Zno,

HIA B COKPAIMEHHOH 3aINCH:

Z |t=0 = To. (40)
PasnokuM mckoMHEA crosnben x B pax MakiopeHa IO cTemeHAM f:
. e 32 . dz .o d2z
x—xo-{—xot-}—xo[—Z!——l— v Fo=Gr |y =g, BT u.) . (&)
Ho m3 (39) mounenmnM auddepeHUMPOBAHNEM HAXOTAM:
2z dw ., %z d%
m=Ag=A Gy=A =~ ... (42)

Moncrasasaa B (39) m (42) spagenne t=0, moxyumm:
.%0=A"130, ‘:13.0=A2.T0, cee
Teneps pan (41) sanmmercs Tax:

T =24+ tA.’Eo—l——%Azxg + ces =€At.‘130. (43)
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Henocpencreerroii momcranoBkoii B (39) yGexxmaemcal) B ToM, uTo (43)
ecTp pemenue auddepernmansaoro ypapaenas (39). Ilomaraa B (43) t=0,
HaMJeM: I |t=q = To. ‘

Takmm oGpasom, ¢dopmyna (43) maeT HaM pemeHHe [JaHHOH CHCTEMH
nuddepeHTNATLHEKEX yPaBEEEUH, YA0BAETBOPAIIEe HAYANbHKM ycaoBuaM (40).

[Momonoam B (16) f (A) =eM. Torga

eAt =

an (O[T = 2 @t Ziot + -+ + Zamy ™) e, (44)

Tenepp pemenue (43) Moxer GHTH sammcago B ciaemymomelt dopme:

%y = q1 (t) T1o+ Qa2 (£) Top =+« « « + Gan (¢) Znos
Tg= Gy (t) T1o + oo (t) Tao+ « + - + G2n () Znoy (45)

Tn = Gny () T10+ Gna (2) Z2o + - - - =+ Gnn (8) Znos

3[[6CH Tig, Log, - « -y Lno — IPOUSBOJBHEE IOCTOAHHEE, PABHHE HaYaJbHEIM 3HA-
9eHHUAM HEU3BECTHHX (YHRIUA Zy, Tgy ..., Tn.

TaxmM o00pasoM, MHTerpApoBaHME AAaHHOH cHcTeMH guddepeRnuaTLEEX
YDaBHEHH CBEJEHO K BHYMCICHHIO SIEMEHTOB MATPHIH eAl,

Ecim B KadvecTBe HA49aJbHOr0 SHAYEHUA AapryMeHTa B3ATh B3HAUeHHE
=1y, T0 Popmyna (43) samemmrca opMyaoi

z = eAli—tog,, (46)
IIpamep.
dz
—d-t-i-=3x1‘—xz+xa,
dz
'd—t2=2x1+x3,
d.‘ta

T:xi—xz—{—Zxa.

Matpuna xosddummenTtos:

3 —1 1
A=||2 0 1
1 —1 2

CocTaBEM XapaKTEPHCTHIECKHI OIPEAEITHTENH

3—4 —1 1
AM=—| 2 —r 1 |=(¢—1)@GO—22
1 —1 2—A

Han6onpmuit o6muii JeanTeNb MEHOPOB BTOPOT0 HMOPARKA BTOro ompepenatens Dy (A)=1.
ITosToMy

Y (R)=A Q)=@A—1) A—2)
Ocaopaas Qopmyna:

FA)=f1) Z4+1(2) Z2+ " (2) Zs.

d d A2 A32
1) -Et—(eAt) =Tt‘ <E+At+ T+...>=A+A2t+—2!— _,:=AeAt,
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Boabmem BMmecto f(A) mocaenoBarentuo 1, A—2, (A—2)2. [omyunm:

1 00
Zy+Zy=E=|0 1 0},
0 01
1 —1 1)1
—Z1+Z3=A4A—2E={|2 —2 1|1
1 —1 0|0
0 0 0y0
Zy=(A—2E)?2=|| —1 1 0[0.
—1 1 0jj0
Onpenenennre orciofa Zy, Zg M Z3 WOACTaBIAeM B OCHOBHYIO dopmymy:
0 00 1 00 1 —1 1
f@=fW|—1 1 ol+f @1 0 ol+r @1 —1 1
—1 1 0 1 —1 1 0 00
3amenssa 3gech f(A) Ha M, 6ymeM mMerh:
000 1 00 1 —11 (1+41t) e2t — te2t telt
eAlet |1 1 0| Fe2t|it 00| fze2t]|1 —11 =” — el - (14 t) €2t ef —1e2t te2t
-~110 1—11 0 00 —el g2t ef —e2f e2¢

Taxum oGpasom,
zy=Cy (1+1) e2l—Cqte?t 1 Cyte?t,
zg==Cy [—e'+ (1 4-t) 2]+ Cy (¢! —1€2!) 4- Cgte??,
z3==Cy (—el 4-€2!) |- Cq (el —e2t) - Caet,
rae
Ci=2y, Co==zg, C3=23.
2. PaccMOTpEM Temeph CHCTEeMY HEOJHODOJHHX JHHEHHHX auddepen-
OUAJNBHHX YPABHEHHM ¢ HOCTOAHHHMH Ko3(pPumumeHTaMn:

dz . 1
Tt‘:auxiﬂkamxz—l— voo Ty 11 (2),

9% — 34y ama . + + 1200, (47)

......................

— = A Ty AngZa + . . Gpnn - [ (E),

rge fi(t) (i=1, 2, ..., n) —HenpepHBHNE (YHKOUH B HMETepBate lo< i<l
OGoznauas wepes f (¢) cronGuenyo MaTpany ¢ saeMentaMu fy (2), fo (2), ..., fn(t
n cHoBa moxaras A =| a;||], MM cmcremy (47) sammmem Tak:

dz
- =Az+f (). (48)
Beemem BmecTo z HOBRI cTonfen Hem3BeCTHRIX (VHKIHUH z, CBA3aHHKI
C X COOTHONIEHWEM
T =ellz, (49)

Huddepennupys moumeHHo (49) W momCTaBIAA NONYYeHHOE BHpPAsKeHHE A
d »
% B (48), mammem1):

eat &1 (1). (50)

1y Cm. crockyl) k crp. 125.
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Orciona
z(t)=c—+ g e~Atf (1) dt?) | (51)
M IOTOMY COTaacHO (49) §
7= eAt [c+ g e=ATf (1) dt] =eAtc | i eAU=Df (1) dv; (92)
to to

3nech ¢ — croafen ¢ HPOH3BOJBHBIME IOCTOAHHBIMH SJIeMEHTaMH.
Hasasa B (52) aprymenty ¢ smageHme f,, Haipgem:

c=e—4tog,,

n, clemoBaTesbHO, pemenme (52) MokeT OHTH 3aIUCAHO TaK:
t

x = eAlt—to)g, | S eAlt=1f (1) dx. (53)
to

Honaras e4*=| q;;(¢)||1, mu pemenme (53) MoskeM samucaTh B pasBep-
HYTOM BHJIe TakK:

Ty =Gy (—10) Tyo+ « . . +Gin (t— 1) Tno+-
¢

+ S g =) i (D)4 ... + g (E—7) fn (V)] d7,

e e e e (54)
Tn={qn1 (t'—tO) Zot oo T Gnn (t—to) Zno+

i
+ =A@+ =D @ldr. |
t

0 J

3. PaccMoTpEM B KadecTBe NnpuMepa [ BUIKeHHEe BECOMON MaTepmaJkb-
HON TOYKHM B HYCTOTe BOJAM3E HDOBEPXHOCTH 3eMIHN C YI6TOM
IBEKeHUA Jemanm. B aroM caydae, KaK W3BeCTHO 2), YCKOpeHHe TOYKH. OTHOCH-
TeNbHO 3eMJN OuUpeelAeTcs MOCTOAHHON CHION Beca m@g W WHEPIHUOHHOUW KODHOJHCOBOMR
cuoii —2m@ X v (¥—CKOPOCTh TOYKY OTHOCUTEJIHHO 3€MIN, O -—MOCTOAHHAA YIJIOBasA
ckopocTs 3emiu) 3). IToatomy AuddepennnalbHoe ypaBHEHAE IBHMKEHHA TOUKH MMEET BH],

do

1) Hak yske YyKasHBaloCch JJA Y4CTHOTO cCjaydas (CM. cHOCKY 1) kK crp. 118), ecanm
faHa MaTpuuHaa QYHKIUA OT CKaJApHOTO apryMeHTa B (T)=|bip (7)| (=1, 2, ..., m;
iy

k=1, 2, ..., n; {1 <<T<Llo), TO ummezpas SB (t) dt oupenmenseTcs eCTECTBEHHKM

[31
o6pasom:

to to
] 0]
{20 dr=“ S bin(yde || G=1, 2, ..., m; k=1, 2, ..., n).

t1 131

2y Cm., maupmmep, . K. Cycaos, Teopermueckas Mexamuka, Iocrexmapar,

1944, crp. 141.
3) 3mech EpHES OYKBH 03HAYAIOT BEKTOPH, a CHMBOJ « X » 03Ha4aeT BEKTOPHO®

YMHOMtEHHe.
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OnpeflennyM nuHefinnfi omepaTop 4 B TPeXMEPHOM eBRIH[OBOM POCTDPAHCTEBE
PaBeHCTBOM

Arx=—20X® (56)
M HaOmmeM BMecTo (53):
dv
o= Av-t-g. 6Y)

Comnocrasasa (57) ¢ (48), merxo HaiifeM mo gopmyie (53):
¢

v=ctty+ S ettdi.g (Vo="y)-
0

VHTerpupyAa HOWIEHHO, ONpPEAENHM PaJEyc-BeKTOP [BHKYINENCA TOUKU:
t t t

r—_—ro—{—S ettdt v+ S dt S eAtde g, (58)
0 0 0
rie
ry="ry_og U Vo=

eA.t

IloficTaBassa BMeCTO CyMmMy pAjfa

E+ A4 b A2 _tf__i_
T 2rm
O 3aMeHAA omepaTop A ero BepakeHumeM m3 (56), OymeM mMeTh:
’ 1 2 1
r:ro—{—vot—{—% gt2—o X (voﬂ—i——a— gt3> +oX [m X <§ vot3+~6—xgt4> ] +...

CumTan YIIOBYI0 CKOPOCTh @ MAajoil Bemmumuoll (naa 3emum o~ 7,3-1075 4/cex.)
O oT6packBasd UiAeHH, COJlePKAIMe BTOPYI0 M BHICHINE CTEHEHH O, MH JJA [OmOJHH-
TeJBHOTO OTKIOHEHHA TOYKH, BHI3BAHHOTO BPAIEHHeM 3eM/IH, MONYYAM NPHCIHMKEHHYIO

dopmyay ,
d~—0X (voﬂ —i——;; gt3> .
Bosppamasick K TogHOMY pemeHuo (58), BHUHCIHM e, TpemsapmTemnau yera-
HOBHM, 9TO MUHUMAJLHHIH MHOI0YJeH omepaTopa A4 HMeeT BHJ
P M= (A2+402).
HeitictauTensa0, m3 (56) HaxopaMm:
A2x=40 X (0 X 2)=4 (0x) 0 —4er,
A3r=—20 X A20x=8w? (0 X ).
Otcioa .m m3 (56) caegyer, 9ro omepaTopm K, 4, A2 &IuUHeHHO HEe3aBHCHMH, a
A3+ 4024 =0,

MuEREManeREE Maorouien Y (A) mMmeer mpocTaie ®RopHm 0, 20i, —2wi. MiETepHONA-
MAOHHHH MHorowien Jlarpamma AJs ¢ HMeeT BH]

sin 2w 1 —cos 20t
2
1+ 20 A+ 42 A2,
Torpa
At sin 2wt 1—cos2a0t
EEt Ty AT e AN
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IlogcTaBasa aToO BHpaykedgue g eAt

B (58) m 3aMensa omepaTop .4 ero BHPasKeHHeM
m3 (56), maiimem:

2 1 —cos 2wt 20t -—sin 2mt
r=7rot+vitg 50X ( 202 Yo+ 308 y) +
2wt —sin 20t —142w22 4 cos 2wt
40X [m X < 5003 Yo+ + 4co4+ g) ] . (59)

PaccMoTpmM dacTHEHI caydait vg=0. Torga, packpusas TpOIHOe BeKTOpPHOE IIPO-
napefennel,) nonyan'

—sin 2t cos 20t — 1 20222 .
r=rotg oA 2SOt ) o 20 (g sin g + o),

rie ¢—reorpafnueckan MEPOTA B JaHHOM MecTe 3eMaH. UieH

20t —sin 20t
408

npefcraBager cobofl OTKIOHeHWe, HAIPABICHHOE IIEPHEHAMKYISIPHO K ILIOCKOCTE MepH-
AMaga Ha BOCTOK, a ToclefHee claraeMoe B IIpaBoit wacTu mocaepuedl ¢opmyan maer
OTKNIOHEHHe, JeKallee B IIOCKOCTH MepHAHAHA W HAIPABIEHHOE OT 3eMHOH ocH (Iep-
TMeHIAKYAAPHO K Heii).

(9 X 0)

4. Ilycty Temepp maHa cleqyoIas CHCTeMa JHHEHHHX aud@epeHIualnb-
HHX ypaBHEHAH BTOPOTO HOpAAKA:

d2z
dtgi + Q4474 + Qy5To + + Ay, = 01

]
I
f

dtg + Aoy %y + @ooXa + . ..+ @opay, =0, | (60)
d2z
dtgn + Any 7y + anzxz —i’— AnpnTp = 07 J
rae ai (i, k=1, 2, ..., n) — nocroarAne Koadunuentr. Brons cuoBa crombern
x=(Zy, T3, ..., Tp) M KBaZpaTEy© MaTpunmy A =| a; ”1’ MH HepennmeM
CHCTEMY (60) B MATPUTHOM Bn;(e
dt2 7+ Az=

PaccmorpnM cHawama cayuzail, kxorma |A|s40. Ecam n=1, t. e. z

u A—cransaput u A=%0, ofmee pemenne ypasEenus (60) mo:er OHTH
3a0MCAHC B BHIE .

r—cos(J A ) 2ot (V) Lsin (Y A1) o, (61)

Ie To=Ty=q U xo——< >t o

Henocpencreennoii nposeproil yOe:xpmaemca, uro (61) wmpencrasaser
coGoii pemenme ypasmenus (60) mpm ao6om n, xorma zx—croaGenm, a
A —mneocoGennan kpaftpaTHas Matpmua ?). IIpm arom Mm ommpaemcsa Ha ¢op-

MYJIIH
cos () At) = E —— A2 4+ A2t4

62
(}/Z)-lsin(VZt)=t—WAt3+-5!—A2t5— ®

1) TIo dopmyae @ X (b X ¢)=b (ac)—c (ab); Upu 3TOM cefyeT yuecTs, 10 BekTOp g
HAUpaBleH XK IEHTPY 3eMaH, OTKYJAa ®g= — g sin ¢.— IIpunm. ped.

) Tlog 'I/Z MH 3fiech IIORAMAaeM NIPOU3BOIBHYI0 MATPUIY, KBafpaT KOTOpPOH paBed 4.
/4 zaBemomo cymecTByeT mpu |A| == 0 (cm. cTp. 120).

9 . P TaHTMaxep
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@®opmyna (61) oxBarmBaeT Bce pemenua cuctemu (60) mim (60),

DOCKOJBKY HAYAJbHHE B3HAUCHHA Ty U L, MOTYT OHTH BHOpPAHH IIPOU3BONBHO.

B ¢opumynax (62) mpassie gactu umeoT cMuica u opu | A| = 0. Tlosromy (61)
npepnctasisger coboil obulee pemexnue JaHHON CHCTeMH AuddepeHumaIsHEX
ypaBHeHm:i H B caydae, Korga |A|=0, ecam TodpKO DOJ QYHKITMAMU
cos(l/Z t) i (I/A)"l sin(]/A t), BXOJANIMMH B COCTAB 3TOTO BHPAKEHHHA,

OOHMMATh IpaBele 3acTu gopmya (62).
IIpemocraBisseM 9MTATEN0 IPOBEPUTh, 9YTO ofmiee pemieHue HEOJHOPOJI-

HOH CHMCTEMEI
d2: )
e Ar=f(), (63)

dz ™
VAOBJETBOPAONEe HATAIHLHKM YCHOBUAM Li—g =Ly U <7iT/‘t o = Tor MOET
OHTEL 3am0UCaHO B BHie

g=cos(VAt)zo4(VA)sin (VA t) o
¢
+(VA) (sin VAt —v)]f@dr.  (64)
0
Ecnu B KavecTe HavalbHOTO MOMeHTa BpeMeHn Geperca !=ty, TO
B dopmynax (61) m (64) caegyer BaMeHHTSH cos(VA t) u sin (VA 1)
¢ i

Ha cos Y A(t—1t) mwsin /A (1—1), a S Ha S

0 to

§ 7. YeroliunsocTh NBM:KEHHA B caydae AmHEHHON cucTemsl

flyers #y, o, ..., &, — DapaMeTpPH, XapaKTepU3YIOUIHe OTKIOHEHHE «BO3-
MYWIEHHOTO» JIBWKOHUA [AHHOW MeXaHHMYECKOH CHCTEMH OT HCCJIeIyeMOro
JIBIKEHUA 1), U UyCTh 9TH HapaMeTDPH YIOBIETBOPANT cucteMe nuddeperigu-
albHKX ypaBHEHW LEPBOT0 LOPAMKA:

dz; ,

T =li@, @, o2, ) ((=1,2, ..., n); (65)
3/1eCh HEe3aBHCHMOE IIepeMEHHOe { — BpeMs, IPaBLle TaCTH f; (Zy, Ly, - - ., Tn, 1) —
HellpePEIBHHe (YHKIMH B HEKOTOpOoH obxacTw sHaUeHWH Xy, Ly, ..., X (CONED-
mamei Toury =0, z,=0, ..., £, =0) npu Bcex ¢>1, ({,— HAYATHHBIA

MOMEHT BpEMeHH).
Bremem ompememenue ycroiidMBOCTH [BMKEHUA OO JIAmMyHOBY 2).
NccnegyeMoe [nBUKEHHe HASKBAETCA ycmoluuesism, €CIU HIA JH060Ore
apcia € >0 MokHO yKazaTh gmciao O >0 rakoe, wro mpH MWOHX HAYANL-

HHX (Opu {=1{;) BHAa9YEeHUAX NAPAMETPOB X1y, L3, ..., Lng, MEHBUIUX II0 MO-
Aymo adciaa 8, mapaMeTpH Iy, s, ..., & BO BCe BPEMsa JABIKEHUA (f>>1,)
OO0 MOAYJNI0 MeHbIne €, T. e. Jis awboro & >0 MommEO yxaszarh Taxoe & >0,
9T0 U3

&g | << 6 (=1, 2,...,n) (66)

1) B 31X DapaMeTpax MHCCJIBJyeMOe [BHHEHHE XapaKTePHU3YeTCHs NOCTOSHHHEME
HYJAEBHIMH 3Ha9eHUAMA I1=0, x9=0, ..., 7, =0. lloaToMy npu MaTeMaTHUecKO¥ TPaK-
TOBKe BOIpoca roBOpAT 06 ycToMYmBOCTH HY/JEBOTO pelleHAS cHcTeMH gupdepeHnunaib-

HEIX ypapHenuit (65).
%) Cm. [22] ctp. 13; (38], cTp. 10— 11 nam [23], c1p. 11—12.
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caenyer:
|z ()| <<e  (E>1). (67)

Ecan npu sToM momonuuTe bHO mpH HekotropoM 0 >> 0 Bcerga lim z; (1) =0
(=1, 2, ..., n), Koab CKOPO |Z;|< 8y (i=1, 2, ..., n), TOt—;I::HeI[yeMOB

IBW/KEHHe HAa3KBAOTCA ACUMNMOMUYECKU YCMOTHLEbIM.

PaccmoTpuM Temepk JIMHEHHYH CHCTeMy, T. e. TOT YaCTHHI Ciyuai,
Korga cucreMa (65) ABaAercA cucreMoill JMHEHHHX OTHOPOAHHIX Auddepen-
IWANbHHEX YDPaBHEHUH

n
dz;
5= >\ Dir () xa, (68)
k=1
rjge pi (f) —HempepuiBHEe (QYHKUUH IpH ¢ >t (i, k=1, 2, ... n).
B marpuunoii sammcu cucrema (68) sammmercsa Tak:
dzx ,
=P (68')
3lech Z-—CTONOUeBaA MaTpuIa C 3JeMeHTaMHu x1,1x2, ceey Iy, A P(t),—;

= || pix (¢) ||1 — MaTprna KoaduumenTOB.
OGosnauuM wepes

415 (t)1 42 (t)7 coes Gnj (t) (]: 1v 27 LR | n) (69)

n INHEHHO He3aBUCHMHIX pemenuii cucreMsl (68)1). Marpuny Q(2)= | q¢;; |7,
cTonbmaMu KOTOPOH ABJIAKTCA 3TH DPelmeHHA, HASKIBAT UHME2PAAbHOU Mam-
puyeti cucremn (68). ’ :

IIponaponbHOe pemeHHe CHCTeMH JIMHEHHHX OTHOPOZHHX HuPPepeHNH-
albHBIX yPaBHeHMI NONy9aeTCHd KaK JNHelHaA KOMOMHAIMA € HOCTOAHHBLIME
kKoap punmedTaMn N3 n JNHeHHO HE3aBMCHMEIX pelleHmIl:

n

xi:.z cq:; (1) (=1, 2, ..., n),

j=1
WINH B MATPHUHOH samucu:
r=Q()c, (70)

rge ¢—cronfueBas MaTpPHIA, dJeMEHTAMH KOTODOH ABIAITCA I POM3BOJbHEIE
TIOCTOAHHHE C, Cgy ..., Cp.
Brifepem Tenepp cmenmandbHYHR MHTEr PAJbHYI MAaTPUIY, IJA KOTOPOIL

Q(t)=E; (71)

JAPyTHMH CJOBaMH, OpPH BHOOpe 7 JMHEHHO He3aBMCMMHX pemenmit (69)
GymeM MCXOJMThH M3 CJENYIOMHAX CIEeNHaJbHEX HATAIbHRIX yCHOBHiA2):

o [0 @,
qij (tO) - 61']' “[ 1 (L:])

Torga, monaras B gopmyne (70) t=1t,, us (71) naiizem:

¢ j=1, 2, ..., n).

Zy=¢,

1) 3mecs BTOpOH WMHJEKe j 0003HAYaeT HOMEp pelleHHA.
%) Jobrie HayaNLHEE YCIOBHA ONpPeJelNfAl0T, W TDPUTOM OLHQ3HAYNO, HeKoTopae
pemmenue TaHEHOH CHCTEMEL. .

Gk
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n noromy ¢opmyna (70) mpumer Bup

x=Q () o, (72)

WIM B Pa3BEePHYTOM BHJE

=2aMap (=12 ..., 72y

PaccmorpuM Tpm ciaydas:
1. Q(t) —oepanuvennas mampuya B uHTEpBade (f,, -+ o), T. e. cyie-
cTByer Takoe wmcao M, dto

g I<M (t>ty; L, 7=1, 2, ..., n).
B astom cayuae us (72') cuemyer:
| z; (t) | < nM max | zj, |

VYcmoBue yCTOHIABOCTA BHIIONHAETCH. <,H,OCT3T0‘IHO B (66), (67) B3ATH

6 < > Hsuacenue, raparmepusyemoe Hyaessim peuteruem £, = 0, z,=10,.

., T, =0, yemoiivueo.

2. lim Q (¢)=0. B srom ciyzae marpuma () (f) orpaHm4eHa B HHTEpBaJe
i+

(tyy = ©0), W MOTOMY, KaK yske GHUIO BHACHEHO, ABHReHHE YCTOiumBO. Hpome
Toro, u3 (72) ciemyer, 4TO

lim z(¢)=0

o0
opu J060M Zo. [ eudcenue acuMnmomuiecku ycmouiuueo.

3. Q(t)— neozpanunennas mampuya B UHTEDBATE (tyy + o). Iro ozHa-
gaer, 4ro IO Kpaiimeil Mepe omHa m3 QyERUmE g¢;; (), HampuMep gnx(f),
He orpaHdMYeHa B MHTepBale (I, co). BospMeM HauadbHEE ycaoBHA Tj==0,

, Zro#=0, ..., Tpo=0. Torga

Th (t) = qnx (1) Tro.

KakzmMm 6H MajEIM II0 MOAYJII HA OHUIO Zpg, QYHRUHUA xp () Gymer He orpa-
HudeHa. Yciaosue (67) He GyxeT BHIOIHATHCA HH Opu omHoM O. [feuscerue
Heycmolivugo.

PaccmorpuM Temeph 4acTHHIE ciaydaif, Korja Kos@QHUIIHEHTH B CHCTEME
(68) — mocrosAHHKE dHCJIA:

P (t) = P = counst. (73)
B stom cayuae (cm. § O)
x=eP Ut} g, (74)
Conocrasuas (74) ¢ (72), @axogmM, 4T0 B JIAHHOM CJIydae .
Q (t) =P (t=t0), (75)
O6osgaanM uepes

P(A) =(A—h)" (A—Rr)"2. . (A—Ahs)"s

MHEEMMAJBEEI MHOTOYJIeH MaTpunn kosddunmentos P.
Jlna wccmemoBaHUA HMHTETpPaNbHOE Matpunul (75) Bocmouabayemcs ¢op-
myaoii (16) Ha crp. 114. B mammoM caygae f(A)=er (~%) (¢ paccmaTpuBaercs
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Kak mapamerp), f (}»k)z(t—to)jehk (=t MDopmyna (16) maer:
P =) = B [Zay Zng (= to) + -+« - Zamy (£ — 1) 1€ 70 (76)

PaccmoTpuM TpH caydad: |

1. ReAr < 0 (k=1, 2, ...,s), mpuueM paaa Tex Az, [IJA KOTOPHX
Re Ay =0, coorBercrBylomiee my =1 (T.e. INCTO MHUMEHE XapaKTePUCTAYECKHE
9pcia ABIAKTCA IPOCTHMH KOPHAMM MWHMMAJILHOTO MHOTOYJIEHA).

2. Rekg<<0 (=1, 2, ..., 9).

3. IIpu mexotopom k mmeeMm Re A, >0 mun6o Rerp=0, so mp>1.

Uz popmyam (76) caemyer, uro B caygae 1 marpuma Q (f)=eP (~t0)
orpaEmueHa B uHTepBaie (£, - o), B caygae 2 eP (—t)— 0 mpu ¢{— 4 c©
u B cayuae 3 Marpuua eP ((—%) ge orpammueHa B mmTepBaixe (f;, -+ co).

3mech 0coforo paccMoTpeRus TpebyeT JRIIL TOT CAydaii, KOrfa B BHpaKeHUH (76)
mas ef %0 pmeercs HecKOMBEO CAraeMHX MaKCHMAJIBLHOTO POCTA (IpH &> -} 0o),
T. 6. ¢ MaKCHMaIbHHM Re Ap=ay > 0 m (mpu pasnoM Re Ap==0)) ¢ MAKCHMAJLHEM 3HATE-
HOeM mp=rmg. Torga Bepaxende (76) MOXHO IIPeiCTABHTE B BUJE

. r
~ - - if ; (it —
P U0 a0 e 312,685 ) an
=
tae By, B2, ..., Br—DpasuEuHEe BemecTBeHHEIE YHCHAA, a (>K) ofosHawaer MaTpuuy,

CTPEMAITYIOCS K HYJNI0 mpH ¢-> -}-co. 113 5TOro mpefcTaBleHUA BHITEKAET, ITO MAaTPHIA

r
eP (—10) go orpaHAYeHa mpH Og-+mo—1 > 0l), HOCKOIBKY MaTpPHOA Z Zy, _moelﬂj (t~to)
: J
=1
He MOMKeT CTPEMHTLCA K HyJI0 IpH ! —> -+oo. B mocmennem M ybemmmca, ecau gOKa-
sHeM, 910 QyHKUHA

\
fy= ) es®?,
i=1

Ifle ¢j— KOMIUIEKCHEe 9HCIa, & fj— BeIleCTBCHHHNE W DA3nudHEe Mmempy coboif ducia,
MO3KeT CTPEeMATLCA K HYII0 NPH !> --Cco TOABKO B ciydae f(f) =0. Ho, geficTBUTeNbHO,.

T
O = D) cje B, (78"
=1

|

—~

TlepeMaokas mouienno paBeHcrBa (78) (m (78’) m muTerpmpys To ¢ B mpefenax or O
mo T, nonydmm:

T r
1
lim —+ S t)[2dt= jl2. 79
R A RCL Zlcn (79)
0 =1
Ho ma lim f(¢)=0 BHTekaer, 94TO M
t—-too
T
lim —+ § | f(2) |2 dt =0.
Totoo T
0
TlosToMy 13 paBeHcTBa (79) HaxXOZUM, aro cg=cy=...=¢=0, T. e f{t)=0.
IMosromy B caydae 1 gBwxemme (r;=0, 2,=0, ..., 2,=0) ycroiiuuso,

B CIyuae 2 —acHMOTOTHYECKH YCTOHYHBO H B clydae 3— HEYCTOHIHMBO.

1) Uuage rosopsa, upu ay>0 aubo mpu og=0, HO my>1. —IIpum. ped.
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Pesyasrater ucciefoBaHis MOTYT OHITE CHOPMYTMPOBAHE B BUAE CIELYIO-
el TeopeMs ):

Teopema 3. Hyaesoe pewenue auneiinoti cucmems (68) npu P = const
seasemcn yemoiuuesimn no Jlanynosy, ecau 1) ece xa paxmepucmuueckue wucaa
Mmamppyst P umelom ompuyamenvnsle uau Hyaessle eewjecmeennse Hacmu,
2) ece raparmepucmuueckie HUCAA € HYACEHIMU EU eCTEEHHBLMU LACMAMU,
m. e. YUCIMO MHUMbE LQDAKMEDUCTIULECKUE wUCAd (eCAl MaKoable UMEHMCR),
AGARIOMCE NPOCMBIMU  KODHAMU MUHUMAABHOC0 MHO20uAeHa wmampuyws, P,
u Heycmoluusbim, ecau zomsa 66l o0no u3 ycaosud 1), 2) ne evinoansemcs.

Hyaesoe pewenue auneiinoii cucmemst (68) seasemes acumnmomurecku
yemotinugtim ¢ MoM U MOALKO 8 MOM Cayuae, Koeda 6ce xapakmepucmue-
ckue uucaa mampuybl P umeiom ompuyamesvHble geuecmeeHHble uacmu.

IIpuBenerHsle BhmeE COOGpasKeHUS. IO3BOMAIOT BHCKA3aTh CY/KICHHE
© XapakTepe HMHTETPAJIBHON MATPUIH ef((—f) B ofmieM cayuae NpH IPOM3BONb-
HBIX XaPaKTePHCTHYECKUX YHCIAX IOCTOSHHOM Marpmier P.

Teopema 4 Hwumezpasvnas mampuya e =10 quneiinod cucmems (58)
npu P =const eceeda npedcmasuma ¢ eude

ePU-0=Z_(t)+Zo(t)+ Z+(t), (80)

2de 1) lim Z_(t)=0, 2) Zy(t) aubo=-const, aubo sessemcs 0zpaHU4eH-
{400

noti mampuyeii ¢ unmepeaae (ty, - ), He umewwell npedesa npu t — - oo,
3) Z,(t) aubo =0, aubo ssasemcs He02DANUYEHHOL Mampuyel 8 uHmepaa.e
(t07 + 03)

JoxasarenbcTpo. Paso6rem B mpaBoii uactm paBeHcTBa (76) Bce
m ciaraeMux Ha Tpu rpynns. OGosHaduMm deped Z_ (t) cyMMy BCeX CJaraeMHIX,

Ccoflep/RaluX MHOKUTENb M) ¢ Re Ar << 0. Uepes Z; (t) o6osHaunM cymMmy
ciaraeMux, y Koropux gu6o Rel, >0, au6o Re i, =0 mpm mamwumu MHO-

awmarens (t—t,)” npm v >0. Yepes Z,(t) 0603HaIUM CYMMy BCEX OCTATbHHIX

cinaraemsx. llpuBeenusie padee cooOpaskeHdd NoKaswBawT, uto lim Z_(2)=0,
trtw

a ¢pyEKnnA Z, () He orpaHHMUYeHA, eCIH TOJbLKO OHA He DaBHa TOKIECTBEHHO

pymio. QOyariusa we Z,(t) orpanuueHa. [loxaskeM, d4To M3 cymiecTBOBaHHA

npefena lim Z,(t) = B caegyer, 4to Z,(t) = const. [leficTBuTenbHO, Pa3HOCTE
tytoo

£iBi(t=1o)

r
Z,(t) — B Morer GHTBH NpeLTaBIeHA B BUAe CYMMH 2 Y/ kjmy U3 paBeH-

i=1
crBa (77). OTHOCATENHLHO ’Ke CYMMH TAKOTO BHJA BHINe ORIJIO II0OKA3aHO, 4TO
oHa Moyker mMeTh mpemex ( mpm f{—> - co NHMB TOTAA, KOTAA OHA TOMKIE-
CTBEHHO paBHA HYJIO.
Teopema 4 pmorasaHa.

1) O ToM, KaK YTOUHAIOTCA KPUTEPHH YCTOHYNMBOCTH M HEYCTOHYMBOCTH [JA JHHe-
APH30BAHHHX cHCTeM (T. €. HeJHHeHHHX cHCTeM, CTAHOBANHMXCA JHHEHHHMHE Irocjie mpe-
ae0pekeHNA HelMAeHHHIMH dYlienaMm), cM., gajlee B ria. XIV, § 3.



FrIABA VI

3KBUBAJIEHTHBIE IIPEOBPA30BAHNA MHOTOYJIEHHBIX MATPHIL.
AHATUTUYECKASA TEOPUA 9JIEMEHTAPHEIX JEJIHUTEJIEN

[epsrie Tpu maparpada HACTOANIe TiaBsl IOCBSALIEHH ydeHHIo 06 sKBH-
BalleHTHOCTH MHOrOWIeHHHIX MaTpui. Ha ocHoBe 3TOro B IOCIEAYIOIUX TPeX
maparpadax CTPOUTCS AHANWTHYECKAS TEOPHA dIEeMeHTApHEX MejuTeleil, T. e.
TEOpHA IPHBEJEHNA IOCTOAHHOH (HEMHOTOYIEHHOH) KBafpaTHOH Marpuus A
K HOpMaabHOil ¢dopMme A(A=TAT™). B nociemunx AByx maparpadax riash
aHH 7Ba MeToga HOCTpOeHWsA mpeobpasyromein Marpuis 7.

§ 1. DnemenTapuble 1pPeodPa3OBAHMA MHOI'OYJIEHHOH MATPHILI

Onpemenenue 1. Mrnoeousennoii mampuyeli nan h-mampuiyetl HAZH-
BaercHd NpAMOYroipHas MaTpuna A (A), alIeMeHTH KOTOPOH CyTh MHOTOUIe-
HH 0T A

A A [OYY ()l ) I::i, 2’ RN (3]

A M) =1 aw )| =] aDr 4+ alDA 4 ... +af) I kel 2 . n :

3jiech | —HauGonpmasn W3 CTENeHeil MHOTOYIEHOB a;p (A).
Monaraa

A;=|a® =12, ...,m k=1,2,...,n j=0,1,...,0),

MBL MOeM IpefiCTaBUTh MHOTOYJIEHHYI Matpuny A (A) B BHJe MaTpHYHOIO
MHOTOYJIEHA OTHOCHTEIBHO A, T. €. B BHJE MHOTOWIEHA ¢ MATPHYHHIMH K03(-
PHIMEeHTaMHA:

A Q) =AM+ AN+ .+ A+ Ay

BBejieM B paccMOTpEHHE CJIEXYIONIHE d4eMEHMADPHble onepayul, Haj MHOTO-
yinennoli matpumein A (A): '

1° YVMHOMKeHHe KaKoii-1u6o, HampuMep i-it, cTpokm Ha gmemo ¢ 5= 0.

2° TlpuGaBienuwe K Kakoii-muGo, HampuMmep i-if, CTPOKe APYroid, HAIPUMED
j-f, CTpOKHM, TIpeBAPHUTENHHO YMHOKEHHOH Ha NpPOUM3BOJIBHEIN  MHOIO-
© waen b (A).

3° Ilepectamoska  MecTaMu JIOOWIX [BYX CTDPOK, HanpHMep i
u j-11 CTPOK.

IIpeanaraeM wmTaTeMo IPOBEpHTH, 4T0 omepammu 1°, 2°, 3° paBHOCHIBHEL
VMHOKEHMI0 ~ MHOTOwieHHO# Marpunsl A (L) caesa  COOTBETCTBEHHO HA
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cilefyOImye KBaZpaTHEIe MATPHIEI mOpAfKa ml):

() @
1 0 1 0
g e L. L)
_ . . . .
0 1 0. . .. .... 1
ORI LA
1 ' ' 0
0. . 1.
8" = S ,
1. ..0.
0o - Ty

AY

T. €. B pesyibTaTe npuMmeHeEna omepammii 1°, 2°, 3° Marpuma A (A) mpeo6-
padyeTcs COOTBeTCTBeHHO B MaTpmumur S’-A (A), S”-A (A), §”-A (A). Hostomy
omepamur THoa 1°, 2°, 3° HA3HBAWTCA AEEHMU IAEMEHMAPHBMU ONePAYUIMU.
- CoBepmeHHO aHAJIOTHTIHO OLPENENAIOTCA RPAGLE ACMEHMA PHBIE ONeDAYURE
HaJ MHOTOWJCHHON MaTpmueil (5TH omepauuy IPOM3BOJATCA HE HAJL[ CTPOKAMH,
a Haj CTONONAMM MHOTQJNEHHOH MATPHOE) M COOTBETCTBYIOMUE UM MATPHILE:
(mopagka n)?):

ST N0

T’ @), T =

i
o

Y. ()

1) B marpmnax (1) Bce HeoTMedeHHHe DJIeMEHTH Ha INIaBHOM NHATOHAJNM paBHEM
e[lMBHIe, 4 B OCTANBHEIX MeCTax — HYJIO.
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'

1.......0

TIII —_

0. .. ....1

B pesynprare npHMeHeHUss NpPAaBOH 9dIeMEHTApHOH oOIepal#d MaTpUia
A (M) ymHOmaercd cnpasa Ha COOTBETCTBYMOmYy®0 Marpuuy 7.

Marpuns teoa S’, S”, S (wau, aro 1o ke, Tana I, T”, T""') mu Gygem
HA3HBATh JAEMEHIMAPHEMU MAMPUYAMU. :

OmnpegennTe s 060l sneMeHTAPHOM MATPHIE He 3aBACAT OT A U OTIAYEH:
or myns. IlosToMy pua Kaskmoil meBoil (OpaBOd) dieMeHTApHOH ouepanun
cymecTByer ofpaTHas ollepanfs, KoTopas TakKke ABIAETCA JeBoil (cooTBer-
CTBeHHO IIPaBoii) dIeMeHTAPHOH omepamuein ).
. Onpenmenenme 2. Jlpe MHOrowremHse Mmarpuusl A (A) mw B (A)

HasHIBAOTCA 1) /egosKksusaseHmHBMU, 2) NPAE0IKEUSAICHMHBMU, 3) KEUSA~

ACHMHEBUMIY, eclM ofHa W3 HAX MOJAydYaeTcs U3 APYyrofl IyTeM MpUMeHeHUd
COOTBETCTBEHHO 1) JIeBHX BJeMEHTAPHHX olepaiuii, 2) IpaBEX sleMEeHTaPHHX
omepamuii, 3) JeBHX ¥ HpPAaBHX 3JIeMeHTADHHIX omepaumi ?).

IIycrs maTpunma B (A) moxydaercs m3 A (A) IpHW HOMOIIM JIeBHX 3JIEMEH-
TAPHHX oOmepam#ii, COOTBETCTBYOMHMX MartpumaMm Sy, Sz, ..., Sp. Torna.

B(A)=55851...51A (). : )

O6osnawas 4epes P (A) npomssegenne SpSy—y . . . S;, MH paBeHcTBO (2)
sanmdnieM B BHUIe

B()=P (M)A, (3)

rae P (M), kKak m Ramgasg U3 MaTtpun Sy, Sa, . . Sy, IMeeT OTIMYBHIL OT Hy-
I ToCTOMAHEHESI 3 onpegexdrens.

B cuaegyomem wuaparpage Gymer AoKasaHO, 9YTo KaykJad KBaJpaTHAasA
A-matpuma P (A) ¢ HOCTOAHHHIM OTIHMYHEIM OT HYJA OHpefeNUTeNeM MOKeT
GHTL mpeficTaBleHa B BHUIe LpPOM3Be[leHMA dJIeMeHTapHHX MaTpun. Ilosromy
paBencTBo (3) PKBHBaJlCHTHO PaBEHCTBY (2) W IOTOMY 03HaYaeT JEBYIO DKBH-
BaseHTHOCTh MaTtpuy A (A) u B (A).

B cayuae npaBoii SKBUBAJICHTHOCTY MHOTOWIeHHKX Marpun A (A) m B (A)
BMecTo pasenctsa (3) OydeM mMeTh PaBEHCTBO

B(M)=AMQ (M), 3)

1) Oreciomia ciefyer, Iro ecim MaTpuna B (A) momywaercs ua A (M) myTeM IpEMeHe-
HUs GEBHX (IpAaBHX; JEeBHX W IPAaBHX) 3J€MOHTAaPHHX oUepamumit, To ¥ of6paTHO MaTpHIA
A (A) MoxeT OHTD IoITyIeHA W3 B (A) myTeM NPEMCHOHNA 3IeMOHTAPHEIX omepanuii TAKoro
;e Tmma. Kax jeBHe bieMeHTapHEe omepaliud, TaK W OPaBHe 00pasyiT TPyOIy.

2) U3 ompefieNeEnA ciefyeT, ITO IeBOIKBUBAJIOHTHEIMY, IPABOIKBUBAJICHTHEIMA WG
NPOCTO HKBHBAJEHTHHIMH MOTYT OHTH TOJIBKO IPAMOYTONBHEE MATPHIH OFUHAKOBHIX.
pasMepoB.

) To ecTs He BaBHCAMHUI OT A.
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.a B ciydae (ABYCTOpPOHHEH) SKBHBAJIEHTHOCTH — PAaBEHCTBO
B()=P 1) AR)Q (M) (37

3aech omath P (M) u @ (A) — MaTpUUE ¢ OTIUYHHIMA OT HYJA U He 3aBUCA-
IMMMH OT A OOpeleINTEeIAMN,

Taxkum oGpasoM, ompefesieHHe 2 MOKHO 3aMEHHTH PABHOCAJIBHEIM OIpe-
JIeJIGHHEM.

Onpepgeanenue 2. llpe mpaMoyroasunie A-Martpuuni 4 (A) u B (A)
BasuBawTCA 1) sesosrsusasenmuuimi, 2) npasoskreusaseHmHuIMU, 3) SKeusa-
JEHMHHMY, €CIM COOTBETCTBEHHO

) BM=PMA®R), 2) BL=4M)Q(*), 3) BA)=PH)AM)QMH),

rie P (A) u Q (A) — MHOTO4YeHHbe KBaJpaTHHEe MATPHLUE € LOCTOAHHBIMH
‘M OTIMYHHIMH 0T HYJS ONpefeluTessAMHA.

Bce BBemeHHbIe Bhllle MOHATAA NPOULIIOCTPHPYEM HA CJIEAYIOHMIEM Bajk-
HOM IpHMepe.

PacemMorpum cucteMy m auHeHHHX OXHOPONHHX IuddepeHNMaIBHEX
ypaBHeHE{l [-ro MopAAKa ¢ 7 HEHU3BECTHHIMM GYHKIUAMUA Ty, X3, . .., Tp
apTyMeHTa ¢ ¢ WOCTOAHHHIME . Kospdummentramu:

ay (D) 1+ a (D) 29+ ... +ay (D)2, =0,
Ay (D) 21+ @y (D) 29+ - .. +ag (D) 2, =0,

» - . - - . . . . . . . . - - . - . - - . . . - (4)
amy (D) 21+ ama (D) Za 4+« . + @ (D) 20 =05
-3/lech
ay (D) =aWD'+ D'+ e} (i=1,2,...,m; k=1,2,...,n)
. d
— MHOTCWIeH OTHOCHTENbEO [ ¢ mocToAHHNMY Koappnuuenramu, D = = —

omepatop fuddepeHIUpPOBAHNA.
Marpuna omepaTopHHX Ko3pPAmueHATOB

A(D):]]aih(D)H (=1, 2,...,m; k=1, 2, ..., n)

ABIAETCA MHOTOU/IeHHOW Marpuuei uimu D-MaTpuuei.

Ouesugno, 4To jeBas ajleMeHTapHas omepanmusa 1° mag matpumeit A (D)
03HadYaeT HOWIeHHOe YMHOeH e i-ro AuddepeHnnaIbHOTO YpaBHEHUA CHCTEMbL
Ha uncio ¢ = 0. JleBaa »igeMenTapHRA omepanua 2° o3HavYaeT MOWICHHOE
npubaBieHUe K [-My YDaBHEHHMIO [-TO YPaBHeHUsA, Ipe[BapUTeAbHO IOABEpPT-
myroro Auddepennuanbuoil omepanuu b (D). Jlepaa biemeHTapHAA oHepamud
3° o3HawaeT mepecTaHOBKY MecTaMHW i-To U j-ro ypaBHEHWIA.

TakuM obGpaszoM, ecau B cCHCTeMe ypaBHeHHl (4) MAaTpUUy OmepaTOPHBIX
KoappunmentoB A (D) saMeHUTH JeBOZKBHBajJeHTHOH el marpumeir B (D),
TO MH IIOJYYUM HOBYI cucreMy ypaBHeHHWil. Ilockoxsky, ofparHO, HCXORHaA
CHCTeMa MOKeT OHTH IOJIYdeHA M3 DTOH CHCTeMH IPH ITOMOLIU aHAJOTMIHHIX
onepanui, To 0obe CHCTEMH ypaBHeHWIl paBHOCHIBHEE !).

HeTpynuo nponaTepnperdposaTs Ha JAaHHOM IIPUMepe W HpaBHe HIeMeH-
‘TapHBle omepanuu. [lepBad ¥W3 HTHX omepanuid o3HAYaeT BBeJeHNEe BMECTO

1) IIpu 3T0M IPUHAMAETCA, YTO UCKOMEE QYHKOMH Zy, Z3, . . ., Z, TAKOBH, ITO IPO-
M3BOJHHE OT 3THX QYHKIMI BceX MOPAAKOB, KOTOPHE BCTPedalOTCA IPU mpeolpasdoBaduix,
<ymecTBy®0T. Torfa gBe cHCTeMH yPaBHEHMIl ¢ JeBOIKBHMBAJEHTHHMH MaTpullaMu A (D)
# B (D) uMeoT oflHM ¥ Te Ke PENIeHHA.
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LI
c i
"BTOpas dIeMEHTApHASA ONepamiIs 03HaYaeT BBefleHHe HOBOM HeM3BEeCTHOM
$yrrumu z; = z; — b (D) z; (BMecTo Z;); TpeTbA oHepalus o3HAIaeT nepe-
MeHy MeCcTaMH B ypaBHEHHAX dIEHOB, COAep:KaIlUX Z; W Z; (T. €. T; = Ij,

Z; = Tj).

OTHON M3 HeHM3BeCTHHX QYHKIUE z; HOBOH HeM3BeCTHONH (QYHKIMH I

§ 2. Kanoumueckuit BU A-MaTpPHIBI

1. BeigcHUM cHavana, K KaKOMY CPaBHUTEIBHO IPOCTOMY BHAY MOIKHO
IIPHBeCTH NPAMOYTOJIbHYK MHOToWIeHHYI MaTtpuny A (A) myTeM mpuMeHeHHA
OJHMX TOJBKO JIEBHIX DJIeMEHTApHHIX oOHepanui.

Iomyctum, 4to B mepBoM cronbme Marpuunl A (A) HMEIOTCSA bIIeMeHTH,
‘"He paBHHE TOKICCTBOHHO HYHI0. BosbMeM cpefyl HUX MHOTOYJeH HalMeHb-
wrefi cTeNeHM U HyTeM MEPecTAHOBKM CTPOK CHIesaeM ero aieMeHToM daq (A).
Tlocae nToro pasfenrmm MHOTOWIEH d;; Ha dy (A); 4acTHOE M OCTATOK 0003HA-
aIM depes ;1 (A) u ry (A)

ay (7») = ayy (M) giy (M) +rig (B)

Brurdarem Temeph U3 - CTPOKH HEPBYI CTPOKY, NpeABAPUTEIbHO YMHOMKEHHYHO
Ba gy (M) (i = 2, ., m). Ecam mpm 3ToM He Bce OCTaTKH 7y (A) paBHEI
“TO;KAECTBEHHO HYJII0, TO TOT M3 HAX, KOTOPHIH He paBeH HYJI0 M UMeeT HaH-
MEHBIIYK CTENeHb, MOMET OBITHh IePEeCTAHOBKOH CTPOK IOCTAaBJIEeH Ha MeECTO
-a;y (A). B pesyunprarte BCeX aTMX oIepaundii CTENMEHb MHOTOYIeHA @4y (A) HMOHM-
BUTCA.

Temepb MBI CHOBA IOBTOPUM BTOT IIpolece U T. A. Tak Kak cTeleHb MHOTO-
ynena ay; (A) KoHedHa, T0 Ha HEKOTOPOM 3Tamle 3TOT HPOIeECC Y;Ke HeJbasd
‘6ylleT MPOROKUTH, T. €. Ha ITOM ITale BCe AMEMEHTH dyy (A), gy A), ...

<y @y (A) OKaKyTCA PABHBIMA TOXKAECTBEHHO HYJIO.

Ilocine 3TOTO BO3EMEM DJIEMEHT dsp (A) M OPEMEHHM Ty 3Ke IPOUERypPY
K cTpoKaM ¢ HoMepamu 2, 3, . . ., m. TorAa go6pemest Toro, 9To 1 @32 (A)= . . .

c o= @y (A) = 0. Hpo;{omﬂaﬂ TaK fajiee, MH B KOHIe KOHIIOB NpPHBe/eM
Mannuy A (M) ® cuepywoollieMy BHAY:

(=2, ...,m).

by (A bia(A) ... by (A) ... by (A) by (A) bia(h) ... by ()
0 by(A) ... bam (X)) ... ban(R) 0 byu(A) ... b (R)
0 0 b b 0 0 'b,m(x) i
(m<n) 0 0 . 0 ) )
0o 0 ... 0
(m>n)

Ecan suorodnen by, (A) He paBeH TOnAECTBEHHO HYJIIO, TO, IpPHMEHAA
JIeBYI0 DIeMEHTapHYI0 OIepanuio BTOPOTO THHA, MHL C/leJlaeM CTeleHb Die-
MeHTa b,y (A) MeHBIIEH, HeMKENH cTeNEeHb oy (A) (ecam bsp (A) MMeeT HYIEBYIO
cTeneHb, TO by (A) cTaEeT TO;kEecTBeHHO paBeH Hymwo). TouHo Tak e, ecam
byz (A) == 0, To mpU MOMOMYU IEeBHX dJIEMEHTapPHEIX OIepaluii BTOPOTO THIA
MH cHellaeM CTEIeHU 3JIeMeHTOB bys; (A), bag (A) MeHBIIUMH, He:KeJW CTeNeHb
bss (A), He U3MeHUB IpPHU ITOM 3JeMeHTa by (A), W T. A.

My yeTaHOBMAH CIEAYIOI[YIO TEOPEMY:
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Teopema 1. IIpoussosvras npamoyeoibHas MHO204AEHHAL MAMPUYA
¢ pasmepamu m X n npu NOMOWLU JEEHT IAEMEHMADHBE onepayull ecezda
MOJcem Ovimb npusedena k eudy (5), 20e mmoeousenws byy (A), ban (A), . . .

o bp—q,n (A) umerom menvuryio cmenenv, Hesceau bpy (A), ecau moavko
brr (M) =£ 0, u 6ce pasnui moscdecmeenno Hyaio, ecau bpy (M) = const 5= 0
k=2, 3, ... min (m, n)).

CoBepmieHHO aHAJOTHIHO HOKa3HBAETCH

Teopewma 2. IIpouseosvhas npamoy20.bHasL MHOZOHAIEHHAR MAMPUYE
¢ pasmepamiu m X R RPU ROMOWL RPASHT IAEMEHMADHLLL Onepayuill secezda
Moxcem Oumb npusedena k eudy

C“(}u) 0 . e 0 0...0 611(}\4) 0 ... 0
e (M) e (A) ... - 0 0...0 Ca(A) coo(A) ... O
cmi (M) ema (M) oot Com (W) 0 ... O €t ) Cra () s can (Mo (B
m<n) e
Cmy (}") Cma2 (}\,) <o+ Cmn (}\')
(m > n)
ede muozouaervl Cry (A), cra (A), . . ., Cpp—1 (A) uMelom menviuyio cmenensw,
Hedcear Crp (M), ecau moavko ¢y (M)==0, u ece pasws moscdecmeenno Hyaio,
ecau cpp (M) = const %= 0 (k= 2, 3, ..., min (m, n)).

2. U3 TeopeM 1 u 2 BHTeKaeT caefymomee

Crnencrru e. Ecau onpedesumens £6a0pamuoil MHOZOUACHHOT, MAMPULHL
P (A) ne sasucum om A u omauueH Om HYAL, MO MY MAMPUYY MONCHO
npedcmasumpe 6 ude NPou3EedeHUSL KOHEUHO20 HUCAA IAEMEHMADHHIT MAMPUY.

HeiicteuTensHO, cornacHo Teopeme 1 marpumy P (A) mpm IOMOIE JeBHX
3JIGMEHTApHHIX OOepaluii MO)KHO HOPHBECTH K BHIY

by (A) b2 (A) ... byn (A)
0 byu(A) ... by (M)

.............

0 0 ... ban(})

rie n — nopafok martpunsl P (A). Tak Kak Opr NPHMEHEHWH DJIeMeHTaPHHIX
omepanmi K KBaAPaTHON MHOTOWIGHHOH MaTPHIIE ONpPefeNnTeNhb STOH MaTPHITEL
YMHOMAGTCA JUNIb HA MOCTGAHHHN OTIMYHHI 0T HyJIS MHOMHTENb, TO OIpe-
HenmTenb MaTpumu (7), Kak m ompefenntens P (A), He 3aBHCHT OT A U OTIH-
4eH OT HYyJIs, T. €.

(7)

byt (A) bog (A) . .. bpp () == const == 0.
Orcroza
bpr (M) =const=0 (k=1, 2, ..., n).

Ho rorma B cmny Toit sxe Teopemn 1 Marpuma (7) mMeeT AMArOHAIBHHIL BHJ,
| bxxd:x ||t m moTOMY MoOKeT OHITH DpHBeeHA IPH HOMOIIH JEBHX dIeMeHTap-
HEIX omepamuii Tuma 1° K eAmEmuRoi MaTpunme £. Torga u obparHO, éAMHMY-
HyI0 MaTpUIy £ MoKHO mpuBecTd K P (A) IpH moMomu ZeBHX 31eMeHTapHEIX.
onepammi ¢ Marpumamm S, S, ..., Sp. Ciaegosareasno,

P(}u) =SpSp—1 oo SiE:SpSp—i o0 e Si‘
Us poraszammoro  caemcTBus  moaydaeM  (cM. crp. 137—138)

PaBHOCHIBHOCTD IBYX ompefedeHuil 2 M 2 9KBABAJEHTHOCTA MHOTOTIEHHKEX
Marpum.
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3. BepmeMcs K HameMmy mpHMepy chcTeMsl JuddepeHnuaIbHEX YpaBHe-
muit (4). IIpumenum rteopemy 1 K Marpume omepaTOPHHIX KoaduIineHTOB
Il @i (D) |I. Torna, rak Omao ykasaHo Ha cTp. 138, cmcrema (4) sameHmTcs
PaBHOCHJIBHON CHCTEMOH

by (D) x4+ bia (D) 224+ - .+ bys (D)zs= A

= — bi, st (D) gy — oo — bin (D) n,
bzz(D)$2+...+sz(D)xs= (4,)

= — bz, st1 (D) T4 — ... — by (D) zn,

bss (D) 25 = — bs, st (D) xsp1— ... —bgy (D) Zn,
TAe s = min (m, r). B srofl cmcreMe MH QYHKOUA T4y, . .., T, MOMEM
BHOpaTh MPOU3BONBHO, MOCIE FeT0 HOCIeloBAaTeJbHO oUpeledaTcA QyHKIHE
Zs, Ts—q4, « « -, &y, OPAIEM Ha KajKJ0M 3Talle 3TOTO OIpeleseHUS IIPHUXOJUTCSA

MHTErpUpPOBaTh ofHO IrddepeHNHajbHOe YpaBHEHHE C OJHON HeNM3BeCTHOH
JdyHROMed. -

4, TlepeiifleM Temepb K YCTAaHOBJIEHHIO (KAaHOHMYECKOTO» BHAa, K KOTO-
POMY MOMHO MPUBECTH IPAMOYTOJNBHYI0 MHOTOWICHHYI0 Marpuly A. (A), mpn-
 MEHAA K Hell Kak JieBHe, TAK U IpaBHe dJeMeHTapHHe oIepanuiu.

Cpenu Bcex He paBHHX TOKIECTBEHHO HYJIO 3JIEMEHTOB a; (A) Mart-
punnr A (A) Bo3bMeM TOT SJIeMEHT, KOTODHI HMeeT HAUMEHBIIYI0 CTEIeHb
OTHOCHUTEJIBHO A, U TyTEM COOTBETCTBYIOHmEN I€PeCTAHOBKHE CTPOK H CTONOIOB
cenaeM ero sieMeHToM a4 (A). Ilocie sroro HalifleM 9acTHHe W O0CTATKE
OT JlelleHHA MHOIOWIEHOB diy (A) 4 aqn (A) Ha ay (A):

asy (&) = a1 (A) qua (A) -+ 730 (A)s asn (M) =as1 (A) g1n (A) +rip ()
i=2,3,...,m E=2,3,...,n).

Eciam xora OH ofmH m3 OCTATKOB riyy (A), rip MY (i =2, ..., m; k=
= 2, ..., n), HaupuMep r;, (A}, He paBeH TOMECTBEHHO HYII0, TO, BEITH-
Tag u3 k-ro crombuma mepBHI cToin0em, HpPelBAPUTENBHO IIOMHOKEHHEIH
Ha ¢ip (M), MBIl 3aMeHHM »7eMeHT a;; (A) ocTaTKoM ry; (A), KoTopHil mMeeT
MeHBIIYI0 CTENeHb, Hememu aq (A). Torma MH mMeeM BO3MOKHOCTH CHOBA
YMeHBIINTh CTEIIeHb DJIEMEHTA, CTOANIET0 B JeBOM BepXHEM YIJNY MaTPHIH,
IIOMECTHB Ha 3TO0 MECTO DIEMEHT ¢ HAaWMEHBIIeH CTEIeHBI0 OTHOCHUTEIBHO A.

Ecim sxe Bce ocTaTRH 7oy (A), - . ., Tmy (A); 72 (A), . . ., rin (M) paBHE
TOKAECTBeHHO HYJIO, TO, BHYUTadA H3 i-H CTPOKH IePBYK, MOMHOKEHHYIO
mperBapuTeNbHO HA gy (A) (i = 2, ..., m), a u3 k-ro crombna — mHepBHii,
npefBapuTeNbHO HOMHOMeHHEN Ha ¢z (A) (k= 2, ..., n), MH upuBefiem
‘HAaIly MHOTOWIEHHYI0 MaTpuny K BHIY :

aqq (A.) 0 .o, 0

0 aw(A) ... am(}h)

0 am(0) ... amp(A)
Ecom mpu sToM xora O OfMH U3 3JeMEHTOB a;x (A) (i = 2, ..., m;
k=2, ..., n)degemarca Ges ocTaTKa Ha &y (A), To, mpubaBIAd K mepBOMY
cTosibuy TOT cTON6EL, KOTODHIH COMEPyHUT 3TOT DIEMEHT, MH IIpUjeM K Ipe-

JHIYIEMY CIyYal0 W, CJefoBaTelbHO, CHOBA CMOKeM 3aMEeHHTh 3JIEMeHT
ayy (M) MHOTOYIeHOM MeHbIIeH CTeleHH.
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ITockoanbKy mepBOHAYANBHELI 3JIeMEHT a4y (A) IMEI OIPEAIeHHYIO CTeIIeHb
u mporecc yMeHBUIEHUS STOH CTelleHM He MO)KeT HeOrpaHWYeHHO IPOIOi-
JRATBCA, TO IOCIe KOHEYHOTO YHCIA DJIeMeHTADHHX ollepaluil MH JOJKHEL
MONYIUTh MATPHIY BHja
‘ ax 0 ... O
0 byp(A) ... by (A
O ® ®
0 bpa(M) -.. by (X)
B KOTODOIi Bce aieMeHTH b;; (A) menatca Oes ocraTka Ha a4 (A). Ecau cpégm
THX 37eMeHTOB b;p (A) WMelTCA He PaBHEE TOKAECTBEHHO HYIW, TO, MPO-

HOIbKAsA TOT jKe IPONecC IPHBeJAeHUA LiA CTPOK ¢ HoMepamd 2, ..., m
1 cronabnoB ¢ HoMepaMu 2, . . ., n, MH Matpuny (8) mpuBefeM K BHAY

e 0 0 ... 0

0 22 (}\4) 0 ‘e 0
0 0 ) ... ()|
0 0 cms(A) ... cmn(R)
rie a, (A) menurca Ges ocraTka Ha @ (A), a Bce MHOTOUIEHH c;p (A) AemATcH

fes ocTaTKa Ha @y (A). IIpogomxas aToT mpoliecc Aalee, MK B KOHIe KOHILOB:
IpuaeM K MaTpHIe BUja

a(d) 0 0 0...0
0 a()... 0 0...0
0 0 ...a;(0)0...0]|, 9).
0 0 ... 0 0...0
, 0 0 ... 0 0...0
T/ie MHEorowaenst a4 (A), as (A), - . ., as (A) (s < m, n) He PaBHBI TOMKIECTBEHHO"

HYJI0 M KOKIHH U3 HUX jeaurcA Ges ocTaTKa Ha IIpejhlyImii.

IloMHO;KaA HepBEe S CTPOK HA COOTBETCTBYIOIIHME OTIMYHEIE OT HYJISA
IMCIOBBIE MHEOKHTEIN, MBI CMOkeM JA00MTHCA TOTO, 9TOGH crapuime Kodgdum--
HEeHTH MHOTOYIeHOB a; (A), az (A), . . ., a; (A) OBIIM paBHB eHHHUIE.

Onpenenernwue 3. MHOrouwIeHHas NPAMOYTOJBHAA MAaTpuIa Ha3bl-
BaeTCA KaHOHuUeckoli JuazoHnarvroll, ecau oma umeer BHA (9), rae 1) MHOTO-
wnenst a; (A), as (A), . . ., a5 (A) He PaBHBL TOXJECTBEHHO HYJIO U 2) KayKARH
H3 MHOTOYJeHOB az (A), . .., as (A) Aemmrca Gea ocTaTka Ha MpeJBAYIINI.
Ilpu aToM IpejmoiaraercsA, 9T0 CTapuIme KodQQUIHMEHTH BCEX MHOTOYIEHOB:
a; (A), az (A), ..., a; (A) paBHE eJUHHIE.

TakmM 06pa3oM, MH [[0Kasaad, 9TO NPOUIGOALHAL NPAMOYEONbHAL MHO-
eounennas mampuya A (A) IKsusaseHmHa HeKOmMOpOU KaAHOHUYeckol Juazo--
HaavHoil. B cienywomem maparpage ME IIOKaykeM, 9TO MHOZOUAEHL-
a; (A), as(A), ..., as (A) odnosnauno onpedeasiomcs 3adanuem Mmampuyl.
A (M), u ycrapoBuM GOPMYIH, CBASHRBAIIINE 3TH MHOTOYIEHE C HIEMEHTaMH.
martpuner A (A).
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§ 3. NuBapnanTabie MHOPOWICHBI M DIEMEHTApPHEBIE
JeINTeIN MHOTOYJIEHHO MaTpPHIbL

1. BBemem moHATHe 00 WHBAPHAHTHHX MHOTOWIeHAX A-matpuusl A (A).
IycTts mEOrOUYNeHHAA MaTpuua A (A) mMeeT paHT 7, T. €. B BTOH MaTpuue
IMeTCA He PaBHHE TOKIECTBEHHO HYJI0 MUHODH 7-TO IOPAAKA, B TO BPEMsA
KaK Bce MUHODH IIOPAAKA =>7 TOMKIECTBEHHO OTHOCHTEJIBHO A DPaBHH HYIIO.
OGosnaumm uepes D; (A) maubompmuii oOmuii fequTenb BCEX MHUHOPOB ]-TO-
mopagka Marpume A (A) (J =1, 2, . .., r)'Y). Torza, Kag HeTpyAHO BHMETSH,.

b Dy(A), Dyi(A)s ..., Di(h), Dy(h)=1

KRBl MHOTOWIeH meautca Gea ocraTka Ha mocienytommii ?). CooTBeTcTBYyIO-

mue uacTHHe o6oaHaumm uepea iy (A), iz (A), ..., ir (A): -
oy Dp(h) oy Dp (M) v DA ;
it ()= m ,  lg(A)= D:_z My i (A) = D, (M—~D1 A). (10)
Onpenmemenue 4. Mnaorowmens iy (A), is (A), ..., i, (A), ompe-

nengemule Qgopmyaamu (10), HABHBAOTCA UHEADUAHMHBMU MHOZ0NACHAMU
npAMoyToabHO® MaTpumel A (A).

TepMUH «MHBApHAHTHEE MHOTOYJEGHH» CBABAH €O CIEAYOIMMH coobpa--
menuaMu. Ilycrs A (A) m B (A) — /Be 3KBUBalleHTHEIe MHOT'OYJIGHHEIE MaT-
punti. Torga oHM ToJgydamTcd APYr U3 APYyTa IPH HOMOIM JJIeMeHTaPHEX
onepanuii. Ho HeTpyaHO HemocpeacTBeHEHO IPOBEPHUTH, UTO 3jIeMeHTaPHEE Olle-
palun He W3MCHAIT HA paHra r marpumsl A (A), HA caMHX MHOTOYIEHOB
D, (N, Dy (A), . .-, Dy (h). HeiicrBurensno, mpumeHAA K TomjecTBy (3")

OpMYJly, BHPaKaoNylo MUHODP MPOM3BeeHAsA MAaTpHI Yepea MEHODH COMHO-
muTeneit (cM. cTp. 22), MH JJIA OPOU3BOJIBHOT0 MEHOPA MaTpuUu B (A) moxy-
9UM BHpPayKeHHe
(i)

1 B2 ... Hp

8 ].1 ].z...jp aiaz...ap‘ ﬁi ﬁz...ﬁp
Z p A T A Q e k 1
I <ar<ass, . . <ap<m a; Q... Gp 61 ﬁz N ﬁp 1 feg ... fip

1<B1<Be<<. . . <Pp<m
(p=1,2, ..., min(m, n)).

‘Orciofia ciIeyeT, 4TO BCe MHHODH HOpAAKa > r Matpunsl B (A) paBmH
HYJI0 U, clefoBaTelbHO, MJA pamra r* marpuuu B (A) mmeem:
rr<r.

Kpome Toro, ua oaroit xe ¢opmyan BrTeKaer, uto Dj (A) — Haumbompmmit
ofmuil neauMTeNs BCeX MHEHOPOB p-TO TMOPAAKA Marpuil B (A) — memutes

"a D, (A) magero (p = 1, 2, ..., min (m, n)). Ho matpuusr 4 (A) u B (A)
MOKHO IIOMeHATh pojamm. Ilostomy r < r*, u D, (A) menmtcsa Gea ocrarka
ma D} (A) (p =1, 2, ..., min (m, n)). Orcioga ?)

r=r* D' =D;(A), Di(A)=Dy(}), ..., Dr(A)=D,(}).

1y B wampom D; (A) Gepeu crapmuit kxodddunnesT pasENM eIuHHIE.

2) Eciw K KaKoMy-HEOyAh MHHOPY j-TO IODAJKA IPUMEHUTH Da3jioiKeHHe Beay
ITo MeMerTaM KaKol-1u00 CTPOKH, TO KamIoe ciaraeMoe B 3ToM pasnokeHun OyneT AeauTh-
cax ma Dj_; (A); caemosatenbHo, 000 MWHOD j-ro IopAARa, a twauuT u Dj A),
menurca HA Djy (M (G =2, 3, ..., n.

3) Crapurve Koapopuunuentsn y Dy (A) n Dy (W) (p =1, 2, ..., r) PaBHH e[uHHIE.
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{ToCKOMBKY HileMeHTaPHEIE Ollepalliy He MeHAIT MHOT04leHOB D) (A), Dy (7»)

, Dy (A), To OHM He M3MEHAIOT M MHOTOWIEHOB iy (A), iz (A), . .., i, (k),
onpenenﬂemﬂx ¢opmynamu (10).

Takum obpaszom, MEorounensl iy (A), ix (A), ..., i, (A) ocraiorcsa Hema-
MEHHHIMM, HHBAapDHAaHETHHK MU IIPH IlepeXoe OT ONHOH MAaTPUIH K ApYy-
roif, el SKBUBAICHTHOMH.

Eciz MmrorouieHHAsg MATpHIla WMeeT KaHOHMYECKHH [IHATOHAJIBHHIH
supg (9), To, Kak HETPYAHO BHEAETH, ANA 3TOH MaTPHILI

Di(M)=a; (&), D:(M)=a;(A)az(A), ..., D;(M)=a; (M) a2 (}) ...

Ho torma B cuny coormomernmit (10) pgmaroHansHHe MHOTOYWIEHH B (9)
a, (M), a2 (A), ., ar (A) coBmAmamwT ¢ MHBAPMAHTHEIME MHOTOYJIEHAMHA

BN =ar(B), W) =aa (M ooy b (M) =as ().

3mecs iy (A), iz (A), ..., iy (A) ABIAIOTCA OJHOBPEMEHHO M HWHBADHAHTHEIMK
MHOTOYJIeHAMA HMCXOAHOW MaTpEiul A (A), TOCKONBKY dTa MaTpWua DKBUBA- -
JqienTHa Marpuie (9).
©  Ilony4eHHEle pPe3yINBTATH MH MOKeM CcPOPMYIUpPOBATL B BHIE ClieIyIo-
TIe#d TeOPeMHl.

Teopema 3. Muozourenuas npamoyeoavnas mampuya A (M) ecezda
IKBUBAACHMHA KAHOHUYeCKOU OuazonaibHol mampuye

a, (\).

(11)

(A 0 ... 0 0..0
0 i(d)... 0 0...0
0 0 ...i(Mo0. . (12)
0 0 ... 0 0...0
0 0 ... 0 0..0

IIpu smom 3decv o6asameavro r — paue, a iy (A), iz (A), ..., i, (A) — unsa-
puanmube MHozouaery mampuytt A (1), onpeﬁememue gopauysanu (10).

Canemcreue 1. Han mozo umobw 0se npamoyzosvHbie Mampuysl
ofunarosuz pasmepos A (A) u B (A) 6viau sxsusasenmuy, Heo6rodumo u docma-
mouH0, umobbl OHU UMeAU O0HU U Me XHe UHBAPUAHMHbLE MHOZOYAEHL.

NeiticTBATONBHO, HEOOXOGUMOCTH BTOTO YCHOBHA OHIIa BHIACHEHA BHIIE.
JocraTodHOCTH ClleyeT 3 TOro, YTO ABE MHOTOYICHHEI® MATPHUIH, MMEIOMUe
ONHHM M Te ke MHBAPHAHTHEE MHOTOTIEHH, SKBABAJCGHTHH OJHOH W TOH jKe
KAHOHMYOCKOH [AUATOHAJBHOW MATpHIE M, CJIEXOBATENLHO, HKBMBAICHTHEL
MeRTY coboil.

Taxum 06pasoM, UHEAPUAHMHBE MHO204AEHb 06DA3YIOM NOAHYIO CUCEMY
UHBADUAHNO8 A-MamPUYbL.

Conegcreme 2. B pagy uEBapMaHTHHX MHOTOY/CHOB

. D, (A R D,_y (A . Dy (A
G =B, M =P M =PHE D=1 (13)
KaacOslli MHO20UAEH, HAYUHAL CO 8mopo2o, feasemcs Oeaumeaerm npeduldywezo.

ITo yTBep:EACHME He BHTeKaeT HENOCPECTBEHHO M3 (opMyxn (13). Omo
CIeyeT U3 TG=.:, IT0 MHOTOWIenH i3 (A), iz (A), . . ., ir (A) coBmagaioT ¢ MHO-
TOYIeHAMH a, {A), &r—j (A), ., ay (A\) KaHOHWYeCKO#l OUMATOHANBHOH MAT-
puOs (9).
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2, VYrakeM MeTO[H BHYHUCICHHA WHBAPHMAHTHHIX MHOTOYJIECHOB JJIA KBa-
SAAMATOHANBHEIX A-MaTpPHUI, €CIA W3BECTHEH WHBAPUAHTHLHE MHOTOYICHH
MaTpHL, CTOAMWUX B JMATOHANBHEX KiIeTKAaX.

Teopema 4. Lcau B K6asuduazoHaivhol, npAMOY20AbHOL Mampuye

= (Aéx) B(()x))

w060l uneapuanmuuli muozousen mampuys A (M) feasemcd Ddeaumesem
2106020 UHBAPUAHMHO020 MHo2ouAeHa mampuyst B (L), mo cosokynnocme unea-
puanmuuz muozousenos mampuys, C (A) noayuaemes 06veduneHueMm uHeapu-
anmuar mrozousenoe mampuy A (A) u B (A).

JdoxaszareanscTBo. OGosmaumm =epes i; (A), i;(A), ..., iy (A) u ] (A),
iy(A), ..., g (L) COOTBETCTBEHHO MHBApHAHTHHE MHOTOWIeHH A-marpuy A (A)
u B (A). Torgal) '

AN~ Ay oo 60, 0, .., 0} BAY~{a (W o.ny (A, O, ..., O}
#, cJeloBaTeIbHO,
COY~Jr (N, .y (M) Ea(A)y ...y E2(A), O, ..., O} (14)

A-MaTpHIa, CTOAINIAA B IPaBOM 9YacTH 3TOTO COOTHOIIGHHS, HMeEeT KaHO-
HOUYeCKy!0 JuaroHanbHyio ¢opMmy. Torma cormacmo TteopeMe 3 He paBHEHIe
TOKIECTBEHHO HYJIIO [UATOHAJIbHbIE BIEMEHTH 9TOH MATPHI[H 06Pa3yioT HOJHYIO
cHCTeMy HHBAPHAHTHHX MHOTOWIeHOB Marpmmu C (A). Teopema pmoxaszama.

Juaa Toro [ro6H B o0meM cayuae IPH HPOU3BOJLHMX HMHBAaPUAHTHHX
mMEOrOwIeHax Marpuy A (A) u B (A) onpegenuth WHBAPHAHTHEE MHOTOYJIEHE
C (A), MH BOCHOJH3YEMCHA BAKHHIM. HOHATHEM 00 SJIEMEHTAPHHX JeIHTelAX.

Pasnosxum umEBapmasTHEE MHOrOWIeHH I (A), iy (A), ..., {; (A) Ha Henpm-
BOJUMEHE B JAHHOM 9ucIOBoM moie K muomwmrenn:

i (M) =[or MI™ [92 (MI* . .. [os (W],
i (M) =1p MN™ (o2 (W1 . . . [ps (W15, (ch>dk>/ 2l 0;) ).

kE=1,2,...,5 (15)

(M) =1[ps MI" (o2 V)2 ... [@s (W]

3mech @ (L), ¢2(A), ..., @s(A) —Bce pasnmunHe HempuBoAmMHe B 1ode K
MHOTOWIEHH (CO crapmumMm KoaddumuenTaMy, paBHHMY €JWHUIIE), BXOJAMHE
B coctaB Iy (A), iz (A), ..., ir (A).

npegenennme O, Bce omimuHLIe OT eOWEUNE cTeneRW cpeAm

{o1 (M ..., [¢s (M]® B pasmoenun (15) HasHBAIOTCA s.4eMEHMA PHULMU Dot~
meaamu MaTpune A (1) B mome K ®).

Teopema 5. Cosokynrocme ssemenmaprux deaumenell npamoyz0abHOL
¥6a3u0ua20HAALHOT Mam DULBL

C)= (Aéx) B(()x))

1) 3nakoM ~ Mul 3fech 0603HAUAEM SKBHBANEHTHOCTh MATPHI, a UTYPHHME CKOG-
xaMA { }—ImaroHalbHY0 OPAMOYTOJLHYI0 MaTpEmy Bupaa (12).

2) Hexortopule B3 nOKasaTenel cg, dg, ..., g (k=1, 2, ..., 5s) MOTYT PaBHATHLCA HYIIO.

3) ®opmyam (15) maloT BO3MOMKHOCTH HE TONBLKO II0 HMABADHAHTHRM MHOTOWISHAM
OIpellelATs dleMenTapHile fenatenn A (M) B mome K, Ho @ #a060pOT,—IO 3MEMeHTAp-
HEIM [leJIHTeIAM OIpefelnTh WHBAPHAHTHHE MHOIOYJIEHH. ‘

10 @. P. TanMaxep
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sceeda noayuaemcs oboeedunenuem saemenmaprnvx Geaumeaneli mampuyst 4 (A)
¢ saemenmaprumu deaumeasmu mampuyst B (A).

JNoxasaTeaxscTBo. PasnokuM HHBApHAHTHBE MHOIOWIEHHE MAaTpPHI]
A (M) u B(\) Ba HenmpuBopuMuie B moide K mmuomuTedm?):

i ()= (90 (1% [pa (1% .. [0 (I, 25 (1) = [ (1% [ (W1 ... [y (W1,
2 (1) = [0 (M1% [p2 (M)1% . - [ (W12, 55 (0) =Tpa (W12 L2 (M1 ... [eps ()]

i (A) = [y (M1 [z (W1 . . . Ts (M™%, i () = [ps (ML [@2 (WIS . .. {ps (W)I*5-
O6osrauuM uepes |
ardi> . .2 L>0 (16)

BCe OTJIMYHEE OT HYJS WHCJIA CPefu C,, dy, ..., Ry, ¢y, dy, ..., g
Torga marpumna C (M) sxBuBaseETHa Marpmume (14), a mocaegHsas uepe-
CTAHOBKOH CTPOK W CTONGIIOB MOKeT ORTH IPUBELeHA K ¢AHATOHAJIBHOMY» BHIY

{lps Ik )s [ N ()s - on [oe M OK), (KK, «ony GRX)) (A7)

rge uepes (>K) MH 0GO3HAYMIN MHOIOWIEHH, B3aUMHO IPOCTHE ¢ @ (A),
a gepe3 (K >K)— MHOI'OWIEHH, B3aHMHO IPOCTHe ¢ ¢y (A) 160 TO}IeCTREHHO
paBEme Hymo. M3 Buja marpmisl (17) HemocpegcTBeHHO BHTEKAT CJeylo-
mue pasnoskemus MmuorouneHoB D, (A), D,_y(A), ... m iy (A), i2(A), ... pas
Marpunt C (A):

Dy () =[p, (M TRy, D (W=l (W (k) = onom,
iy (M) =@ M (), B2 (M) =[p1 (N (k) = 7. A

Otcropma cieayer, aro [¢q (M7, (¢ (k)]dl, veor [Pt (W1, T. . Bce He paBHHe
e[MHALe U3 CTeleHel

91 (W1 oo, [or (WM, (@0 (M1, ..., o1 (W),

ABJAITCA dIeMeHTapHHME Jexmreldsmu Matpunsl C ().

ABaJOTHYHO ONpeJeNAOTCa 3JJTeMeHTapHHe melduTeinm Matpunu C (A),
ABIAKIIEEC cTelmeHAMH ¢, (A) m 1. 1. Teopema MokasaHa.

IT prMedvaHnue, COBepIIIEHHO AHATOTUYHO IpeJHAYINeMY MOMHO IOCTPOATH TEO-
PHI0 BEBHBAJEHTHOCTH ANA L eXOoddCcIeHHBIX MaTpHI (T. €. Marpull, Yy HKOTOPDHX 3Je-
MeHTH —LieaHne uucia). IIpm arom B 1°, 2° (eM. erp. 135) c¢=1-1, b (A) BameHsmeTCA
melHM gmeaoM, a B fopmyrax (3), (3'), (3”) BmecTo P (A) B Q(A) CTOAT NedoUNCICHHEIE
MATPHIE ¢ OUpPEeJeInTEIAMN, PaBHHME + 1.

3. [Iycrs mama temepp Matpmua A= au | ¢ saememramz us mons K.
CocraBum i Hee XapaKTEPHCTHYECKYIO MATPUILY

A—ay —Qyp... —Q
}\4——‘(212 e —Qop

. (18)

.............

1) Ecan Kakoi-tn6o HempuBofAEME{ MHOTOWIEH @f (A) BXONHT MHOMHTENeM B OfHH
MHBAPMAHTHEE MHOTOWIEHH ¥ He BXOJHT B ADYTHe, TO B STH LHOCIEXHAE MHOTOUIEHH
MH BOHCHBAeM Qg (A) ¢ HyIeBEIM DIOKasaTeleM.
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XapakTepucTAdecKaA MaTpHIa ABIAETCA A-MaTpuieil parnra n. Ee umpa-
pAAHTHBEIE MHOTOYJEHH

i\ () = Dn ) Dn-1 (1)

_PnlA) ; _ Dng M) Dy ()
Daay ' M=

Do (B)

cen ()= (Do(M)=1) (19)
Ha3HBAIOTCHA UHEAPUAHMHIMU MHOLOUAEHAMU Mampuyd A, a COOTBETCTBYIO-
mue 3JeMeHTapHHe [exuTelu B moide K — saeMenmapisimu Oeiumensmi
6 none K mampuyst A. IlepBHil mABapHaHTHHH MHOTOYIeH i; (A) coBmamaer
¢ MUHHMAJBHEIM MHOrowiIeHoM v (A) Marpupu Al). 3HaHue WHBapHAHTHHIX
MHOTOYJIEHOB (& cCJef0BATEIBHO, W DJIEMEHTAPHHIX HexuTesnell) Marpuns A
IMO3BOJIAET HCCJHENOBATH €e CTPYRTYpy. IlosToMy mpeAcTaBisAwT WHTEpec
NpaKTHYeCKHe CIO0COOH BHYUCIEHWS WHBAPUAHTHHIX MHOIOYIEHOB MATPHIIEL.
Camu dopmyan (19) maor amropur™. JJas BHYHCIEHHA TUX MHOTOUYJIEHOB,
HO 9TOT aITOPDUTM IPA (GOJBINIMX R 0GEHEL T'DOMO3JOK.

Teopema 3 gaer mpyroil cmocof BHYUCIEHUA HHBAPHAHTHHX MHOrQdje-
HOB, OCHOBAHHHH Ha IpPHBEJeHAN XapakTepucTwmueckoir Marpunu (18) mpm
DOMOIIM dJ€MEHTApHHX ollepaluii K KAHOHUTECKOMY IUATOHAJILHOMY BHUIY.

s

ITpamep.
"3 1 00 A—3 —1 0 0
—4 —1 00 4A41 O 0
A: —_ =
6 1 21|’ ME—4 —6 —1A—-2 —1

—14 —5 —1 0 14 5 1 A

B xapartepmcTudeckoi mMarpmile AE— A npmbaBuM K WeTBEPTOH CTPOKe TPETHIO,
Ipe ABAPETENbLHO NOMHOMKEHHYI0 HA A:

A—3 —1 0 0
4 Ad41 0 0
—6 —1  A—2 —t

14—6A 5—A A2—2A41 O

Teneps, npmbaBiaAs K mepBHM TpeM cTONGIAM YeTBEPTHH, DpeBAPMTENBLHO MOMHOKEH-

HHil coOTBeTCTBeHHO Ha —6, —1, A—2, moayunm:
A—-3 —1 0 0
4 AH1 0 0
0 0 0 -1l

14—6A 5—A A2—2A-+1 0

K nmepsomy croaluy umpmfapisieM BTOpOM, HOMHOMEHHEHR ma A —3:

0 -1 0 0
A2—2h 1 Ad 0 0
0 0 0 -1

—A2+24—1 5—A A2—244+1 O

ITpubaBuM Ko BTOPoll ® 4eTBepTO#d CTPOKAM NEPBYI0, NOMHOKEHHYI0 COOTBETCTBEHHO
Ha A+1 m 5—A; Haiimem: :

0 —1 0 0
A2—24+1 0 0 0
0 0 0 -1

—A24+23—1 0 A2—27-+1 0

1) Cu, dopmyay (49) ma ctp. 99; Tam A (L) = D, (A).
. 0%
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TIpu6aBEM K 9eTBepTOd CTPOKE BTOPYIO, 3aTeM YMHOMKEM IepBYI0 M TDPeTh0 CTPOKE
Ha —1. ITocie IepecTaHOBKE CTPOK W CTOJGIOB IOJYYHM:

10 0 0
01 0 0
00 =12 0
00 0 (A—12

Marpnua 4 mmeer fpa smemenTapHiX fenurend: (A—1)2 m (A—1)2

§ 4. JxBuBaneHTHOCTH IAMHEHHEIX HABYUYIEHOB

B opeagsimymux Imaparpagax MH =~ pacCMaTpHBAIHA  OPAMOYTOJLHELIE
A-MaTpue., B 9ToM ke maparpade MH PacCMOTPHM JBe KBaJgpaTHHE
A-matpmust A (M) mw B(A) n-ro mopAgKa, y KOTODHX BCe 3JIeMEHTH HMEIOT
CTeeHb He BEHIIE eJWHANH OTHOCHTENLHO A. OTH MHOTOWIEHHHE MATDHIIK
MOryT GHITH WpPEJCTABJEHH B BUfe MATPUYHHX JBYUYJIEHOB:

A=A+ A, B() =B+ B,.

Mu GymeM TIpefmosaraTs, 4TO 3TH [ABYWICHH HMEIOT IEPBYI CTEHeHb
M peryispHH, T. e. 910 |Ao|5%0, | Bo|5=0 (cm. crp. 87).
Cuepyomas TeopeMa YCTaHABJINBAaeT KPUTEPHH 9KBHBAJEHTHOCTH TaKHUX
JIBY4II€HOB:
Teopema 6. Ecau dsa peeyasapubix deyuiena nepsoti cmenennu Agh -+ A,
u Boh -+ B, skgusasenmmubl, mo smu JgydaeHsl CMPOe0 dKEUBAACHMHbL, M. €.
6 modcdecmese ,
Boh + By =P (1) (Aoh + A1) Q (A) (20)

mooxcro P(A) u Q (M) —mampuysl ¢ NOCTROAHHBMIU U OMAUNHBLMU OM HYASR
onpedeaumessmu — 3aMEHUMb  NOCTMOAHHBIMY  HEOCOOEHHBLMU  MAIM PULILME

P u QY:
Bo}\/+ B1=P(A0}V+A1) Q. (21)
HorasateapcTBo. Tak Kak ompepenurensb Matpunul P (A) He 3aBm-
CAT OT A M OTIMYeH OT Hyla?), To oGparHasa marpuua M (A) = P-1 (L) Takme
6yner muorowresHod. IJoamaysacek oroit Marpumel, Mu TompaectBo (20) mepe-
mumeM B BHLE

M (M) (Boh + By) = (Aoh + A1) Q (). (22)
Paccmarpusasg M () m ((A) ®aK MaTpWYHEIE MHOTOUYJEHH, pasleiqmM
M (L) caesa Ha Aok Ay, a Q(A)—cnpasa Ha Byl - By:
M (1) = (Ao + A1) S (M) + M, (23)
Q (M) =T (&) (Bok+ By)+Q; (24)

sgech M wm (Q-—uocrosHHHe (HE 3aBHCAMEE OT )A) KBAaJpPATHHE MATPULH

1) Tox&nem‘no (21) paBHOCHIBHO JIBYM MaTPAYHHM paBeHcTBaM: By=2PAyQ
u Bi-—“PAi . .

2) OxBEBANEHTHOCT ABywieHoB Agh+4y m Boh | B; o3Hawaer Haxmame TOM-
Jectsa (20), B KoTopoM | P (L) |=const==0 m | Q (M) | =const 0. Ograxo mocrexame cooT-
HOIIGHNA B FAHHOM CIlydae BHTERAIOT M3 caMoro TokpectBa (20). JleficTBuTeanHO,
ONpeJ{elIuTeAN POryIAPHHX By WIeHOB IePBOH CTENeHN AMEIOT CTeHNeHh n: | Aoh 4 Aq |=
=|Ag| A"+ ~--y‘JB07"+B1 |=|Bg|A"+...; | Ao{#=0, | By|#0. Mosromy ma [Bgh-+
+By|=|P M) |4 +41]|]1Q M) | cuenyer:

| P (X) |=const. 5 0, |Q (A)|=const == 0,
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n-ro nopaxaxa. Ilonydennne supamenns paa M (A) u Q (A) mocrasum B (22).
Ilocre mebonpmux mpeoOpasoBaHUIl TMOJNYIHM:

(Aoh+ A9 [T (1) — S (W] (Bok + B)) = M (Bik + B)) — (Ah -+ 4,) Q. (25)

PasnocTh, cToOAmas B KBaJpPAaTHHX CKOOKAX, JOJDKHA TOXJECTBCHHO PaBHATHCA
HYJI0, TAK KAK B OPOTHBHOM cliydae IPOU3BefieHUE, CTOAMee B JeBOH dacTh
pasencTBa (25), mMelo GH cremeHb >>2, B TO BpeMA KaK B IpaBoli dacTm
9TOTO K€ PABEHCTBA CTOAT MHOTOYIEH He BHIe nepsoit cremenm. Iloatomy

S\ =T () (26)
HO Torja m3 (25) mOaydImM:
M (Boh+ By) = (Aoh + 4y) Q. (27)
IMokasikem Temepn, uro M — HeocoGenHada Marpmua. [us storo pasmeramm
P ()) caesa ma Byh-+ By:
P ()= (BA+By)U (A)-+P. (28)
Wz (22), (23) u (28) caepyer:
E=M@M)P(A)=M @A) (BA+B)UR)+M (k) P=
= (AA+A) QMU (A) + (Aoh + A4) S(A) P+ MP =
= (4A + A [Q (MU (M) + 5 (A) P1+ MP. (29)
Tax rark mocaegnad 4acTh 5TOH IEMOYKHM PABEHCTB [O/KHA HMMETh HYJIEBYIO

CTeIleHb OTHOCHTENHHO A (IHOCKONBKY OHA paBHA F), TO BHpaskeHHE B KBaJ-
pPaTHHX CKOOKax [OJGKHO TOMJeCTBEHHO paBHATHeA Hymw. Ho torma ms (29)

MP=E. (30)

Orcropa caeayer: | M |0 n M1=P, ‘
Yuuoxkan obe gactm pasenctsa (27) ciaesa Ha P, momyumum:

BoA+ By= P (A¢h+ B,) Q.

HeocoGerrocrs Marpunut P caepyer us (30). Ho BeocoGenrocts Matpuy P
u Q caeayer W m3 camoro Toxpectsa (21), Tak Kak M3 JTOrO0 TOMIECTBA
BHITEKAET PABEHCTBO
By=PAQ
H TOTOMY

| P[40} Q|=|Bo| 0.

Teopema moxasaHa.

[Tpumewarnne. Ws gorazarempcTBa ciegyer [cM. (24) m (28)], uT0
B KadecTBe NOCTOAHHHWX Marpmn P m (), KOTOPHMHA MEl 3aMEHAEM A~MATPHIE
P(X) m Q (M) B toxpmectBe (20), MOJKHO B3ATH COOTBETCTBEHHO JIEBHI ¥ Ipa-
BHI octaTku oT fexeHmst P (A) u Q (L) ma Boh-+ Bi.

§ 5. Kpmrepnii moxoGua maTpm

Hycrs maBa matpuna A =||a|; ¢ 9ucaoBEMM snemenTamu us mous K.
Ee xapakrepmctmueckas wmarpuma AE — A sABiseTca A-MaTpuueil panra n
H [OTOMY HMeeT 1 HHBAPHAHTHHX MHOT0YJeHOB (cM. § 3)

(A, ig(h), ..., i (A).
Cuemyooman TeopeMa NOKA3HBAET, YTO JTH HHBAPDHAHTHHE MHOTOYJICHE
OIpefleNiAoT UCXOZHYI0 MATPRIY A ¢ TOYHOCTEIO [0 IpeoGpaszoBammsa momoGHs.
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Teopema 7. Juas moeo umobs dge mampuyst A=|apm|l} 1 B=| bl
6vra nodo6uet (B=T"AT), neobxodumo u docmamouro, 4mobvl OHU UMeEAU
00HU U Mme Jce UHEA PUAHMMblE MHOSOUACHB, WAL, WMO MO e, 00HU U me e
onemenmapnvie Seaumean ¢ nose K.

Jlokaszareabcrno. Ycunosme HeobGxogmmo. JleficTBuTeanHo,
ecanm marpuiiil A m B mofo6HBI, TO CYIECTBYeT TaKkasd HeocoOeHHAs Mat-
puna 7', ato

B =T71AT.
Orciona
AME—B=T71(AE—A4)T.

JTo paBeHCTBO IIOKA3HIBAET, 4YTO XapaKkTepucTHIecKue Marpunnl AE— A4
n AE —B »KBUBAJICGHTHE M NOTOMY HMEIOT OIHEM M T€ K€ WHBAPHAHTHHE
MHOTOWJICHEL.

Yecnosume pmocrarouno. llyers xapakTepucTHdecKHe MaTPHILHL
AE—A u AE — B umeT ofHH H Te }Ke HHBAPHAHTHEE MHOTO4WIeHH. Torma
3TN A-MaTPUIH BKBUBAJIEHTHH (CM. CIEJ[CTBYE 1 u3 Teopemu 3), u, ciaemo-
BaTeNLHO, CYMeECTBYIOT [Be MHOrowieHHne marpunil P (A) u Q (L) Takme, uTo

AE —B=P (L) (\E— A) Q(}). (31)

Ilpumensiai K MaTpHYHEM nBquIeHaM AME—A u AE—B Tteopemy 6,
MH MoReM B Tosrmectse (31) samenmts A-marpunw P (A) m Q(A) mocroam-
mumu Marpuuavu P u Q:

AE—B=P (AE —4)Q, (32)

npuueM B KauecTse P m @ MOKHO B3ATH (CM. OpHMedaHWe Ha <Tp. 124)
COOTBETCTBEHHO JEBHA M NpaBuil ocTaTRy oT gexenud P (A) m Q.(A) vHa AE — B,
T. e. Ha OCHOBaHWM 0606menHHOil Teopemn Besy MOKHO mOXOKUTHY):

P=P(B), 0=0(B). (33)

Hpupaspusas B o6eux vacTAX paBeHcTBa (32) KoapUUMEHTH OmpH HYJIEBOH
‘d IOpH TepBofl CTEmeHAX A, IOIYIHUM:

B=PAQ, E=PQ,

B=T"1AT,
Tre
T'=Q=P71
TeopeMa noKazaHa.

3damevanue, llomyrno HaMH yCcTaHOBAEHO CJAEIYION(ee IpeIJioKeHHe,
KOTOpOe MBI cHOpMyIHpyeM Kak

Ho6asnermue k teopeme 7. Ecau A=||ap|y @ B=| byl — dse
nodoGHsle Mam pulybl

B=T"4T, (34)
mo 8 xavecmee npeobpasywujelt mampuysl T MONHO 63aMb Mampuyy
T=Q(B)=[P (B)Y, , (35)

1) HamomuuaeM, 49TO P (B)—mneBoe smayenme mMuorounena P (A), a  Q (B)—upasoe
aHavenne mHorowiena Q(A) mocume samenst A ma B (em. crp. 90--92).
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20e P (M) u Q(h)— muoeousennbie mampuyst ¢ moixcoecmae
AE—B=P(A)(AME—A4)Q(}N),

ceasvlealouleM IKEUBANEHMMHle —~Xapakmepucmuueckue mampuyst AE —A
u AE —B; & gopmyae (35) Q(B) obosnauaem npasoe IHAUEHUE MAMPULHO0

Mmuozouaena Q (), a P (B)—aesoe 3snauenue mampuurozo muozousena P (L)
npu sameHe apsymenma b mampuyel B.

§ 6. Hopmaabunle ¢opmMbr MaTpHILL

1. IlycTh JaH HEKOTODHI MHOrowieH ¢ KodppummenTamm u3 nouasa K
g (}») =A" -+ ai}bm_l e am_ik + Uy

PaccMorpuM KBajpaTHYI0 MaTpALy m-Io HmOpAgKa

0 0...0 —ap
1 0. . .0 —apy

I — (') 1 N 0 — Om-2 , (36)
b 0. . .1 —qu

Herpyauno mposepurs, uro MHOroudeH g (A) ABIAETCA XapaKTepPHCTHUE-
CKUM MHOTOYJEeHOM Marpmiusl L:

0 0. 0 ap
—1 A 0. 0 amy
|AME—L|= —1 A. 0 apy [=E8R)
0 0 0...—1 a4

C pgpyroii CTOpDOHE, MHUHOpP 9JI€MEHTA U, B XapaKTePUCTHUIECKOM OIpe-
menntene paser + 1. Iosromy Dy (M) =1 m iy (M) = Dm(&) D, (M) =g (M),
L(M=...=i,(A)=1. '

Taxum 06pasoM, marpnua [, mMeeT eUHCTBEHHHN OTIHYHNIA OT €THEAIE
MHBAapUMAHTHHA MHOTOYJIeH, paBHHH g (A). '

Marpuny L Mul 6ygeM HaswHBaTh Conposoxcdanwel Ma’rpnuen OJs1 MHOTO-

gieHa g (A).

Mycrs naHa marpuna A = | a;3|]] ¢ MHBAPHAHTHEIME MHOTOYJIEHAME
iy (M), ig(A)y ooy Le(A), G (M) =1, ..., in(A)=1. (37)
3mecs Bce MHOTOHIEHH iy (A), is(A), ..., [¢(A) NMEOT CTeIeHb BEIIE HyJe-

BOif, mpHYEeM Ka/KAHIl M3 DTMX MHOTOWIEHOB, HAYMHASA CO BTOPOIO, ABIAETCA
Jeaurenem npepmaymero. Compopokmatomme MaTPHIH AJA 3THX MHOTOYJIe-

HOB 0603HauuM deped L, Ly, ..., L.
Torga KBasHIMATOHAJLHAA MATPUINA R-TO HOPAAKA
LI: {L17 Lz, ey Lt} (38)

UMeeT CBOMMH HHBAPVAHTHHIMH MHOTOWIEHAaMH MHOTouieHw (37) (cM. Teo-
pemy 4 ma crp. 145). Tockompky Matpuusl A m L; mMeoT ofEM M Te 3Ke
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UHBApHAHTHHE MHOTOWIEHH, OHH HOMOGHH, T. €. CYHIeCTBYeT BCEIJa TaKast
meocobennas marpana U (| U |5=0), uro

A=ULU. (I)

Marpuna L; HasHBaercs nepeoil ecmecmeeHHOl HOPMAALbHOU Gopmolt Rias
Marpumet A. 9ra mopMaimbHas ¢opMa Xapakrepmayercs: 1) KBasmamaroHaIb-
#eM BEgoM (38), 2) cmenmanpHOWl CTPYKTYpoHl AHATOHANBHHX KJIETOK (36)
7 3) [OHOTHATENHEHM YCIOBHEM: B DANY XapaKTEPHCTHYECKMX MHOTOUIEHOB
[IWATOHANBHBIX KIETOK KAMIKH MHOTOUYMEH, HAYAHASA CO BTOPOTO, SABIAETCH
JelxnTelNeM Mpefsymero?l).

2. O6oznaunM Temepb uepes

X1 (}")v X2 (7")’ <o Xu (}") (39)
areMenTapEile feruTenn Marpuii A = ay | B wmcmosom mome K. Coorser-
CTBYIOMEAE CONPOBOKAAIOMXE MATPHIH 00603HAYAM depes

L(l), L(2)’ ey L(u)'
Hockoapky y; (M) —eqnHCTBEHHH 2IeMeHTAPHKIE TeINTelb MaTPUIIK LY
(j=1,2,...,u)?, TO cormacEHO TeopeMe b ' KBasHUArOHAIbHAA MaTPHIR
Ly={L®, L%, .., L%} (40)

MMeeT CBOMMH DJIeMEHTADHHIMH JIelTHTeNAMH MHorouiens (39).

Marpunst ‘A 1 L;; WMeoT ONHM W Te ke HIeMeHTADHBIE [eINTeNR
B noxe K. Ifoaromy st MaTpuusi mOJOGHE, T. €. CYmIeCTBYeT BCerja TaKasd
Heocobennaa Marpuna V (|V [=£0), uro

A=VL;V. (IIy

Marpuna L;; BasuBaercsa 6mopoit. ecmecmeennol HOpMaAIbHOU ghopmoit
ona matpunw A. 9Tta HopMaapHaa ¢opma xapakTepuayercsa: 1) KBasmmma-
romanbEeM BagoM (40), 2) coenmanpHON CTPYKTYypoH JMaroHaJbHHX KIETOK
(36) u 3) FONOMHATEBHEIM YCIOBAEM: XapaKTePHCTUUECKUAN MHOTOUYJEH
KaKgoil AmaroHAJIBHON KIETKH IIpelcTaBisgeT co00ll cTemeHb HEIPHBOJEMOTO
B mose K MHOTOuUIeHA.

3amMeuanme. JjeMeHTAPHHE AeJINTEIN MAaTPHILKE A B OTIIHYWE OT MHBA-
PUAHTHHX MHOTOWICHOB CyINECTBEHHO CBA3AHHK C JAHHHM YHCIOBHM moieM K.
Ecim Mz BMecTo HCXomHOr0 d4ucioBoro mois K BO3bMeM JApyroe UmCIOBOE
mosie (KOTOPOMY TaK:Ke HPWHAJJIEKAT JIeMEHTH JAHHOI MaTpumu A), To aie-
MeHTApHHE [eJIATeNM MOTYT HSMEHUTHCA. BMecTe ¢ dlIeMeHTapHHMH JelH-
TeIAMH H3MEHHTCA M BTOPAad €CTECTBEHHAA HOpMAJbHAsa (opMa MATDHIIH.

Tak, Banpmmep, moycTh gaEa Mmarpuma A=/ a; | ¢ BenlecTBeHEEIMI
3lIeMeHTaMU., XAapaKTepHCTHYECKHH MHOTOWJIEH HTO MAaTpUOH OyIEeT HMeThb
BemecTBeHHEe Kod(dmumentel. B To ke BpeMsa 3TOT MHOTOYIEH MOKET HMETh
KOMIIIeKCHble KOpHH. Ecam K —mome BemecTBEHHHX YHCEN, TO CPeJH die-
MEHTapHHX JelnTeldeil Moryr GOHTH H CTeIeHN HONPHBOJAMMEIX KBaJpaTHHX

1y U3 ycmosmii 1), 2), 3) aBTOMATHIECKH ClEyeT, YTO XaPaKTEePHCTHIECKHe MHOTO-
WIeHH AMATOHANBHHX KJIETOK B Ly ABIAIOTCSH MHBAPMAHTHHMHA MHOTOWICHAMH MAaTPHIER
L; m, crejosatelbHo, MaTpann 4.

2) %;j (A)—enUMHCTBEHHHI MABAPEAHTHHM MHOTOYIeH MATPHITE LD 5 B 10 e BPeMsE
+j (A) ecTh cTemeHH HeDPHBOXMMOro B molle K MHOroqmIemd.
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TpexdJeHOB C BemecrBemHHMH Kospdmumenramu. Ecam K —mome EKom-
MJIeKCHHX 9HCe], TO Ka/KAHHI 3JeMeHTapHH pgenurTeds uMeeT BHI (A — Ao)P.

3. JlouyctaM Temepp, 9TO 9HCIOBOe moide K COREPIHHUT HE TOMBKO e~
MeHTH Marpuimul A, HO u Bce XapakTepPHCTHYeCKHe YHCJA 3TOH Marpui!).
Torga saeMeHTapHEE JeIHTeNH Marpunsl A uMeioT BH[ ?)

A=)t A—2)% .., A—2)™ (A Dt .. L pu=n). (41)
Paccmorpum onnﬁ N3 TAKHX 3IEMEHTADHHX peluTesell
(A—%o)?
H IOCTaBUM €MY B COOTBETCTBHE CJELYIIMYI MAaTpUMiy IOpAKa p:
1 0...0
0 %% 1...0
....... . =}\/0E(p)+H(p). (42)
000...1
0 0 0...%

Herpyamo mpoBepuTh, 9TO 3Ta MarTpMlia HMeeT TOJIBKO OfMH 3JIeMeATap-
Huli genurens (A—Ag)P. Marpuuy (42) Mm 6yAeM Ha3HBAaTh %0 pOaro6ol
KAemkoti, COOTBETCTBYIOMEH 3JIEMEHTADHOMY HeIHuTeNio (A — Ao)P.

#KopmaHOBE KJeTKH, COOTBETCTBYIINHE 3JeMEHTADHHIM HRenmredsM (41),
ofozEaTUM depes

Ji J2o ooy Ju

Torua KBasugnarogajJbHasgd MaTpHIA

J={uTa o )

HMeeT CBOMME DieMeHTaPHHMH AeiqurenaMu cremedu (41).
Marpuny J MoKHO eme sammeaThb TaK: -

J={ME + Hjy, AEs+Hs, ..., 7quu—{—Hu},
rae

EhrE(pk)', ) Hh:H(Ph)

(k=1,2, ..., u).
Iockonbky MaTpmunl A u J ¥MMeEIOT OJHM M Te jKe 3JIeMEeHTapHEe [ellu-
TeNH, OHA HOXOGHH Megy coGOH, T. €. CymecTByeT TaKag HeocoOeHHAA

matpuna 1" (|71 |=0), 9o
A=TJT =T {ME+Hy, MEy+H,, ..., ME,+H}T7 (IITy
Marpuuna J HasmBaerca xopdanogol HopMasdvHol ¢opmoll AN NPOCTO

aco pOanosoti ghopmoti marpaunt A. fHopramosa opMa xapaKTepusyeTcsa KBasu-
AMArOHAJTBHEIM BHOM H cHOEnHAJsHOM CTPYKTYpOH (42) AMAaroHAIbHHX KJIETOK.

1) DTo BCcerga HWMeeT MecTo Iis ni000# Marpmusr A, ecnu K—Ioje KOMIJIEKCHEX
qncen.
2) Cpemu umcen Ay, Ag, ..., Ay MOTYT OHTH M paBHEHe Memay coGoi.
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Ha mmxecregymomeii cxeMe BHNECAaHA jROpjaHoBa MaTpuria J mpm sie-
MeBTAapHHX flenuTensax (A—Ay )%, (A —2Ag)%, A—As (A—2A)%

A 110 00 0 0 0
0 %0 00000
0 0f21 0J0 0 0
0 010 2,110 0 0
T=10 010 0 2,00 0 0~ (43)
0 00 0 0200
0 00000t
0 0000 O0[0 &

Ecmn ®ce »3iaeMenrapume [pgexuTenw wMartpansl A -—mepsoit cTemenm
(1 TONBEO B BTOM clydae), ;KOpZaHOBA dopMa ABIAETCA TUATOHAJbHOH MaT-
puneii, u B 3TOM cJyJae MH KIMeeM:

A=T{As, hgy o vy A} TN (4%)

Takum obpasom, mampuya A umeem npocmyro empyrmypy (em. ra. III,
§ 8) 6 mom u moavko & mom cayuae, k0200 ice ee snemeHmApHBe Deauments
uMmem nepeyi cmenendvl).

Wuorga BMecTo ;x0pgaHOBOM KIETKH (42) paccMaTPUBAIOT «HUNCHIOW» HCOD-
danosy kaemry p-ro mOpsAKA

b 0...0 O
L0 0

1. k. .
0 . . .
. =}\,OE(p)+F(p).
. ."}.MQ.(..)
0....0 -1 2

Jra MaTpuma Takke HMeeT TONBKO OAWH dIeMEHTapHHHA pemuredsb (A — Ao)P.

InemenrtapruM pnenurensaM (41) cooTBETCTBYET «HUNMCHAZY KHODPOAHOSA MAM~

puya?)

' Jpy={ME;+Fi, ME;+F,, ..., \E,+F,}
(pg) (Pg)

(En=E ", Fy=F *;k=1,2,...,u).

IIponsBorsras MaTpuna A, uMeloIasn sjieMeETApPHEE jeiuTenn (41), Bceraa
momobua wmarpune J,,, T. €. CymecTByeT Takaa Heoco0eHHad Marpuna
T1([T1[#O), ITO

A =T1J(1)TI1=T1 {}\,1E1+F1, }&2E2+Fz, v ey }\,nEn—i—Fn} T;l. (IV)
3aMeTnM eime, 4TO eCcayl Aoz~ 0, TO RaKnaa H3 MATPHIT

Ao (E(p) 4 H(p)>, }\’0 (E(p) + F(p))

1y Yacto BMeCTO «3jeMeHTapHHE [AeNUTeIN IepBOil CTelleHH» IOBOPAT «JIMHeWHEE
aleMeHTADHLIE NeJATeJH» MM «IPOCTHeE 3JeMeHTapHLIe NelmTellm».
wi %) B OTJIM9HEE OT }mzﬁﬂeﬁ /ROPIaHOBOM MATpPHIH Jq, Marpumiy J mHOrga Hasu-
BalOT 6epIHel orcopiarnoeoll mampuyel.
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WMeeT TOIHKO ONHMH 3jeMeHTapHHN nemmrens: (A— Ag)?. Ilostomy nns Heoco-
Gennoi Mmarpuusm A, mMeomeil aieMenTapHeie fmeamrenun (41), mapamy
¢ (III) u (IV) umeloT MecTO HmpefCTaBIEHUSA

A:Tz{;\'i (E1+Hi)’ }\'2 (E2+H2)7 LRI ] }\'u (Eu+Hu)} T;17 (V)
A=Ty{(M(Es+Fo), Mo (Bat Fo), ooy h(But )} T3 (VI)

§ 7. duementapusie geantean Marpunsl [ (A)

1. B macrogmem maparpade paccMOTpuM clefyoOmMyKo0 3amady:
Hanw aaemenmapuvie deaumenu (8 nose KOMRAEKCHWE HUCEA) MQAM PULBL

A=|lay|; u dana gyukyus f (L), onpedeacnnas na cnekmpe mampuys A.
T pebyemcs onpedeaumv saemenmapuvie Oeaumeau (6 noae KOMHAEKCHHT
wucea) mampuyst f(A).

O6o3nayuM dgepes

A—h)™, (A—2)2 oos, (h—R)™

ameMenTapaEe menmrenn marpuiel A ). Torga marpuma A mojo0HA »KOpAa-
mosol Marpurie - J

A=TJT?!
u, caemopartenpno (cm. 2° Ha crp. 106),
F(A)=Tj(J) T
IIpu stom

J= T oy Ty Ji=hMEP L HTY (i=1,2, ..., u),

a
F={ U f(JT2)s s (T} (45)
rpe (cm. upmmep 2 Ha crp. 106)
) 1270 4y
f(;"z) .1! L (pi___i)!
0 f(}‘z'). )
fI) =l - c T : (=1, ...,u). (46)
' AL
. 1!
0 o ... F(A)

Tlockonpry momoGueie Marpuubt f(A) u f(J) UMEIOT OSHW M Te Ke aje-
MeHTapHHE [eAHTeNTH, TO B JajbHelimeM BMecto Marpunn f(A) Mz Gygem
paccmarpusarh Matpuiy f (J).

2. Ompepenum cHagama pedert d marpuinul f(A) mam, 910 TO Ke, MAaT-
pums f(J)?2). Hdedperr KBasmamaroHaIbHOH MATPHIB paBeH cyMMe JedeKros
OTHeIbHHX JWAroHAJLHHX KIETOK, a medewt marpunst f(J;) [cM. (46)] pasen

1y Cpean amcen Ay Aoy ..., Ay MOryT OHITH W paBHHeE MexRAY coGoi.
2y d=n-—r, TOe r—paHr marpuanu | (4).



156 OKBUBAJEHTHGLIE IIPEOBPA3OBAHMA MHOTOUYJIEHHBIX MATPHI[ [TJI. Vi

HauMeHbIleMy u3 4YHcel k; u p;, rae k;— KpaTHOCTH A; Kak KopHA f(A)1),
TOCKOJBKY

F)=f ()=...=f " ()=0, *PO)=0 (i=1,2,...,a). (46)

Ms npumau K Teopeme:
Teopema 8. Hegekm mampuys f(A), ede mampuya A umeem sremen-
mapneie Oeaumenu

=2, (=A™ ..., (A=A (47)
onpedeasemcs ¢bopmysoi
d= 2} min (k;, p); (48)
i=t
a0ecv k; —xpamnocmo A; kax kopus f(A) (i=1,2, ..., u).

B xagvecTBe npHIOKEHUA JOKABAHHOM TEOPEMH ONpeeNHM. BCe DIeMeH-
TApHEE JeNMTeJH WPOMSBONBHON Matpmusl A =| a;||f, coorBeTcTByIOmEE .
XaPaKTePACTHIECKOMY 9YHCIY Agl
A—DRoy oy A—Rgs (A—2g)% oooy A—2A0)% o5 (A—RQ)™y vvey (A—Rp)™,

g1 g2 Em
ree g; >0 ((=1,2,...,m—1), gn>0, B ciyvae, korga nausl gedeKTH
d17 dZv ey dm
MAaTpHII,
A—ME, (A=ME)?, ..., (A—LkE)™

Jlas aroro samermm, uto (4 — AE) =f; (A), rae fj(k) =(k—7»q)j (=1,

2, ..., m). Tloarémy mun ompefielleHuA fiedeKTa MATPAIE (A—ME) caegyer

B dopmyne (48) monomumTh k;=] INA BSIEMEHTAPHHIX JelxmTeseill, COOTBET-
CTBYIOINVX XapaKTEePHCTUYECKOMY 9HCIY Ay, W k; =0 Bo Bcex apyrmx ciaa--
raeMux (j=1,2, ..., m). Takum o6pasom, momyuum $HOpMyIH

g1+ &+ &+...+ gu=4d, }

g1+28+28+ ...+ 28n=dy,

g1+28243g3+ ... + 3gm=ds, i (49)

g1+28:+38+ . .. +mgn=dmn. )
Orcrona ?)
gj=2dj—dj..1——dj+1 (]—‘: 1, 2, ey MG d0=0, dm+1:dm)' (50)

3. Bepremcs Kk ocHOBHOMY BOHpOCY 00 OIpeJelieHHM 3JIeMEHTAPHEIX JelIH-
Teneit Marpuns f(A4). Hak y:xe orMeuanocs BHIe, 3JeMEHTapHLIC AeIATeIir

f (A) coBmagaoT ¢ saeMeHTapHHME fenuTeasMu f(J), a sueMeHTapHHe melu-
TeNH KBasHIHATOHAIBHOX MATPUIE COCTABIAIOTCH M3 SIEMEHTADHHIX IeJIUTe-

1) B ofmem cirygae, Korjia f (A)—He MHOTOUIeH, IIOJ, KPATHOCTHIO KOPHA A; yHK-
nun f(A) DOHMMAOT Heloe WMCIO k;, OUpefeIAeMOe H3 YCNOBHH (46). k; MOykeT W paB-
HATHCA HYNIO; B 3TOM caydae f (A;) == O,

?) Ecm sajjam pap umcen dy, dy, d3..., THe dj—pedext crememm (4 —AoE)F
(7=1,2,3...), To wacn0o m—HanboNpmMUH M3 IOKazaTesell cTeHeHell 3TeMeHTapHHX
Jenurenedl BAKA (A—Ag)°—ompenenseTcAa Kak MEeKC, HPH KOTOPOM dpyy < dpp=dp 4.
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Jeil JMarOBANIBHHIX RJIETOK (cM. Teopemy 0). IloaroMy Bompoc cBomuTca
K DasHCHKAHHIO 3JIeMeHTapHHX Aeiutesed Marpuns C, HMel0med MpaBHILHYIO
TPEYTONbHEYI opMmy:

a a4 . . . Qpy
ot 0 a .
R e A | 61
k=0 .. 1
0 0 ... a

PaccMoTpEM OTHENBHO [{Ba Clydad:
1° a;5= 0. XapakrepucTraecknil MEOTOUIEeH MATpPUIK C, 0OIEBUIHO, PABEH

Dy (A) = (A —a,)".
Torpma, TOCKONBKY Dp‘(}\,) neantca Ha Dy, 4 (A) 6es ocrarka, To
Dpi(M)=(h—ap)’ (g<p)

3necy uwepes Dp_;(A) Mu o6o3HaYmaAM HaWGONBIIMI OGmMHUH HeaUTeND
MEHOPOB (p—.1)-ro mopsamka XapaKTepHCTHIECKOH MaTPHIEL

A—ag —ay. . . . —ap
0 A—ay
ME—C=| '
. —ay
+ .
0 0 « e }\/—-ao

Jlerko BumeTh, 9TO MMHOpD HYJNeBOTO 3JeMEHT4, OTMEYEHHOTO 3HAYKOM
«-», paBeH (—ay)P! m, caegoBaTelbHO, B HANIEM CIydae OTIMYEH OT HYJIA.
IToatomy amecs g=0. Ho torma n3

Dy(AM)=(A—ap)?, Dpy(A)=1
caenyer, 9o matpuna C EMeeT TONBKO ONIHH dJIEMEHTAPHK JequTenb (A — ay)”.
2° ay=...=ay4=0, a,<0. B oroM cayuae
C=aE+aH" + ... +ap (H™' (H=HP),
IlosroMy mpu m0GOM I€IOM HOJOKHTENBLHOM j MedeKT MaTpHIE
(C—aEY =afH" 1 ...
OIIpeJIeIUTCSI PaBEHCTBOM
kj opm kj<p,
d;=

p 1mpm kj>p.
Tonomxum

p=gk+h (O<<h<<k). (52)
Torgal)

dy=k, dy=2k, ..., dg=gk, dgs = p. (53)

1) B nanmoM cuywae wmeno ¢-+-1' mrpaer poan wmena m B Gopmymax (49) m (50)
{cM. cHOCKY 2) K erp. 156).
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Tloatomy cornacro dopmynam (90) mmeem:

gi=...=g¢1=0, ge=k—h gor1=h.
Taxnm oOpasoM, mMarpuna C mMeeT 3JeMeHTapHHE JCIUTETH
(}v -—_ ao)Q+l, e ey (}\, - ao)q+1, (}\/ —_ ao)q, e ey (}v —_ ao)q, (54:)
h k—nh

me neasle gmeaa g >0 um h>0 onpepensorcs u3 (52).
4, Temeph MBI Y€ HMeeM BO3MOKHOCTH BBHIACHHTD, KAK{e 3JIEMEHTapHHIe
memuremu umeer mMartpuma f(J) [cm. ¢opmyam (45) m (46)]. Hammomy sie-
MEHTapHOMY AeJuTeqio Matpunut A

(A —Ag)?

orsedaer B Martpune f(J) AMATOHAJBHAA KIETKA

2 (ho) FO=L (hg)
f(}VO) “0 LA (p-——i);)
L 0 f()
FoE+H) = 20 gt e (55)
i=0 . . . ' (Ao)
: . Tl
0 0 "1 (ho)

QueBnHO, BOOPOC CBOAMTCH K HAXOMCHMIO HIEMEHTADHHX [leJHTeeH
kaerox Baga (55). Ho marpmma (55) uMeer mpaBHIBHYI0 TPeyTONBEYIO $op-
My (51), mpmuem gnech

=100 a=f (00 a="F2, .

Taxmm o6GpaszoM, mpUxOnZMM K Teopeme:

TeopeMma 9. Suemenmaphme desumeau mampuyv f(A) noryvaiomes
us onemenmapHulx deaumeaneil mampuybvi A caedyowum 06pasom: 94eMEH~
mapromy OGeaumenro

(A —Ao)? (56)

mampuysi A npu p=1 uau npu p>1u f (h)5=0 omeeuaem odun sae-
MeHmapHul deaumens

(A —71 (h))? (57)

smampuyn, f(A); npu p>1 f (ho)=... =Y (), B () 5= 0 (k< p)
snemenmaprony Oeaumear (56) mampuyst A coomeemcmeylom caedyiowue
aqemenmapnuie deiumeau mampuyst f(4):

(A—F Q)L oy A—=F Q)™ A—F (o)« ey (A—f (o) (58)

h k—nh
20e
p=gk+h, 0<Lgq, O0<h<k;
narorey, npu p>1, f(d)=f" (M)=... =fP V(%) =0 saemenmaprony

deaumear (56) coomeememeyiom p 3AEMEHMAPHAT deaumenell nepeoll cmeneHu
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sampuys f(4)1):

A—F(ho)y «os A—F (ho). (59)

OTmermM clIexyioniue 9acTHEE DOJOKEHNA, COAEPKAUINECA B 9TOU TeopeMe,

1. Ecau Ay, Ay, ..., An—zapaxmepucmuuecrue wucaa mampuys A, mo
F(M)y F(A2)s ooy f(An) cymo zaparxmepucmuueckue wucaa mampuyst f(A)

(kaK B mepBOM, TaKk W BO BTOPOM PARAX 9HCE]I KAK/0€ XaPAKTEPHCTUYIECKOE
9HACI0 OOBTOPAETCA CTOJIBKO a3, KAKOBAa €r0 KPAaTHOCTh KaK KOPHA Xapak-
TEPHCTHIECKOTO ypaBHEHNSA) 2).

2. Ecau npouseodnas f' (M) He pasna Hyaw Ha cnekmpe mampuys A 3),
mo npu nepexode om wmampuywt A r wmampuye f(A4) sasemernmapuvie deau-

Mmeau He «pacujenatiomcsy, m. e. ecau mampuya A umeem saemenmaprbie
deaumeau

A—A)™, (A=), ..., (A—An)Pn,
mo mampuya f(A) umeem saémermapubie Oeaumeiu

(A—F D)™, A—F ()™ oot (A—F (Aa))Pn.

§ 8. O6muii Meron mocTpoeHHEs npeoGpasywiieii MaTPHITbE

Bo MHOTHX BOIpDOCAX TeOpHE MATDHI M HX MPHIOKEAHH JOCTATOUNO 3HATEH
TOAbKO HOPMambHY© $OpMYy, K KOTOpOil mpmBogmTes AaHHad Marpaua A—=|| ajp || npe-
obpasoBanmem momobmsa. HopMameHas ¢opMa BroiHe omupefeiseTca HHBAPHAHTHLIMIA
MHOTOUJIeHAMH XapDaKTepPHCTAYeCKOH MATpHNH AE—A. Jia HAXOKIEHAA NOCIeTHHX
MOKHO . BOCIIONIb30BAaThCH ompefensomumu Gopmynama [em. (10) HA crp. 143] Anm mpam-
Be/leHHEeM XapAKTepUCTHUECKoH Marpuiusl AK-—A Ipnm mOMOIH 37eMeHTAPHHX upeobpa-
30BaHAH K KAHOHMYECKOW amaroHambHOM ¢opMe.

B meroTopEX e pompocax HeoOXOIMMO 8HATH He TOIBKO HOpManpHYH opmy A
AaHHOH Marpmmx A, HO M IpeoGpasylomyl HeocoGernyw MaTpmiy 7.

HenocpeacreeHHNE coco0 ompemenenusa Matpunmir T COCTOMT B CieflyIOIIeM.
Pagsencrso

A=TAT-1
mEpenuCHBAETCA TAK:

AT —TA=0,

910 MATPUYHOe YpDABHEHHE OTHOCHTENLHO T PABHOCHILHO cHcTeMe n? JAHEHHHX OfHO-
POJHEIX YPaBHEHU! OTHOCHTEJNLHO n? WeWsBecTHHX Kospdmumenros marpuim 7. Ompe-
fenenne mpeo0pasyiomeil MATPHIE CBONUTCH K PeINeHHI0 ITOH CHCTeMH 13 n2 ypaBHe-
omif, Ilpm 3TOM m3 MHOMKECTBA pemleHuil HeoGX04uMO BHOpAThL TaKoe pemIeHMe, JJIA
roroporo |T| 0. CymecTBOBaHHe TaKOr0 pemEHMA OOECHeYoHo0 TeM, ITO MATPHNH A
¥ A UMeT OJEM ¥ Te Ke HHBAPUAHTHHE MHOTOWIEHH 4),

3ameruM, uTO B TO BpeMA KaK HODMajbHasg ¢opMa ompefenseTca ONHOBHATHO
sajlapdmeM [aEHO# MaTpmila A4 5), Aua npeoOpasylomel Marpunel T MH Bcerja HMeeM
GecumciIeHEOe MHOMECTBO 3HAYCHMHA, OXBATHBAGMEX PopMYyIOi

T=UTy, (60)

1) (57) monywaerca m3 (58), ecim mOXOKETL k=1; (59) momywaercs m3 (58), ecim
DOJNOMUTE k=p mubo k > p. :

2) Hpexnoxenne 1 G0 HAMA OTAEJbHO YCTaHOBIEHO B ra. V, crp. 106.

3) To ectb f'(A;) %= 0 EAA Tex A;, KOTOpHE ABIAITCA KPATHEIME KODHAMM MIHHA-
MaJIBHOTO MHOTOYJIEeHA.

4) U3 aroro daxrta caepyer mopmobue Matpmi A w A.

5) 910 yrBep:xnenne 6e30rOBOPOYHO CUPABENJIMBO B OTHONIEHWH IIEPBO €CTECTBEH-
Hoil HopManbHOH dopuu. Uro e KacaeTcA BTOPOH HOPMANHHOM QOPMEL MAH KOPAAHOBOIH

HOpMaJILHOﬁ (X)OPM'I:I, TO OHH OIpENeNIANTCA OMHO3HAYHO € TOYHOCTBIO [0 NOpHIKA
ANArOHAJBRHEX KJICTOK.
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rge Ty—onHa U3 npeofpasylomux Marpui, a U-—IpOH3BOJNLHAA MAaTpHila, IEpecTaHo-
BogHag ¢ A1),

Ipensnoxennnii Baime cmocof onpemelneHns npeofpasyromeit Marpmusr I ovens
IIPOCT 1O CBoeil mjee, HO NPAKTUUECKH Maj0 IPUTOieH, TaK Kak CBA3aH ¢ OUeHb 0OME-
IM¥MHA BEUACIGHEAME (TaK, yse OPH n==4 OH TpeGyeT peIeHUs CHCTeMH W3 16 nmmei-
HHIX YDPaBHEHHII).

IlepexonnM K maxomeHHio Gonee sddexTHBHOTO MeTOfa IMOCTPOEHMA NIpeolpasylo-
et MaTpuun T. DTOT MeTof omupaercd Ha gobasimenne k Teopeme 7 (ctp. 150). Cormacuo
sToMy nobaBaeHHI0O B KagecTBe Impeofpasyiomeil MaTPHIE MOMKHO B3ATh MATPALY

T=Q (4), _ (61)
HKOJIbL CKOpPO
AE—A=DP (A) (hE—A4) Q (M.

IlocnegHee pAaBEHCTBO BHpa)kaeT cofofl BKBUBAIEHTHOCTHL XapaKTePUCTHIECKUX
Matpun, AE—A n ME—A. 3pecs P(A) u Q(A)—MHOrouJleHHHE MATPUUH C OOCTOAH-
HEMZ OTIWYHHME OT HyIA ONpeJelUTeIAMH.

JlaA KOHKpPETHOTO HaXOKIEHHA MaTpuoH Q (A) MEH IPHEBOJEM K KaHOHWYIECKOU
JuaronaneHoit ¢opme Ramayw m3 A-matpun AE—A m AE—A mpu moMOIM COOTBET-
CTBYIOIIAX 3IeMEHTAPHEIX HpeobpasoBaHmir 2):

Ain ), ing ), -.oy B N}=PL () RE—4) Q1 (), (62)
{tn A)y ing (A), «-.y L1 (A)}=P2(A)(AE-4) Q2 (1), (63)

TIe -
QUM=TiT2 ... Tp, QuN=TIT} ... T5,, (64)

a Tyy ouey TPx’ T%, «css T;z—anememapame MaTpUIH, COOTBETCTByIO]IlI/Iel 3JeMeHTap-
HEIM OePALMAM HAJ cTOIGmaMu A-Matpun AE—A m AE— 4. Ua (62), (63) m (64) caexyer:
AE—A=P (A AE—A)Q (),

TIe
Q(M)=0; (A Q' A)=TyTs ... 1rp11r;;‘1r;'jz—_‘i R ks (85)
Marpuny @ (A) BHuUKCIfeM, NPUMEHUB OOCJNe[0BATENBHO K cronfnaM eguHUIHOM
MaTpuns E 5ieMeHTapHLe omepauum ¢ Marpamama Ty, ..., Tpi, T;;‘i, ceey T’;" .
Ilocne aroro [cormacuo dopmyne (61)] samemseMm B Q(A) apryMedT A MaTpHuei 4.
IIpumep.
1 0 1
0 1 —11.

Brenem cumponmdeckme 00O3HAYEHHsS NJis JeBHX N IPaBHX BJeMeHTap-
HHX ONIepanuil ¥ COOTBETCTBYIOIUX MaTpun (cM. crp. 136—137):
S'={(0)i}, S"={i+0OMN)i} S"={ij}
T"=[(c)il, T'=[E+@M)]l, T"=lij).
Yurarep JeTKO OPOBEPHT, 4TO XapPaKTepUCTUIECKAA MATPUIA
‘ A—1 0 —1
AE—A= 0 aA—-1 1
1 1 A—-1

1) Q@opmyny (60) mMokno 3aMeHATH dopMyoil
IT=TV,
rae V—OpomsBoJbHAS MaTpUUA, NePecTAHOBOYHAS C 4.

?) 3mech CYMeCTBEHHO JUMb TO, 4Te ofe A-MaTpuuul AE—A n AE—4 I pHBO-
JATCS K OGHOMY W TOMY ke BHAY.. Mu wmabpanu KaHOHWYeCKUH NHATOHAJBHHIN BHJ,
fIOCKOJNBKY CYIIeCTBYeT aJjropHTM, 00ecledmBAINEi DpUBeJeHNe K TAKOMY BHLIY.
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IPUBOATCA K KAHOHWYECKOMY AMATOHAIBHOMY BHAY

10 0
01 0
0 0 (A—1)3

¢ DOMOUIBI0 CIEeAVIOMIAX MOCIEN0BATENbHO BHIOJHEHHHX 3I¢MeHTaPHHX oOme-
parmit;
M+(—D3], 2+1), B3+A—D1), {(=D1), 1-—2
e —2051)2,, 2—(—1)1), (—1)2), 13, @3
M3 KaHOHMYECKOTO AWATOHAIBHOTO BHja MaTpuun AE — A ycmarpmBaeM,
uro MaTpuia A HMeeT TONBKO OAMH OSIEeMEHTADHHI fenmrens (A—1)3.
TlosToMY cooTBeTCTBYIOMIEH KopAaHOBOE ¢dopmoit Gymer Marpura

1 1 0
J=|0 1 1
0 0 1

Herpyano BujeTh, 4TO XapakrepucTudeckas Marpuna AE —J mpuso-
MATCA K TOMY K€ KAHOHMYECKOMY AHATOHAIBHOMY BHAY € NOMOHIBIO dle-
MEHTApPHHX OIepamui :

(34+(A—1)2}, {3+-R—2241)*1}, 2+G—13], L+Rr—-12], "
{(—11) {(—1)2}, [13], {12}. _ (

Bubpacripasg u3 (*) W (*%) JeBHe dIeMeHTApHHE olIepanuu, 0603HATEHHHE
cumposoM {...}, MH B cooTsercTBHE ¢ dopmymamu (64), (65) momyunm

QM =0 (MO (M) = _
=[1-4(A—1) 3] {1—2] [1—(A2—20+4-1) 2] [13] [13] (1 —(A—1) 2] [2—(A—1) 3] =
=M+ Ar—1)31[1—(R2—A+1)2][2—(A—1) 3].

HpI/IMBHI/IM K BI[HHH‘IHOfI MATPHIE IIOCJAEJOBATENLHO 3TH NpPABREIE 3Jie-
MEeHTapHble Oolepamum:

1 00

1 0 0 1 00
E=|0 1 0j-» 0 1 0 -l —224+2—1 1 0| —
0 0 1 A—1 0 1 A—1 0 1

1 0 0
._\} — A A—1 1 0ll=0Q®).
A—1 —2+1 1
Taxkum 00pasow, -
00 O 0 0 0 1 0 0
QM= —1 0 Opa4ii1 0 Offas-lj—-1 1 O
.0 0 O 1 —1 0 —1 1 1
3amegan, 4TO
1 2 1
Je=|0 1 2‘,
o 0 1]

11 o. ». TanTMaxep
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HaxogaM
00 Ot 2 1 0 0 0
T=Q(/)=| —1 0 0|0 1 2)4|1 0 0
0 0 0§||O0O O 1 1 —1 0
10
+i—1 1 0|=
11 1
[IpoBepxa.
o1 1 0| 1
AT =|| —1 —1 —1 |, 17J=| —1
o 1 1] 0
10 0
|T|=|—1 0 —1)|=1.
0 1 0

Caemonarensno, AT =TJ (|T|=£0), . e. A=TJT™

|1 0
L+
0 0 1
1 0 0!
—1 0o —1
0 -+1 0
1 0
—1 —1,
1 1

§ 9. Bropoii MeTox mocTpoeHmAa mpeoGpasyrouieii MaTpPHI{bI

1. MH H3I0/KHM emre OFMH MOTOJ MOCTpOeHHA Hpeolpasyiomeil MATPHUIH, KOTOp i
9aCcTO NPABOAET K MEHBIIAM - BLIYMCIEHHAM, HeiKedn MOTOf, MpeJLymero maparpada.
OnHaxo 3TOT BTOPOH MeTOJ{ MpUMEHAM JHINb TOTAA, KOT/la HOpMannnas gopma sKopraHoBa

M H3BeCTHHL BJIeMeHTapHI:Ie AeIuTean
D Dy
=™, (h—A2)®2, ...

mamH0il Matpane A.
Tiyets A=TJT3, rre

p1
———
M 1 ... 0
* 1
0 Ay
J={ME(p‘)+ H(pi), AZE(pZ)-{-H(pZ), D=

(66)
P2
————
Ao 1 ... 0
1
0 Ao

Torpa, o6o3aauas gepes ¢y k- croxben matpanu I (k=1, 2, ..., n), ME MaTpHIHOE

PaBeHCTBO
AT =TJ
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3aMEeHHAM 3KBHB&JIBHTHOi[ CHUCTEeMOM paBeHCTB
Aty=Mty, Aty=DMytatty, ..., Atp =hitp +ip 1, 67
Atp y1=Motp 11, Alpsa=hotp ro-Ftp 11,0y Alpip,=hotp p,+1p1p,-1, (68)
KOTOpPYIO TepermiTeM enIe TaK:
(A—ME) t;=0, (A—ME)ty=ty, ...,(A—ME) tp =tp 1, 67)
(A—22E) tp 11=0, (A—heE)tp yo=1tp 11, ..., (A—MA2E)lp +p,==tp 4p,—1, (68')

.................................. . . .

TakmM oGpasoM, Bce c¢ToAOUE MaTpuusl T pasGuBAIOTCA Ha «KOPAAHOBH LEHOTKEY
cronbuos: [ty, ta, ..., tPll’ [tPrH’ Ipi+2s -« o tp1+p2] y... Rammpoll XxOpJaHOBOM KIETKe
B J [Mam, 9TO TO e, KaKIOMY 3JeMeHTapHOMY ReluTeldio (66)] cooTBeTCTBYeT CBOA 3KOp-
JaHOBa IenodKa croi6uoB. Hajias KOpPJaHOBA IeHOYKA CTONOI0B XapaKTepH3yeTcs
cucreMol ypaBHenui:Tmna (67), (68) m. T. m.

Haxoxpgenme upeoGpasyiomedl MaTpAOH 7 cBOAHTCA K PASHICKABHIO YKOPAAHOBHIX:
IleNCUeK, KOTOPHE B COBOKYIHOCTH JaBajiy OH n JIMHEHHO HeBaBHCHMHX CTOIOIOB.

Mu mora)keM, YTO 3TH KOPJAHOBH I[€HOYKHM CTOIGIOB MOMKHO ONpefelnTh IpH:
noMomu npuBefeHHO# Marpunu C (A) (cm. ra. IV, § 5).

Ias Matpausl C (M) ¥MeeM TOMIECTBO

AE—AHCM=V(ME, (69y
rie VY (A) —MUHUMANLEHI MHOTOUWIeH MAaTpHOL A,
Iycrs
Y (R)=A—2)™ X (A) (% (2o) == 0).

I ponuddepenupyeM IOWIEHHO IIOCHE0OBATENBbHO m—1 pas TomgecTBo (69):

AE—A)C" (MN+C M=V (V) E,
(AE—A) C" (M +2C" (M) =" (M E, ] (10

(NE - 4) Cm=b ()4 (m—1) Com=—) () == (3) £. )
TopcraBasas Ay BMecTO A B (69), (70) m BaMedas, UTo IpaBLe TaCTH IPH BTOM o6pamanTes
B Hylb, HOJYYHEM:
(A—ME)C=0, (A—ME)D=C, (A—ME)F=D,...,(A—ME)K=4gG, (71p
Tae

1 ., 1 ., 1 _
C=C (M), D:TC (M) F=2—!C (Ao), ---:G=m Con=2) (Ag), )

1 (72y
K =——-(m — 1)! cm-D ()»0).

3aMeHUM B paBeHCTBaX (71) maTpuns (72) BX k-Mm croxbmamu k=1, 2, ..., n).
MMonyunm:

(A—ME)Cp=0, (A—ME)Dyp=Cp, ..., (A—AE) Kr=—Gp, (73)
(k=1, 2, ..., n).
Nockonsry C=C (hg) = 01), MoxBO BHOpaTh Takoe k(< n), 94TO

Cr=#0. (74)
Torga m CTOIGLOB
Cy, Dg, Fp, ..., Gy, K, (75)
nuHeitHO HesaBUCHMH. B caMoM Jene, mycTh
yCh+¢5Dh+...+ka:O. (76)

1) Us C (h)=0 caenoBano 6m, 4TO BCE diemenTH C (A) mMeloT ofmmil HennTens.
CTeNeHy BHINe HYJeBOH, 970 mpoTHBOpPeduT ompemenenmio C (A).

11+
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NNommoman obe wactm (76) mociepmoBatensno Ha A—ME, ..., (A—AE)™-1, momyanm:
0Cr+ ... +xGy=0, ..., »Cp=0. (77)
W3z (76) u (77) B cuany (74) EaXOZUM:
y=0=...=%x=0.

TlockonbKy AuMHEeHHO He3aBHCUMEE CTOJOOE (75) YAOBIETBOPAIT CHCTéMe ypaBHe-
gAi (73), oHm o6pasyloT KOPAAHOBY I[€IIOYKY BEKTOPOB, OTBEYAIIYI dJeMeHTapHOMY
genaTemto (A—Ag)™ [ep. (73) ¢ (67")].

Ecan opu HexotopoMm k Cp=0, HO Dy =~ 0, T0o crombuut Dy, ..., Gy, Ky ofpasymor
JKOPHAHOBY IEeMOYKy u3 m-—1 BEeKTOpOB W T. [.

2. TlonameM cHadaja, Kak HOCTPOMTE IpeoOpasylomyld MaTpumy I B TOM clydae,
Korja Marpuna 4 ¥MeeT NODAPHO B3aHMHO LPOCTHE BJIEMEATADHHEC JeIHTelH:

(=2t A—h2) "2 ooy (A—Ag) s (hi 5= Aj mpu i4f; id=1, 2, ..., 9).
INeMEHTAPHOMY MeNHTEIIO (}»—}»j)mj CTaBUM B COOTBETCTBHE JKOPAAHOBY I[@IOYKY
croabmos €, DO GP, KO, TIOCTPOEHHYI0 IO yRasaHHoMY BHme cmocofy. Torma
(A—AE) CD =0, (A—WE)DD=cD, ., (A—A;E) KN=¢WD, (78)
Hasas [ sgavenns 1, 2, ..., s, IOXYIHAM § KOPIAHOBHX Hel0YeK, COTEP/KAMAX B COBOKYII-

HOCTH B CTOAOUOB. JTH CTOJOIH JHHEHHO He3aBHCHMH.
HeiicTBUTEeNBHO, TYCTh

8
3 [y, €D 480D+ L wkD)=0. (79)
i=1
ITomuoxMM o0e wacTH paBeHcTBa (79) cjleBa Ha NPOM3BEJeHME

s =1 .
(A—ME™ .. (A= B) 1 (A—MEY™ (A—Rhj B) 71 (A—AsE)75. (80)
Hoxyaum:

xj:0.
3amensn B (80) m]-——1 nocjefoBaTeNIbLHO Ha m]-—2, m]-——3, ..., HaligeM:
V= j=...=x]~=0 (j=1, 2, ...,9),
9T0 W TpefoBaniOCh [JOKA3ATh..
Marpury 7 ompefennM $opMymoH
T=(C®, DD, .., KV, ¢, DO, ., K®; ; C®, D®, K®), (81)

Iiprmep.

8 3 —10 —3

3 —1 — 4 2 Y A=A Q) =A@ —D2A+1)2=A%4—2A2 1,
2 3 — 2 —4 | omememrapmue penmrenu: (A—1)2, (A4 1)2
2
1

I
(=
|
(o)
[N

LA R A ) \ ,
¥ (A, py=——t T 8 Ap2 - (A2 —2 A3 —2A,
9 _ 1 _3 (s w W—% B3 Ap24-( ) p AT —2

C(M)=Y¥ (AE, A)=A3 +AA2+ (A2—2) A+ (A3 —2}) E.

CocraBuM mepsuil cronben €y (A):

Co (M =[A43];+ A A2+ (A2 —2) Ay + (A —21) Ey.
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Jia BHYHCNEHHA IEPBOTO CTONGNA MAaTPBOHN A2 MH IOMHORMM BCe CTPOKN MaTpmuu 4
Ha DepsHii cronben Mmatpunm A. IomyummY): [A2),=(1, 4, 0, 2). IloMHOKan Ha 3TOT
cronGen Bce cTpOKHM MaTpmuu A, Hajinem [43],=(3, 6, 2, 3). Iloaromy

H 3 1 3 } 1 A34-3A2—A-—3

6 4 2 0 202402

IR e Y B ERITREY g N 0 e
H3 2 1 0 A2 12441

Orcwoga Cy (1)=(0, 8, 0, 4) u C; {1)=(8, 8, 4, 4). Ilockoarry C4(—1)=(0, 0, 0, 0),
TO IepexofmM KO BTODHM cTonbuam u, HeficTBYS aHAJOTAYHO HPelHAYINeMy, HaXOJAWM:
Co(—1)=(—4, 0, —4, 0) m C3(—1)=(4, —4, 4, —4). CocraBymeM MaTpHLY:

0 8 —4 4
€1), € (1); Co(—1), Ch(—tp=| S & O —¢

0 4 —4 4

4 4 0 —4|

Coxpaiaem 2) mepshle 1Ba cTOA6nA HA 4 B BTOpSie fBa cTONOUA HA —4.

0 2 1 —1
2 2 0 1
T=
0 1 1 —1
j1 1 0 1|
IlpepnaraeM 9UTATENI0 IPOBEPUTH, ITO
1 1 0 0
0 1 0 0
AT =T-.

T 0 0 —1 1
0 0 0 —1

3. Ilepexofia  ofmeMy ciydalo, Gy/seM Pa3HICKABATHL ROPIAHOBH IeIIOYKH BEKTOPOB,
OTBevalomue XapaKTepHCTHYeCKOMY JHCIY Ag, KOTODOMY COOTBOTCTBYKIOT p 3JIeMEHTAPHEX
geamTeneil (A—Ag)™, g anemeHTapHHX AemuTexeit (A—Ag)™1, r penutemedt (A—hg)"~2
T 1.

YeTamoBAM OpeABApHTENbHO HEKOTODHE CBOIICTBA MATpHI|

’ 1 " 1 _
C=C (Ko), D:C (xo)y F:_Z‘!_C (xo), arey K:-(—r;"'——m cm 1) (KO). (82)

1° Mampuyn (82) moeym 6umb npedcmasaens 8 sude muoeourenos om A:

C=hy(A), D=ha(4), ..., K=hp(4), (83)
20e
Y (M) :
h; (A= . =1, 2, ..., m). 4
R To Wl m) (84)

B camoMm [Hene,
C =¥ (E, 4),
i )

v, ==

1) CronGen, Ha KOTODHI yMHOKaeM CTPOKH, MH IIOJIIACHBAeM TIIOJi CTPOKAMA
MaTpunu A. KypcnBoM HaOpaHH 31eMeHTH KORTPOJILHOW CYMMAapHOW CTPOKH.

2) [Ipm yMHOOHEH Bcex CTOAGLOB FKOP/AHOBOM LENOYKA Ha YHCIHO ¢ == ( Henouka
OCTAEeTCA KOPAAHOBOM.
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ITosatomy
1 1
7 € (o) == W (E, A), (85)
rae
1 1 o"
—\F(h’) }\, , [ J— —_— R -
T E (g, py=— [Ww u)]HO
1 ok (W) P (p)

e _— :—m=h . 86
L on% ued dane ™ (g Bt (W) (86)
3 (82), (85) u (86) caenyer (83).

2° Mampuys (82) usmerom coomsememeenuo panau
p, 2p+4q, 3p+29+r, ...

910 cBoilcTBO MaTpui (82) HemocpejCTBeHHO MOMywaerca uM3 1° m reopemu 8 ra. VI,
eclId - MOJNIOKATH DPAaAT pPABHNEM n—d N BOCIHOJXb30BATHCA dopMydoil (48) nma pedexrta
¢yERIEA oT A (cTp. 130).

3° B pady mampuy (82) cmoabey raxcoi mampuyw Asasemcs aunelnol KoMEUHA-
Yueld cmonbyos arwboli nocaedyoujel mampuys.

BossMeMm aBe matpHEui h; (4) m kg (A) B paay (82) (eM. 1°). Hycrs i < k. Torna
u3 (84) caemyert:

i (4) =T (4) (A—RgE)R~t,

Otcoga j-#i croaer y;(7==1, 2, ..., n) marpnum h;(A) auueiiHo BHIpa)KaeTCHA depe3
CTONONE 24, 22, ... 2z, MATPHUE hy (4):
n
v = 2 9%
g=1
roe a4, U, ..., 4 —DBIEMEHTH [-I'0 cTOAOHA MATPHIH (A4 —AgE)E-t,

He wmenas ocnoenoiz  gopmya (71), momcno & wmampuye C - awboi cmoabey
3aMERUMDb NPOU3B0AbHOL AuMelHOl Kombunayuel scer cmoabyos, cdeaasg COOMBEMCMEYOULYIO
dameny e D, ..., K

Temeps mepeiigeM K IOCTPOSRHIO YKODJAHOBEIX UEIOYSK CTOAGIOB MIA BIEeMeHTAD-
HEIX JelnTeineir

A—A)™, ..., =)™  (h—Ag)™1, ..., (h—hg)™-1

p q
floasaysce croiicTeamMm 2° ¥ 4°, ME MaTpuiy C mpeoGpasyeM K BUOY
C=(C1, C2y ..., Cp; 0, 0, ..., 0), 87
rae cronbust Cy, Cq, ..., Cp MuneiiHo HeaaBmcUMHL MeMAY coGoh. IIpum sTOM
D=(Dy, D2, «.., Dp; Dpity -+« Dp)s

CormacHo 3° mua mwoboro i (1< i<p) cromben C; ectb amueiiHas KoMGmHALEA
cronduos Dy, Dg, ..., Dy:

Ci=ayDi+ ...+ apDp+0pi(Dpi1+ ...+ Dn. (88)
Tlomnommm ofe wactm sToro pasenctsa ma A—AgE. Torpa, samesas, uto [em. (73))
(A—ME)C;=0 (i=1,2,...,p), (A—hB)Dj=C; (=1, 2, ..., m),

gmonyumM B cmay (87):
0=0,C1+02l2+ ... +a5Cp
OTKyja B (88)
ay=...=0ap=0.
Toaromy crombus Cy, Cy, ..., Cp HPEACTABIAIOT cOGOH JMHEHHO HesaBHCUMEe KOMGHHA-

oun eronbuos Dpiy, ..., Dp, B TOTOMY, COTIacHO 4° M 2°, He MeHAA MATPHIH C, MOMKHO
amecto Dyiy, ..., Dyp B3aTh croabou Cy, ..., Cp, a BMecTO Dypyqyy, <.y Dp—Hyan.
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Torna marpuna D mpuMer. BUJ
D=(Dy, ..., Dp; Cy, Cs, ey Cpi Doptts «ovy Dapigs 0,0, ..., 0). (89)

TaxuM e oOpasoM, coxpausgs sug (87) m (89) gxa mMatpuuy € m D, MH cIeAylomylo
Marpuny F mpeicTaByM B BUe

F=(Fy, ..., Fpi Dy, ..., Dpi Fapas, -y Fapigs Cys ...

» Cpi
P } (90)
D2p+17 [ERE D2p+q1 F3p+2q+1v ery F3p+2q+r, 0, .. .y 0)
nrT. [
®opmyan (73) gagyT HaM KOPIAHOBH LeTOYKH
m m
o ————— frm———e——
(Ciy Dy, ..., Ky), .. .5 (Cp, Dp, ..., Kp)s
D
m—1 m—1 } (91)
~ S .
(D2p+17 F2p+1, CERE] K2p+i)7 vy (D2p+q1 F2p+q, crvy K2p+q)§ v
Q

Amu xcopdaroesl yenouku Hesggucumbl mescdy coboii, J[eHCTBUTENLHO, BCO CTONOIH
C; B nenourax (91) He3aBHCHMH, TaK KaK oONH 06PasylnT p He3aBHCHMHX CTONONOB
matpunk C. Bee croxbunr C;, D; B (91) HesaBUCHEMH, Tak Kak oOHH ofpasywT 2p--g¢
He3aBHCUMBIX CcTONOKOB B Matpuue D wm 1. 1.; HakoHen, ece cmoabyst ¢ (91) Heaasucumsl,
max kax ouu obpasyiom ng==mp-(m—1) g-+ ... nesasucumuir cmoabyos e mampuye K.
HYueno cronbuos B (91) paBHO CyMMe cTemeHel BJIeMeHTAPHHX JeIHWTelelf, COOTBOTCTBYIO-
IMEX aHHOMY XapaKTepUCTHYECKOMY THCIY Ag.

Ilycts MaTpuma A=||a;; ||} mMeeT s pasIMYHEIX XAaPAKTEPUCTHYECKMX UHCEN Aj
/=12, ..., AA)=A—M" A—A)™ ... A—A)™; p A =(A—1)"™ A—Lig)™"2 ...
ceo (A—2A9™3]. Ilas KaKAOTO XapaKTePHCTHYeCKOIO WHCIA Aj COCTABAM CBOK0 CHCTEMY
He3aBUCUMEIX JKOPIAHOBHX Lemouer (91); umcimo cToxb10B B 3TOH cucTeMe OymeT paBHO
nj (j=1, 2, ..., §). Bce moxyveHHHe TaKHM 00pa30M LENOYKM COREp:KAT n="n,-
+ng+4 ...+ ng croabuos. ,

9mu n cmoabyos AuHeliHO He3AGUCUMBL U COCIMABAAIOM 00HY Us UCKOMBL npeobpasyro-
wuzr smampuy T.

JloKa3aTeNBCTBO JMHEHHOH HE3aBHCHMOCTH, HOJYYeHHHIX N CTOJOI[OB WPOBOJUTCH
ciaegylomuM o6pasom,

Jo6Gaa auHeiiHad KOMOMHAIMA STUX 1 CTOJMONOB MOKeT ORITH HpefCcTaBIeHa B BUJE

s
Z Hj=0, (92)
i=1

rpe H;—amueiinag xoMOmEanmaA cTonONoB B KOPAAHOBHX uenogkax (91), cOOTBETCTBYyIO-
WX XapAKTePHCTHYeCKOMY THCIY Aj (=1, 2, ..., 5). Ho jnoGoil crombel B KOpHaHO-
HOM melouke, COOTBETCTBYIOMeEN XapaKTePHCTHIECKOMY WHCIY Aj, YEOBIOTBODPAET ypaB-
HEHHIO

(A—M;E)" £=0,
IToaTomy

(A—MA;E)™T Hy=0, (93)

BospMem ¢uxcmpoBanuoe umciao j (1< j<$) B HOCTPOMM HETOPHONALHOHHHN MHO-
rouner Jlarpawsxa—CumasBectpa r (A), (cM. Ti. 'V, §§ 1, 2) mo ciaefyoomuEM 3HaUeHHAM
HA CIEKTPe MaTpHI{EI:

P ) =r" )= =r" D () =0 mpm i = j

r)=1, rAp=.. =" =0

Torpga mpum dwbom =] r(A) pgermres Ha (lmhi)mi 603 ocTaTka; MOITOMY
8 cuay (93)

r(AH;=0 (=) (94)
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Togno Taw ke pasHocTh 7 (A)—1 memurcs Ha (l—lj)mj 6e3 ocraTka; DOITOMY
r(4) H;j=H;. 95)

NoMuoskan obe gactu (92) Ha r (4), Mu cormacHo (94) u (95) moxyuum:
Hj=0,

9710 cupaBeguuBo Ais gioboro =1, 2, ..., s. Ho H; ecThb nuHeliHas KoMOWHAIHAA
HEe3aBACUMHX CTOJIOIOB, OTBEYAIIINX OTHOMY M TOMY e XapaKTePHCTUYIEeCKOMY YACIY Aj
(i=1, 2, ..., s). IlosToMy Bce Ko3pmumenTn B sjuneiinoii womOmuEamum H; (=1,
2, ..., §) #, cIe0BaTeIbHO, Bée Kodpdmnuents B (92) paBHH HYJIO.

JaMevaHne VYKOKeM HA HEKOTODHe mpeofpazoBauus Hag cTOAOIAMEH MATpH-
uer T, IPU KOTOPHIX OHA OcTaeTcsA mpeofGpasymoiieil K ToH e KopmaHoBod dopme (mpm
TOM e PACHONOKeHUH JKOPJAHOBEIX UATOHAJBHHIX KIETOK):

1. Vaunoxmenue ecex cmoabyos karoii-aubo scopOarogoli Yenouku HA NPOUIEOALHOE
YUCA0, OMAUYHOE OM HYAA. ‘

11, Hpubasaenue K wadswclomy (HAYURAR €O 6MOPO20) CcMOAGYY o4cOPOAKOBOTE Yenouku
npedundywyezo cmoabya moil ce Yenouku, npedeapumesbHo NOMHONCERHO020 KA 00HO U MO d5ce
npOUEOABHOE HUCAO, ‘

© 1I1. IIpubasaerue Ko 6cerm cmoabyanm swcopdanosoli Yenowkl coomeememayrouyus cmoabyoe
dpyeoii yenouxu, codepycayeii maxoe ce Uau 6osdbuwiee «UCALO cMorbyos U omeeuaroujels
momy orce TAPAKMEPUCTIUNECKOMY HUCAY.

DIpmmep 1.
0 —
o 1o s A =(—1)8 (1),
a=llo 0 —1 2 2|, YA=A—120F)=M—A2—A 41
1 —1 1 0 1 dileMeHTapHHE [eJHTeJn MaTpunu 4
11 1—-1 2 (A—1)2, A—1)2, A1,
11 00 0
0100 0
J=|i0 0 1 1 ay,
0 0 01 0
0000 —1

v (, u)=‘”—“fﬁ"@=u2+<x~1)u+x2—x—1,
CMN=¥ AE, Ay=A2 4 A—-1D A+ A —A—1)E.
BrrauciseM DOCIef0BaTeJbHO CTONONH MaTpuonl A2 @ COOTBETCTRYIOM(AE CTOMOIIh

marpur C (A), C (1), C' (A), C’' (1), C (—1). Ham HyREHO mONy4HThH [Ba NHHEHHO He3aBH-
CHMEIX cTOAONA MATpunk, C (1) ¥ OgHH OTIMYHHN OT Hyas cronben marpuun C (—1).

1 00 2% 1 0 0 1x! 10000
0 10 2% 0 1—2 3% 01000
cmy=lo 01 ox|+ar—1lo 0 —1 2x|+@r—r—1)jlo0100],
2 22 —~1 % 1 —1 1 0x 00010
2 —22 —2% 1 —1 1 —1 % 00001
o 00 2% 1 0 0 1% 10000
0 00 2% 0 1 —2 3x 04000
C(+H=[0 00 Oox|,CMW=[0 0—1 2x|+@Er—1f00100],
2 22 —2x% 1 —1 41 0xX 00010
2 —22 —2% 1 —1 1—1*] 00001
2K XK 12X 00 0 Xk xX
00X X 33X ‘004>K>K
C' (4 N)=|[0 K ¥ 23|, C(—=/0 0 & X X
1K XK 13X 0 0 0 k X
1 X X —1 x ‘000**
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IToaromy 1)

T=(Cy (+D), Ci(+1), Cu(F1), Ci(+1), C3(=D))=

Moo OO
o o
NNO NN
[ = CRY U
OO O

Marpuny T MOKHO HeCKOJBKO YIPOCTHTE. IlociemoBaTesbHo

1) pasgeaum maTe croxaberm Ha 4;

2) ® Tperbemy croifnmy mpubaBmM HePBHE, K UeTBEPTOMY — BTOPOIL;

3) u3 werBepTOro crosfuUa BHYTEM TPeTHUH;

4) pasmenuM OepBHIEA M BTOPOH CTONONEI HA 2;

5) BHIUTEM M3 BTOPOro cTOJIOUA I[epBHH, NpejBApUTENbHO MOMHOMKEHHLIE Ha 1/,
ITonyunM mMaTpuny

01210
00211
T,={{0 0 0 2 1}.
1 0 0 2 0
100 00
[Ipegnaraem umraremio mpoBepuTh, aro AT,=T\J m |T4| 5= 0.
ODprmep 2.
1 —1 1 —1 N N
AR =CR+14
— 3 3 —5 4

8 — 4 3 — 4
15 —10 11 —11

dnemenrapune geautenn: (A1 1)3, A+ 1.

—1 1 0 0
60—1 1 0

J.__
0 0—1 O
0 0 0-—1

CocTaBlisieM MHOTOWIEHH

hi(K)ZW(A) =(A-+1)2, hz(k)=M_=k+11 hy ()= Y (M) —1

AT e a3
W MATPHUH 2)
C=hy (A)=(A+E)?2, D=hy(A)=A+E, F=E:
0 0 0 0 2 —1 1 —1 1000
e 2 —1 1—1,D=—3 4—5'4’F=0100
/0o 0 0 0 8 — 4 4 — 4 0010
-2 1 -1 1 15 —10 11 —10 0 0 01

B KauecTBe mepBHIX Tpex cToaGHOB Marpunbl 7 BO3BMEM TPETHH CTOAOIEL BTEX
Mmarpuu: T'=(C3, D3, F3, X). B marpunax C, D, F u3 mepporo c¢roilna BHYTeM yABOEH-
HHHE TpeTHH, a Ko BTOpPOMY # deTBepToMy croabljam npmbaBmM Tpermit. [lomyunm:

00 00 0 o0 1 0 1000
-°°1°5_7—1"5“1 ~ | 0100
00 oO0f” || o o 4 o Tll—2 1 11
0 0—10 —7 1 1 1 0001

1) 3pmech HEKHWM MHJIEKC O3HATaeT HOMep croxbna; Hampumep, Cy(-+1) obosmHagaer
geTBepTH cronlen Matpuns C’ (41).

2) Tax KaK HMMeeTcH TOJBLKO OJMH 3JIeMEHTADHHH [eJlUTelb HAUBHICINEH CTelmeHH,
To padr Matpunsl C JOMKeH OHTH paBeH epunHmue. IloaToMy [ocTaTOvHO, HampHMep,
BHYACHUTE 7 DJIEMEHTOB, CTOAIIEX B mepBoM croxlue M BO BTOpOil crpoxe Mmarpmul C.
Torpa cpasy OmpPeHeNsATCA OCTANLHHE 2IeMeHTH MaTpmuu C.
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B marpuuax D, F g mepsomy cTonGiy IpuGaBuM deTBepTHI cTon0ell, YMHOMKEHHARH Ha 7,
a W3 BTOPOTO CTOMOLA BLIYTEM YeTBepTHIl. Iloaygum:

00 00 00 i 0 i 0 0
54___00 10’§=00——5——1,1§::0 1 00
00 0 0 00 4 0 5 1 1
00 —1 0 00 11 i 7 —1 0 1
B ragectBe mociemHero cronbna B T GepeM mepsmid cTomfer B 1'z
Umeem:
0 1 0 1
= 1 —5 00
I'=(C3, D3, Fg, F{)=
(C3, D3, Fg, Fy) 0 415
—1 11 0 7

JnAa KOHTPONA MOKHO mpoBepuTh, uT0 AT =TJ m |T| £ 0.



I'IABA VII

CTPYKTYPA JIMHENHOI'O OIIEPATOPA
B n-MEPHOM ITPOCTPAHCTBE
(TEOMETPUYECKAA TEOPUA 3JEMEHTAPHBIX [EJUTEJEN)

N3noxeEEas B NIpeJHAyMel IiaBe aHAJIWTHIECKAA TeOpHA djeMeHTaPHHX
JeanTeNIed faja HaM BO3MOKHOCTH AJA JI000f KBagpaTHOH MATPHIE ONMpPENEIHTH
mogobHYI0 eif MAaTPUNY, HMEINIYI0 «<HOPMAJIbHYIO» MR «KAHOHWYECKYI0» Gopmy.
C ppyro# croporw, B raase III Mu Bujeau, 9ro moBeneHne JWHEHHOrO OHEpA-
TOpa B N-MEPHOM IIPOCTPAHCTBE B PasiIMIHHX Oaspmcax 3afaercs OPH IOMOIMM
kiaacca mogoOHbIX MaTpun. Haaumame B 3TOM Kiacce MaTpHITH, MMEIOIMEHR HOP-
MaJbEYI0 GOpPMY, TECHO CBABAHO C BA)KHHMU U INTYGOKMMHM CBOICTBAMA JMHEH-
HOT'0 OIlepaTopa B n-MepHOM mpoctpancTBe. Maywenuio sTux CBOHCTE HOCBAINEHA
HacTosimasi riasa. McciemoBamme CTPYKTYPHL JMHEHHOTO OIl€paTOpa IPUBOIUT
HAC HE3aBHCHMO OT CONEP;RAaHNA IMpEeNEIyIIed IJaBH K TEOPHH mpeobpaszoBaHMA
MaTpnue K HopMaabHO@ Qopme. IlosTromMy comepskamme HacTosime#l TJIaBH
MOKeT OHITH HA3BAHO ee0Mempuyeckoll meopuell saemeHmapruir Oeaumeneli?l),

§ 1. MrEnMaabHBIE MHOTOWIEH BEKTOpa, IPOCTPAHCTBA
{(oTHOCHTEIBHO 3aAaHHOTO AMHEHHOro onepaTopa)

PaccMoTpuM n-MepHOe BeKTOpHOEe mpocTpaHcTBo R Han moaem K wm nunei-
HH# omepaTop A B 3TOM HPOCTPAHCTBE.

Ilyers o — npoussoapERil Bexrop m3 E. CocTraBmM psaj BEKTOPOB
x, Ax, A%, ... , (1)
B CAJTY KOHEYHOMCDPHOCTH IIPOCTPaHCTBa HallleTcA TaKoe negoe 49ucao

p (0L p<n), aro BexTOpH X, AX, ..., AP ' muReliHO HesapmcHMH, a AP
ecTh JuHElHax KoMOMHAUMA STHUX BEKTOPOB ¢ Kodddummentamum u3 mous K:

APx = — vy, AP e — v, AP 26— , .. —ypac. (2)

CocragmM Muorowrer ¢ (A)=AP4-yiAP +4-...+ yp_1h+yp. Torma paren-
cTBO (2) BauMmIETCA TaK:

¢ (A)x=0. (3)

Bearmit MEOTOYAEH ¢ (A), O KOTOPOTO MMEET MeCTO PaBenHcTBO (3), MH
6ymeM Ha3HBATh QHHYAUDYIOWUM MHO20UIEHOM Oat éexkmopa x?). Ho HeTpymmo

1) B ocHOBY m3maraeMoll 3lech reoMeTpMYECKON TeOpHH 3JeMeHTADHHX JeluTened
moJo;keHa cTaThsa aBropa [81a]. [lpyrue reomeTphdeckne IIOCTPOCHNA TEODPHU JJIEMEHTap-
HEX JenuTeseit cm. B [14], §§ 96—99, a Taxsxe [24] w [426].

2) KomeuHo, IOjpasyMeBaeTcA: OTHOCHTEJIRHO [aHHOTO omeparopa 4. 9ro obcros-
TENHLCTBO MHL A 7S KPAaTKOCTH B OOpejielieHUY HE OTOBapnpaeM, HOCKOJIBKY Ha IPOTSAHeHWH
Becell oTofi rIaBRM MH GymeM mMeThL [lello ¢ OJHEM ollepaTopoM A,
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BHEeTh, YTO U3 BCEX AHHYJIUPYIONNX MHOTOYJIEHOB A BEKTOpa X HOCTPOEH-
HHIf HAMU MHOTOYJIeH ABJIAETCA AHHYIHDPYOIAM MHOTOYJIEHOM HAaNMEHbIIEi
cremenn co crapmuM kosdduunuentom 1. Takoii MEorounen Mu GygeM HasHBATh
MUHLMAALHYIM  GHEYALDYIOWUM  MHOZOHACHOM 6EKMOPA o WIU TIPOCTO MUHU-
MAABHBIM MHOZOUAEHOM GEKMODA X.

daMeruM, 49TO nNPOU3EOALHbIL AHHYAUDYRWUL MHO204AeH (M) 6exmopa X
deaumcs Hayeao HA MUHUMALbHBIEL MHO20u4eH @ (A).
B camoMm mene, mycTs

e =9 M) xM)+e®), (%)
rie % (A), @ (A) —gacTHOe u ocraTok oT menenus ¢ (A) Ha ¢ (A). Torma
P(A)x=x(4)g(4d)wte(d)r=0(d)x (3)
u, CJIeH0BATEIbHO,
0(4)x=0. (6)

Ho cremens ocrarka @ (A) momkHa OHTH MEHBINE CTENEHW MHHHMAJIBHOTO
muorouyera ¢ (A). 3uaunt, g (A)=0 .

W3 poxasammoro mpemsioykeHUA CJaeAyeT, B YACTHOCTH, 49TO KayKIOMY
BEKTODPY ¥ OTBEYAET MOAbKO 00uH MWHUMAJBHHN MHOTOYJIEH.

Buepem B mpocrpancrse K HEKoTOpHI (asuc ey, €, ..., €,. OGo3HATAM
gepes @1 (M), @ (A), ..., @, (A) MHHNMaIbHEIE MHOTOWIEHH Oa3WCHEIX BeK-
TOpPOB €y, €, ..., €,, & 9epe3 P (A) — HauMeHbInee o6Imee KpaTHOe ITHX MHOTO-
agenoB (P (A) Gepem co crapmmm kosddunumentom 1). Torma W (A) Oymer
AHAYJIAPYOIUM MHOTOYJIEHOM [ANA BceX 0Aa3MCHHX BEKTODOB €4, €y, ..., €n.
Tar kak npow3BOJABHHH BeKTOp o € B mpencraBiseTcsa B BHIe & — Ti€; |

+ x9€5+ ... +xp€5, TO
Y(Ad)x=axp(A) e+ P (4) e+ ... + 2P (A4) en =0,

P (4)=0. 7)

Mguorousnen  (A) ABIACTCA AHHYAUDYIOUWUM MHO20UAEHOM 048 6CE20 NpO-
cmpancmea R. Ilycthb w(l)—npomnonbmm AHHYJIHAPYIOUHME MHOLOYNEH IJd
Bcero mpocrpancrea K. Torga w(l) Oymer aHAYIAPYIOIHM MHOT0UJIeHOM

nasa Ga3HCHEIX BEKTOPOB €4, €y, ..., €,. (iefoBarenbHo, w(l) JOJ3KeH OhITH
o0muM KPATHHM 1A MHHUMAJIbBHHX MHOTOWIEHOB () (A)y @2 (A)y ooy @ (A)

3THX BEKTOPOB, W IOTOMY MHOTOYJEH 1p (M) momxeH genuTbCA Ha HaUMeHb-
mee obmee kparHoe 1 (3) Oes ocratka. Orcioga ciegyer, 9T0 W3 BCEX
aHHYJMDPYIOIAX MHOrOYJIeHOB AJA BCero IpocTpaHcTBa [ NocTpoeHHHH HaMu
MHOTO4YIeH 1 (A) BMeeT HamMeHbIMyI0 cTelleHb W crapmuii koaddunment 1.
Takoil MHOrOYIeH OJNHO3HAYHO ONpejgendeTcA 3aJaHWeM IpocTpaHCTBa [
u omepaTopa A W HA3HBAGTCS MUNUMALLHELM MHOOUAEHOM npocmpancmea I 1),
EnmacTBeHHOCT MEHWMAJBHOTO MHOTOYJIEHa OpocTpaHcTBa R caexpyer
13 yCTAHOBJIEHHOTO BHINE NOJOKEHHA: NPOUSEOLbHBIL AHHYAUDYIOULULL MHO20-

uaen p (A) npocmparncmea B deaumcs Hayeao Ha MUHUMALbHBIL MHO204LEH P (A).
XoTA caM0 IOCTPOGHHEG MHHHMAJIbHOTO MHOrodjena v (A) OwIO cBAzaHO

1) Ecim ouepatopy 4 B Hexoropom Gasuce ey, €y, ..., €, COOTBETCTBYET MaTpALa

A=|| a;; |t, To aEHyIUPYIOMUII HIK MUHAMANBHbA MHOTOYIEH UpocTpacTsa B (oTHOCH-
TedpHO A) Gyfer aHEHYJIMDYOMAM WHIH cOOTBeTCTBeHHO MEHUMAJIbLHEM MHOTO9JICHOM
matpuget A u maoGopor. Cp. ¢ rn. IV, § 5
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¢ OIpPEJeJCHHHM 0asmcoM e, €, ..., €;, OLHAKO MHOroduneH 1P (A) He 3aBHCHT
or BEfOpa 2TOro 0asuca (3TO BHTEKAeT U3 EJWHCTBEHHOCTH MHHHMAJILHOTO
MHOTOWJIeHA AIA IpocrpancrBa R).

Hagomern, orMeTHM eme, YTO MUHMMAJbHBIA MHOTOYIEH mpocTpancrsa R
ABIAETCA AHHYJIMDPYIOIEM I J060ro BekTopa ® 3 R, W ToTOMY MUHU-
MAALHBUL MHO20UAEH npocmpancmea deaumcs Ges ocmamra HA MUHUMALDHBLL
MHO204AEH 4106020 6eKMOPL U3 9020 NPOCMPAHCMEA.

§ 2. Pacmienienme Ha MHBAPWAHTHDIE HOJIIPOCTPAHCTBA
¢ B3aMMHO NOPOCTHBIMH MIWHUMAJLHBIMH MHOT'OYJICHAMH

IMognpocrparcTo R’ < R HazHBaeTcsA UHEAPUAHMH LM OTHOCUTEIbHO TaH-
Horo omepatopa A, ecim AR ' — R, 1. e. u3 ¢ R cuaegyer AxcR'.
Hpyravu cioBamu, omepatop A IepeBOAMT BEKTOPH HMHBApHAaHTHOTO IIOJ-
IPOCTPAHCTBA CHOBA B BEKTODH 3TOTO K€ MOAIIPOCTPAHCTBA.

B paxbpmeiimem M OygeM IpOM3BOZWTH pacHiellIeHHe BCOTO IPOCTPAHCTBA
{cM. ra. III, § 1) Ha uEBapHaHTHHe OTHOCHTENbHO A mHofgmpocrpancrBa. Takoe
pacIieiieHne CBOLUT H3ydeHWe TOBeJeHWs Oleparopa BO BCeM IPOCTPAaHCTBE
K HM3YYEHHIO ero NOBEJEHHS B OTHENbHBIX COCTABIAIONUX MHONIPOCTPAHCTBAX.

HokaskeM Temephb CIERYIONIYIO TEOPEMY:

Teopema 1 (1-1 TeopeMa o pacHenIeHHHN OPOCTPAHCTBA
Ha MHBAPDHUAHTHHE MOAOpPOCTPAaHCTBA) FEcau dan dannoezo aumneil-
Ho20 onepamopa A MUnUMAALHBL MHO204AeH npocmpancmea P (L) npedcmas-
asemcs ¢ noae K 6.6ude npouseedenus Oeyx 63aummno RPOCMBIL MHO20ULe-
Hoe Py (A) m Py (A) (co cmapwumu Eosgpfuyuenmamu, pasHwmu eOuruye),

P (A) =1 (A) P2 (A), (8)

mo ece npocmparncmeo IR pacwyenasemcs Ha 084 UHEAPUAHMHBIT NOON PO-
empancmea I, u I,

Rle+IZ’ (9)

048 KOMODULT MUHUMAALHBIMU MHOZOUAECHAMU CAYHCAM COOMEENCIMEEHHO MHO-
orcumea i (1) w Yy ().

HDoxasaTteanbcT o, OGosnagum uepes I; COBOKYMHOCTH BCEX BEKTO-
POB d¢, YOOBIETBOPAWIHUX ypaBueHNw ¢, (A) = 0. Amamorugro onpemeaum I,
¢ noMompblo ypapHeHusi P, (4)x = 0. Onpenenennnie TaxuM o6pasom I, u I,
¢yTh mopmpocrpancTa B [

N3 B3amMuoit mpoctoTsl P; (A) I P, (A) BHTeKaer ') cyllecTBoBaHNe TAKAX
MHOTOUWIEeHOB ¥4 (A) my2(R) (c Kospdumuenramuuz K), 410 MMeeT MeCTO TOK-
JeCTBO

T=; () X1 (M) +p2 (A) x2 (A)- (10)

IIycrs Temeps & — npousBoxbHBI BekTop H3 K. 3amenum B (10) A HA A4
H IpUMeHHM 00€ YACTH MONYIEHHOT0 OMEPATOPHOTO PABEHCTBA K BEKTOPY X:

X =11 (A) x1(A) X+ 1Pz (4) %2 (A4) 2, (11)

e x=ux -+, (12)
TIe

X =Py (A)ya (A) 2, " =P (4) x1(4) . (13)

1) Cm., mampuwmep, [20], cTp. 177.
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Hanee, .
Pi(A) ' =P (A4) %2 () =0, P, (d) " =1p(4) % (A)2=0,

T. e. ¢’ €L, uw x"€L,.
I, n I, e uMer0T OOIUX BEKTODPOB, OTJIUYHHIX OT Hyusd. [eidcTBurenbHo,
ecmn Xo €L, u o €Ty, 1. €. Py (A)xg=0 1 P, (A)xy=0, To B cuxy (11)

29 = %1 (A) Y1 (A) o+ 2 (A) o (A) 29=0.

Takmm obpasoM, [okazaHo, aro R=1I,4 I,

ITycrs, pamnee, 2 € I,. Torga P, (A4)a =0. llomHo®as1 0Ge wacTm aToro pa-
BEHCTBA ciaeBa Ha A n uepecrasias MmecraMu A u 1y, (A), moxyuanm P (A4) Adac=0, "
T. . Aac€ I,. OTUM [OKa3aHO, ITO MOAMPOCTPAHCTBO I, HHBAPUAHTHO OTHOCH-
TeIbrHO A. AHAJIOrMYHO MOKA3EHIBAETCA MHBAPMAHTHOCTH HOAmpocTpamcTsa I,.

Hoxaskem Ttemepb, 4910 P, (A) ecTh MUHNMAJbHEN MHOTOWIEH AJia I.
Myers 1y (A) —mpowmspoabENil aHEYIMPYyloWuil MEOTOYIeH niad I,, a a — mpo-
u3BOJNBHHI BekTop M3 K. Ucemompsys y:Ke ycraHOBIeHHoe pasnoskerme (12),
HATIAMEM:

o (4) B2 (4) 0 =pz (4) P (4) 2"+ (4) P (4) " =O.

Mockonbky o — npoussoapHEHI BeKTOp M3 I?, TO OTCiofa BHTEKaeT, §TO IPO-
maBefieEne Py (A) P, (A) ecTh AHHYIHMPYHOIMMH MHOTOYIeH AJA J& W HOTOMY
nemurcsa 0es ocTaTka Ha Y (A) =9y (A) Py (A); ApyruMH cIoBaMm, 151 (A) meaurcst
"a P (A). Ho 1 (A) —nmpousBoldpHHI aHEYIUDYOWuUA MHOTOWIeH axa I,
a P, (A) —omuHE M3 AaHHYJIUPYOIUX MHOTOWICHOB (B CHIy ompemexenus I,).
Smaunt, Py (A) ecTh MUHMMAJBHHN MHorodsien paxsa I,. Cosepmenno aHa-
JNOTMYHO [IOKA3HBAeTCA, UYTO Py (A) €CTh MHHHMAJIBHHNA MHOTOWIEH IS
WHBApPHAHTHOrO moAmpocrpancTBa I,.

Teopema moxasaHa HOIHOCTHIO.

Pasnosxum mHOTOWIEH 1 (A) HAa HempwBoguMHe B mose K MHORUTENIn:

P (A) = [ (W1 [@2 (W12 . .. [s (B)]° (14)

(smeck @y (A), Pz(A)s ..., @5 (A) —pasmuaHEe HempmBomuMEe B K MEOrowIeHE
co crapmumu Koapdumuerramu 1). Torga Ha ocHOBAHWE TOKa3aHHOH TeOPEMEE

R=T,+I,+...+1, (15)

rie I —MHBApPHAHTHOE MOANPOCTPAHCTBO C MUHHMAJBHHM MHOTOTICHOM
[pr (M2 (=1, 2, ..., s).

TaknM ofpasoM, M[OoKa3aHHAA TeopeMa CBOJHT HSyUeHHe MOBEIeHHUS
nuEEeHHOTO OmepaTopa B IPOM3BOIBHOM IPOCTPAHCTBE K H3YUeHMIO MOBEIEHHs
3TOr0 0IepaTopa B MPOCTPAHCTBE, I/l MAHMMAJIBHHN MHOTOWIEH €CTh CTEICHD.
HenpmBoguMoro B K MHoroumena. 9T0 0GCTOATENBCTBO GyIeT HAMM HCIONDH30~
BaHO /A [OKA3aTeJbCTBA CJEAYIONEro BAjKHOTO Id HAC HpPeIoKeHHA:

Teopema 2. B npocmparcmee eceeda cywecmeyem 6eKmop, MuHuMaLb-
Wbl MHO20ULeH KOMOpO20 COgnadaem ¢ MUNUMANLLHBLM MHO204AEHOM 8CE20 RPO-
cm parcmea.

JoxaszarexbcTBo. PaccMoTpmM CHavaja TOT 9acTHR ciydaii,
KOTZa MHAHEMAJbHHH MHOTOWJIEH HIPOCTPAHCTBA K €cTh CTemeHb HelmpHBO-
ngumoro B K Muorowmena ¢ (A):

(M) =lp MW"
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BuGepem B R 6asuc ey, €, ..., €,. MUHIMATBHHNI MHOTOYJIEH BEKTODA €,
ABJIAETCA JlelndTelieM MHOrodjdeHa P (A) M mODTOMY IPEACTABIAETCA B BUe
[ roe LKL (=1, 2, ...,n).

Ho- MuAmManpHEN MHOrOWIeH LPOCTPAHCTBA €CTh HAaWMEHbIee ofmee
KpaTHO€ MHHHMAIBHEIX MHOTOUJIEHOB Oa3HCHHIX BEKTOPOB, T. €. ) (A) COB-
majjlaer ¢ Hauboabmeil m3 crememedl [¢ (M)} ((=1, 2, ..., n). pyrumu
caoBamu, P (A) COBmagaer ¢ MHEHMAjbHHEM MHOTOYJIEHOM ONHOTO I3 Ga3MCHHEX
BEKTODOB €y, €y, ..., €n.

Ilepexomgs r oGmeMy caydamw, JOKaKeM IIPeIBAPHUTEIBHO CJE[YIOIIyio
IeMMy:

Jdemma. Ecau MURUMAABHBIE MHOLOUACHB. GEKMOPOS € U e’ @3aumuo
npocmbt, Mo MUHULMALbHYE MHO0UAEH CYMMY 6eKmopos e’ -+ e” pasen npous-
6e0EHUI0 MUHUMAALHBLL MHOSOMACHO8 CAAZACMELL GEKMOPOE,

HoxasareascTBo. B camom gmexne, mycts % (A) 1 %, (A) — MUAERMATE-
HEle MHOTOWIEHH BekTopoB € mu e’. Ilo ycmoBmio ¥y (A) m Y ()A) B3ammmo
* mpocTH. IlycTs y (A) — IPON3BONBHHI AHHYIHPYIOIUE MEHOTOTJIEH IS BEKTOpA
e=e' }e". Torma

Ye(A) X (A)e' =y (A)x(A)e—y (A) Y2 (A)e" =0,

T. e. %2 (A) % (M) ecTs amHymupyromuii muorowmen mias e’. CiegosaTenbHo,
X2 (A) % (A) menmrca Ges ocratka Ha Y4 (A), m Tak Kak y (A) u %o (A) B3amMHO
HpocTH, TO % (A) meamresi Ha ¥y (A). ABajgorwuso pmokasmBaercs, 4to (A)
memmntest Ha Y2 (A). Ho o4 () u y2(A) B3ammmo mpocrs. CiemoBareabro, % (A)
DeanTca HA IpousBefieHue ¥y (A) ¥ (A). UTak, mpoussonbHHA aHBEYIMDPYIOMIHI
MHOI'OYJIeH BEKTOPA € [eJHWTCA HA AHHYJIUPYOImui MHOTOWIeH Y1 (A) ¥a (A).
IloaromMy 44 (A)%2(A) m Oymer MHEENMANBHHM MHOTOYJIEHOM BeKTOpA € =
=e | e".

Bepremca k Teopeme 2. lasa pmorasatenscTBa B 006mieM ciydae MCHOONB-
ayem pacmemienne (15). Tax kax MEHEMaJabHHE MHOIOYJIEHH IMOLIPOCTPAHCTS
I, I, ..., I, cyTb cTelleHN HEIPHBOZEMOTO MHOIOWIEHA, TO HJH 3THX IOf-
OPOCTPAHCTB Hallle IIPefijIoKeHHe Y:Ke JokasaHo. llostomy cymecTsyior ranme
Bektopul e’ €Iy, €' €1I,, ...,e®) CI,, MUHAIMATBHEME MHOTOLIEHAME KOTO-
prx Oymyr coorseTcTBeHHO [Q4 (M)}, [@2 (A)I%2, ..., [, (M)]°%. B cuay memmm
MHUHHMAaJIbHKIH MHOTOUYJIEH BeKTopa e =e¢’ +e"+ ... + e(® pasem mpomssenenmo
[@s (M) @2 (A)]°2 . .. @5 (A)] s, T. e. paBeH MUHAMAJHHOMY MHOTOWIEHY IPO-
cTpancTtBa K.

§ 3. CpaBnenna. HagupoctpascTBo

IIycres mamo Beroropoe mommpocrpaHctBo I — R. Mm 6ymeM roBopurs,
4TO ZBa BeKTopa ¥, ¥ m3 K cpapEEMH 1m0 mod I, m GymeM mmcate & = ¥
(modI) B ToM u TOMBKO B ToM ciaydae, ecau ¥ —ac & L. Jlerko mposeps-
ercs, 9TO BBefieHHOe TaKMM 00pasoM IIOHATHE CpaBHEHHA 00Jafaer clemyio-
UMH CBONCTBAMH: Qs JOOHX X, ¥, 2 B

1. x =2 (modI) (pedIeKTHBHOCTH CPABHEHHUS).

2. U3 =19y (mod I) cuegyer ¥ = ac (mod I) (o6paTUMOCT: MIH cCHMMe-
TPUYHOCTH CPaBHEHUA).

3. U3 x=v¥y, y=2z (modI) caenyer x = z(mod I) (TpaH3UTHBHOCTH
CDaBHEHHUA).

Hanwame sTux Tpex CBOMCTB CpaBHEHHS [aeT HAM BO3MOKHOCTH paciipe-
JEJUTh BCe BEKTOPH HPOCTPAHCTBA HA KJACCH, OTHOCHA B KAk KIiacc Bek-
TOPH, LONapHO CpaBHEMEE MexEAy coboii go mod I (BEKTOPDH M3 pasHERX
KaaccoB yxe Oynayr mecpaBHuMEH mo mod I). Kuace, cogepskamuii BexTop .,
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6ynem oGosmagarh depes a¢l), Camo mopmpocrpamcrso I 6yaer ogHMM W3 BTHUX
RJIACCOB, a MMeHHO, KiaaccoM 0. OOpaTmM BHMMAHWE, UTO KAMIOMYy CpaBHe-

gm0 ¢ =¥ (mod I) orBedaeT paBEHCTBO 2) COOTBETCTBYIONMMX KJACCOB: a6 = /.

JireMeHTapHO JOKA3HBAETCH, UTO CPABHEHHS MOKHO ITOWIEHHO CKJIAHL-
BATh W NOWIEHHO YMHO}KaTh Ha wucio us K:

1. I3 x =o', ¥y =y (modI) caeayer x+y = x'+y’' (mod I).

2. U3 o =’ (mod I) caexyer aax = ax’ (mod 1) (a€K).

Jru cBoHCTBA CPAaBHEHMA MOKASHBAIOT, YTO OMEPAIIMH CJIOKEHHS U YMHO-
sKenus Ha unmcao u3 K He «iomalors KiaaccoB. Ecam BospMeM jBa Kiacca

x u Yy u OyaeM CKJIaJHBATh DIEMEHTH o6, &', ... IePBOro Kiacca ¢ JOOHMH
DIIeMEeHTaM¥ ¥, ¥’, ... BTOPOr0 Kiaacca, TO BCE MONY-
J T § ZT¥] denHme TakuM o00pazoM cyMMH OyAyT NpUHAJJIEKATh

OHOMY W TOMY 3Ke KIAccy, KOTOPHIA MB HAZ0BEM CyM-
Mo#l KiaccoB & © Y ¥ o603HAUMM depes x¢ |+ ¢. AHaio-

TUYHO, €CJIHU BCE BEKTOPH &, &', ... Kiacca X YMHOMKHM

- Ha yncao a €K, To modyueHHHe HOpou3BefeHHA OyLyT

T4y IPHHA/VIE;KATH OJHOMY KJAcCy, KOTOPHI 0003HAYUM
qepes adc.

Taxum o6pasom, B MHOroofpasuu R Bcex KIaccoB

11/

—_

%, Y, ... BBEJIGHH JIBe ONEPAINH: (CIAOYKEHHEe» M «YMHO-
jKeHMe» Ha wucao u3 K. Itw omepammm, Kak JErko
1POBEPHUTH, 001aal0T CBOMCTBAMH, CHOPMYIINPOBAHHEIMH
B olipefieleHU¥ BeKTOpHOTO Ipocrpadctsa (ria. III, § 1).

Prc. 4. Hosromy R, rak u R, ecTh BEKTOPHOE HPOCTPAHCTBO HAJ

moaeM K. Mun Gygem HaswBarb B HAAIpPOCTPAHCTBOM
mo otHomenuw k K. Ecim n, m, n—umcia wusmepermii COOTBETCTBEHHO

mpocrparcrs R, I, R, 10 n=n—m.
Bce BBemenHBE B 9TOM maparpade HOHATHA MOMKHO OYeHE XOpODIO IIPoO-
AJIII0CTPUPOBATh HA CIEAYIONieM TpuMepe.

Ilpumep. Ilycts B— COBOKYOHOCTL BCeX BEKTOPOB B TPeXMepHOM IIPOCTPAHCTEE,
K —moine BemecTBeRHEX uHcen. [{us Gombimeil HaraspnocTH OyAeM BeKTOpH u306pa-
ATH B BHUje HANPABIEHHHX OTPe3KoB ¢ nagaloM B Touke 0. Ilycrs I—Hexoropas
npaMas, mpoxofsmas gepe3 O (TouHee, COBOKYMHOCTL BEKTODOB, HAYIIMX BJOIL HEKO-
TOpO#l mpAMOIt, mpoxopnAiieil depes O; pmc. 4).

Cpasuenne ® = &' (mod I') o3HauaeT, 9TO BeKTOPH & M &' OTIMIAIOTCA HA-BEKTOP
m3 I, T. e. OTPe3OK, COGJUHAIIUA KOHIK ® H ', Napaiiered npsamoil I. Ilosromy
Kiace 20 H306pasuTCA LPAMOIE, IPOXOJAIIel Yepea KOHer BeKTOpa @ W MapamaeibHoit T,
TOYHee, (I[eTKON» BEKTOPOB, HCXOAMIMX M3 O, KOHIE KOTODHIX JeKaT HA HTOH NPAMOH.
«[leTKM» MOMHO CKIAJHIBATH H YMHOHATH HA BeI[eCTBEHHOE YHUCJO (CKIAJBIBaA H YMHO-
JHAA BEKTODH, BXOJAI(ME B BTH L[E€TKHW). OTH (UIETKH» U ABIAIOTCA BJJIEMEHTAMH Haj-
mpoctpaHcTBa R. B panHOoM mpumepe n=3, m=1, n=2,

Hpyroii mpumep mojyduM, ecinm B KadecTBe I BO3BMeM ILIOCKOCTE, HPOXOAAIIYIO
gepes Touky O. B atom mpmmepe n=3, m=2, n=1.

Ilycrs Temeps B R sagad auHeitwsir omepatop .A. Ilpegmomosxum, uto I
ecmb  UHBApUaHmMHoe nodnpocmpancmso omuocumesvho A. Uurarenb mperko

1) Tag Kar KaMAHIH KJacC COAEepKUT OGeCUMCIeHHOE MHOMKECTBO BEKTOPOB, TO
B CHIIy 3TOI'0 YCJIOBMA OH MMeeT W GecuMcIeHHOe MHOKEeCTBO 00O3HAYeHHI.
2) To ecTh coBIiajieHue.
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noxaxer, 9to H3 x =’ (modI) caexyer Ax= Ax’ (modI), T. e. uTO
K ofenM 9gacTsAM CpPaBHEHHUs MOMKHO IPHUMEHATH omepatop A. Hpyrumm cio-

14

BaMH, €CIH KO BCeM BEKTOpaM &, X', ... HEKOTOpPOr0 KJjacca X IPHMEHHATH
omepatop A, TO NOJAYdeHHHEe BEKTOPH .Aax, Ax’,... Tak:Ke ODPUHAJIEHKAT
K OTHOMY KIJACCy, KOTODHI MH o6osHauum depe3 Aa. Jlumeiinuil omepa-
TOp A IepeBofHMT Kjiacc B Kiacc ¥, TAKAM 00pasoM, SBISAETCH JIHHEHHEHM

omepatopoM B K.

Mu GypeM roBOpHTB, 9TO BEKTOPH &4, &, ..., %p JHHEHHO 3aBUCHME
no modJ, ecam cymecTByOT TakMe WHCIA @y, Os, ...,0p B K, He paBHHe
OMTHOBPEMEHHO HYJIO, 9TO

X+ 0Xp+ . .. + g, =0 (mod I). (16)

daMeTnM, 49TO He TOJNBKO HOHATHE O JMHEHHOH BaBACHMOCTH BEKTODPOB, HO
BCe HOHATHA, Bce HPe[JIO/KEeHHA W DPACCY/K/AEHWUH, HPHBEIEHHHE B LPOILIY-
mux maparpagax 5TOH TIJaBH, MOTYT GHTh CJIOBO B CJOBO IOBTOPEHEH ¢ OJHOM
IMmb 3aMeHoH BCIOAY 3HaKa = 3HakoM = (mod I), rae I —mHexoropoe Qmrcu-
POBaHHOE HOAIIPOCTPAHCTBO, WHBAPHMAHTHOE OTHOCHTENBHO A.

Taxnm o6GpasoM, BBOAATCA HOHATHA AHHYJIHPYOINHHA, MEEAMAJBHEN
MHOrO4JIeH BeKTopa, npocTrpaHcTBa mo mod I. Bee aTh momATHA MH Oymem
HA3HBATh «OTHOCUTENBHRIMEY B OTJIHYNE OT BBEIACHHHX paHee «a0CONITHEIX»
DOHATHN (MMEIOINX MEeCTO IpH 3HAKE =).

O6paTuM BHEMMaHWe SHTATENA HA TO, 9TO OMHOCUMEAbHBIL MUHLMUALGHELLL
MHO204ACH (6eKMOPA, NPOCMPAHCMEA) ecmb Oeaumess abcoaromuozo. Ilycts,
HaOpuMmep, 0; (A) €CTh OTHOCHTENbHLI MAHEMAJBHHIE MHOTOYIEH BEKTOPa &,
a o (A) — coorBeTcTBYIOIMi aGCOMIOTHRE MUHAMAJBHKEA MHOTOYJIEH.

Torma

o(4)x=0;
HO OTCIOfA CJefyer, 9TO U

o(Ad)x=0 (modI).

ITosromy ¢ (A) sABIAETCH -OTHOCHUTEIBHHM AHHYIHPYIOMEUM MHOTOWJIEHOM
IJIA BEKTOpA & ¥ KaK TaKoBoi pemutcda (6e3 oCTaTKa HA OTHOCUTEILHHI MEHU-
MaJbHHE MHOTrO0YIeH 04 (A).

Hapsany c¢ «aGCconlOTHEME» OpefIoKeHNAMA OpeJHAYIUX Haparpados
MH FMeeM M «OTHOCHTeJBHEISY IpennoskeHnmA. Tak, Hampmmep, mMeeM Ipeji-
noxxenue: «B m06oM mpocTpaHcTBE BCErna CyMeECTBYeT BEKTOD, OTHOCHTENb-
HH MEHAMAaJbHHI MHOTOYIEH KOTOPOTO COBIAJAeT ¢ OTHOCUTEIBLHHM MHIHU-
MaJbHHM MHOTOYJIGHOM BCETO0 HPOCTPAHCTBAY.

CropaBeIdBOCTh BCEX «OTHOCHTEJBHEIX» MpeqJioikeHm# o6ycIoBieHA TeM,
9T0, OHEPEPYs Co cpaBHeHMAME mo mod I, MH IO CYIIeCTBY HMeeM eio

C paBeHCTBaMH, TOJBKO HE B IPOCTPAaHCTBE R, a B HAAOPOCTPAaHCTBE R.

§ 4. Pacmennenue mpoeTpaHcTBa HAa IMKINYECKHE HHBAPHAHTHLIE

HOIPOCTPAHCTBA
IIyers 0 (A) = AP foAPt 4+ . . .+ ap—yA 4 0ty — MUHEMANBHEIH MHO-
rowieH BekTopa e. Torga BeKTOpH
e, Ae, ..., A" e 17)
JUHEHHO He3aBHCHMEI, a
APe= —aze—apgde— ... —a AP e. (18)

12 ©. P. TanTMaxep
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Bexropst (17) ofpasymoT 06asmc HEKOTOPOTO pP-MEDHOTO IOJAIPOCTPaH-
crBa I. 3T0 MOANPOCTPAECTBO ML yIeM HA3HBATE YUKIUNECKEUM, AMES B BELY
cuemumasbHHI Xapakrep 6asmca (17) m pasemctso (18) !). Omeparop A mepe-
BOJHAT MepBHii 3 BeKTOpoB (17) Bo BTOpOIi, BTOpON — B Tpetuil M T. A. Ilo-
CJIeHE ke 6a3HCHHI BEKTOD IEPEBOJUTCS OmepaTopoM A B IMHEHHYI KoMOn-
HaOmio 0a3mCHHX BeKTOpoB coriacHo paseHctsy (18). Taxmm ofpasou, ome-
patop A mepesoguT n000# OasWCHHIN BeKTop B BeKTop W3 I; 3HAYUT, OH
U IpOm3BOABHHY BekTop 3 I mepesogut B Bexrop m3 I. Jipyrumm ciosamu,
Yukaureckoe nodnpocmpancmeo éce2da UHBAPUAHMHO OMHOCUMeLbHO A.

ITpomaBonbrLii BeKTODP ¢ € I mpeacTaBisAeTcA B BHfe JNMHeHHONK KoMOnHAa-
nuu GasuCHHX BekTopoB (17), T. e. B BHfe

x=y(4)e, (19)

re 7 (A) — MEOTOYIEH oT A ¢ KodddumumenTamu us K crenenn < p — 1. Ilepe-
6upas BCeBO3MOMKHEIE MHOTOWIEHH Y (A) cremenn < p — 1 ¢ kosddmumen-
tamu u3 K, MBI MOJyYUM BCe BeKTOPH 3 I, ¥ mpu sToM Kask/pid Bextop x € I
TONBKO OJUH Pas, T. €. TOJibKO HmpH ofgHOM MHorouiese y (A). Mmea B Bmgy
Gasuc (17) mmGo popmyny (19), M 6yaeM IoBOPHTH, UTO BeKTOD € nopoxcdaem
moampocrpasEcTeo 1.

3aMeTEM emie, UTO MUHUMAALHBILL MHO20WIEH nOpoXIaues0 6eEmopa e
6ydem 00HOBPEMEHHO U MUHUMALLHELM MHO204AEHOM 6ce20 nodnpocmparcmea I.

Ceifuac HaM IPENCTOMT YCTAHOBETH OCHOBHOE HpeHIoeHKe Beell aTol
TEOPHUH, COTIACHO KOTOPOMY IIPOCTPAHCTBO [ pacmemigeTcda HA MUKIHICCKHO
MOAIPOCTPAHCTBA.

IIycrs Py (A) = ¢ (A) = A™ 4o A™ .. .+ ap ecTh MUHAMAJIBHHI
mHorowieHE mpocrpamctBa J. Torfla B mpocTpaHCTBe CYIECTBYET BEKTOD €,
IS KOTOPOTO STOT MHOT'OUJIEH ABIAETCA MUHAMAIBHEM (TeopeMa 2, ctp. 174).
ITycrs I, ofosHadaeTr QUKIMIECKOE IOAIPOCTPAHCTBO ¢ 0asmeoMm

e, Ae, ..., A™e. (20)
Ecmin= m, 10 B = I,. llycth n > m # nycTh MHOTOYIEH
Yo (M) =AP +BA" T+ ...+ Bp

6yger MmAUMAaNBEHM MHOrowieHEOM B mo mod I,. Cormacro 3aMedaHHmio, cjie-
naEHOMY B KoHOe § 3, ¢, (A) Oymer neamresem P, (A), T. e. CymecTByeT TaKol

MHEOTOWIEH % (A), 4TO
V1 (M) = P2 (A) % (). 21

Nanee, B R cymecTBYeT BeKTOp g*, OTHOCATEIbEEI MEHUMAIBHEH MHOTO-
qreE Koroporo ects Py (A). Torma

Y2(4)g*=0  (modly), (22)
T. e. cymectByer MuorowIeH ¥ (A) cremeEnm < m — 1 Takoii, 4ro
Y2 (4) gt =% (4)e. (23)

[IpumenuM k o0emM dHacTAM 5TOr0 paBeHcTBa omeparop x (4). Torga
cieBa B cmay (21) momydmm ¢, (A) g*, T. e. Hyiab, HOCKOIBKY VY, (A) ecTsb
a0CcoMOTHRI MPHHMAJBHHINE MHEOTOYJIEeH IIPOCTPAHCTBA; CIeJ0BATEIbLHO,

x(A)y(4)e=0. (24)

1) IIpaBanbEee OHI0 OH HABHBATEL 5TO MOMIPOCTPAHCTBO NUKIAICCKAM OTHOCHTEILHO
ammeiioro omeparopa A. Ho, HOCROIBKY BCA TEOPHA CTPOMTCS I ofHOro omepaTopa A,
ML JUIA COKPaUIeHHA OIYCKAaeM CJIOBA «OTHOCHTENHLHO JIMHEeHHOro omeparopa A» (cM. aHa-
JIOTEYHO® 3aMedaHHe B CHOCKe 2) ® c1p. 171).
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9T0 paBeHCTBO OKA3HBaeT, 910 mpomssenenue % (A)y (A) aBuserca ammy-
JUpPYOmMAM MHOTOYIIEHOM [JA BEeKTOpa € W NOTOMy JenuTes 0es ocTaTKa
Ha MUHAMAJBHEE MEOTOWIeH Py (A) =% (A) P2 (A), 1. €.  (A) memmres HA Py (A):

% (M) =1 (M) b2 (M), (25)

rae %y (M) — HeKoTopuii MHOrowieH. Mcmombsys »To pasioseHme MHOTO-
gneHa y (A), Mel paBencTBo (23) cMoiKeM 3amHMcaTh TaK:

P2 (4) g =0, (26)

Te BEeKTOp g ompeaesisieTcss PaBeHCTBOM
g=9"—un (4)e. (27)

HOCJIeILHee PaBeHCTBO IOKAa3wIBaeT, 4TO
g=g* (mod I,). (28)

ITosTomy s (A), OyAyIm OTHOCHTEIBHHM MHUHAMAJIBHEIM MEOTOWICHOM IJIA
BeKTOpa ¢*, GyneT TakoBHMM M AnsA BekTopa ¢g. Ho Torma ms pasescrsa (26)
caexyer, 9T0 Yy (A) ABAAETCH ONHOBPEMEHHO W aGCOMIOTHEIM MYHAMAJIBHEIM
MHOTOUNEHOM [IA BEKTOpa ¢.

Wz Toro, aro P, (A) ecth aGCONMOTHHI MUHAMAJLHE MHOTOYICH BOK-
TOpa ¢, cienyer, 4ro mogapocrpancrBo I, ¢ Gasmcom
g, Ag, ..., A" g (29)
OymeT IUKINIECKUM,

N3 Toro, a0 P, (A) eCTh OTHOCHTENbHH! MUHHMAJBHHI MHOTOWIEH I
g o mod I, BETeKaeT, 9T0 BeKTOpPH (29) jumeAHo HezaBuCHMH mo mod I,
T. €. HUKaKafA JuBeidHad KoMOWHanua BeKTopoB (29) ¢ He paBELIMH OfHO-
BPeMeHHO HYJI0 Kod(pPUumeHTAMHA He MOMET PAaBHATHCH JIWHeHHOH KoMOHHA-
nuu BekTopoB (20). Tak Kak arw mocnefHme caMM JTHHEHHO He3aBHCHAMHL, TO
mociejfHEe Halle yTBEPHeHHEe O03HAYaeT IHMHEHYI0 HE3aBACHMOCTH M - p
BEKTOPOB

e, Ae, ..., A™%e; g, Ag, ..., APg. (39)

Bexropu (30) o6pasytor Gasme mEBapmanTHOrO moanpocrpancTBa Iy ~- I,
¢ YHCJOM H3MepeHHm#d m - p.

Ecnan = m 4 p, 70 B = I, + I,. Ecan sxe n > m - p, To MH pac-
cmorpuM B mo mod (I; + I,) I TpOJOMKHM fajee HAII TPOIECC BEHIeIeHHA
OUKJIAIeCKUX NHBAPMAHTHHX HOAIPOCTPAHCTB. Tak Kak Bce mpocTpaHCTBO B
KOHEYHOMEPHO, WMeeT 7 M3MePeHHH, TO 3TOT IPOHeCC HOJ#eH IPHOCTAHO-
BUThbCcA Ha HEKOTOPOM mofmpoctpaHceTse I;, rrie ¢ < m.

Mu mpuxopmMm K cleqylomeil TeopeMe:

Teopema 3 (2-A TeopemMa o pacmenTeHHH NP o-
CTPaHCTBAa Ha MHEBAPDHAHTHHEe ODOJIOPOCTPaAHCTB a).
IIpocmpancmeo ecezda MmodchHo pacujenums KA YUKAUHECKUE OMHOCUMENLHO

Oannozo aunetinozo onepamopa A nodnpocmpancmea Iy, 1o, . .., I; ¢ Munu-
MasbHEIMY mHo2ouaenam Py (A), Ps (A), . . ., P (A),
R=I1+I2+..-+1t (31)

mak, umobs Py () cosnadaro ¢ munumarvhsim mrozousrenoxm P (A) ecezo npo-
cmpancmea u kasxcdoe P; (A) 6vao 65 deaumenem P;—y (M) (i = 2, 3, ..., t).

OrMeruM Temepsr HEKOTOpPEE CBOMCTBA MHKINYECKHX mpoOCTpPaHCTB. IlycTh
R — muxkmmdeckoe n-MepHOe NPOCTPAHCTBO, P (A) == A™ 4 . ., — MHHEMAJIb-
HEl MHOTOYJIEH TOr0 IPOCTPAHCTBA. TOrAa W3 Oompe/leeHHA NUKJIHIECKOTO
OpOCTPaHCTBA ciaefyer, 9ro m == n. O6parHo, NycTh HAM JaHO OPOM3BOJBHOE

12*
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npocrpancteo B m msBecTHO, 9T0 m = n. llpuMensaa pgokasaEEYI0 TeopeMmy
o pacmennenun, MH npexcraBuM I B Bune (31). Ho ancao namepennit mukmnn-
9eCKOro mHofupocTpancTsa I, paBHO m, Tak KaK eT0 MUHNMAIBLHLIN MHOrOWICH
COBOAJAET € MHHUMAJIBHHIM MHOTrO4YJeHOM BCer0 IPOCTPAaHCTBA. Tak Kak
no ycaosmo m = n, 10 &4 = I;, 1. e. I ecTs UUKIAYeCcKoe HPOCTPAHCTRO.

Taxum o6pasoM, YCTAHOBJEH CJHeAYOIWH KPHUTepPHH OUKIHKI-
HOCTH NPOCTPAaHCTB a:

TeopewMma 4. Ilpocmparcmeo yurkauuro mozda u moavko mozda, kozda
€20 uUcA0 usmepeHull coenadaem €O CMeneHvlo €20 MUHUMAALLHO20 MHO20ULCHA.

Ilycrp Temeps MBI HMeeM paciuielsieHHe IUKIMIECKOTO mpocTpaHctsa R
Ha JBA WHBAPHAHTHHX OopmpocTpaHcTBa Iy W I,

B=1I,+1I,. (32)

OGozmaunm uncia uamepeHuii mpocrpaucTs I, T, m I cooTBeTCTBEHHO
4epes n, ny U Ry, MUHEMAJIbHEE MHOTOWIEHH 3THX HPOCTPAHCTB — depes
VP (A), Py (A) m Py (A), cTemeEN 9TMX MHHMMAJBHEIX MHOTOUNEHOB — depes m,
my; m my. Torma

my < ny, my < Ny, (33)

ClioRUM OOYJIEHHO 5TH HepaBeHCTBA:
my -+ msy <0y + ns. (34)

Tax xax ¥ (A) ecT» HauMeHbImee oOmee KpaTHOe MHOro4wieHOB Py (1))
7 Py (A), TO

m < my—+ ms. (39)
HKpome Toro, m3 (32) cmepyer:
n =1y - ny. (36)
(34), (35) u (36) maroT HaMm UeMOUKY COOTHOIIEHHI
mLm+meLny-+nyg=n. (37)

Ho B cunxy muKamuHOCTH HpocrpaHcTBa B KpafiHue uMcsxa B 910l Iemod-
Ke, 9@CJIa M ¥ 2, PABHEL Me;rRy coboli. CiregoBaTeIbHO, IMEET MECTO PABEHCTBO
I B TPOMEKYTOYHHIX 3BeHBLAX JTOH IENOYKH, T. e.

m=mq+ my=ny-+n,

N3 rtoro, 910 m = my - mg, 3aKm0YaeM, 910 P; (A) m P, (A) BaaumHO

OpOCTHL,
N3 my + my = ny -+ ny, OpUEAMaA BO BEHEMaHUe (33), HaXOmmM:

my =Ny, Mo = Ng. (38)

OTu sKe paBeHCTBA 03HAYAIOT HUKAMIHOCTH momgupocrpancrsa I, u I,.

TakuMm o6pasoM, MH HPHXOAEM K CJIEfYIOIIEMY NPeII0KeHNI0:

Teopema 5. Ifurauueckoe npocmpancmeo pacuyenssiemcs mobKo
Ha makue uHeapuarmHve nodnpocmpancmea, xomopre 1° camu yurauueckue
u 2° umelom 63aUMHO NPOCMBLE MUHUMAALHEE MHOZ0YACHBL.

Te sxe paccymeHus (IpoBeleHHEHe B 00paTHOM HOPALKE) IIOKAsHBAIOT,
4TOo TeopeMa O JouyckaeT ofpaimeHde.

Teopema 6. Ecau npocmpancmeo pacujenssiemca Ha UHEAPUAHMHbE
rodnpocmparcmea, Komopvie 1° Asastomea yurauteckumu u 2° umerom 63aumHoO
npocmusle MUHUMAAbHbIE MHO204AEHbL, TRO CAMO NPOCMPANCME0 SEALEMCA YUK-

AUYECKUM.
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Mycrs Teneps K — HUKIAYECKOE TPOCTPAHCTBO M MHHUMAJBHEIE MHOTO-
WIEeH ero eCTh CTelleHb HEOPHBOLHMOTO B moie K MHorodwmeHa: P (A) =
= [p (A)]°. B srom caydae MEHUMANBHEI MHOrOUIeH :000ro HHBApPMAHT-
HOro mopmpocrpanctsa B R Tose OygeT CTeNEHBIO 3TOro HENPUBOAUMOIO
muorounera ¢ (A). CumemoBarensHO, MHHEMAJXBHBE MHOTOUIEHB JIOOHX ABYX
HHBAPHAHTHHX NOANPOCTPAHCTB HEe MOTyT OHTH B3amMmHO npocteimu. Ho
TOTfla B CHIY MOKa3aHHOIO Ipefno:KeHHA [ He pacielyigeTcsa Ha HHEBapUaHT-
HEE TOAIPOCTPAHCTBA.

IIycrs, ofpaTHo, M3BECTHO, 9TO HEKOTOpOEe HpocTpaHcTBO [ He pacmen-
ideTcd Ha WHBApHMAHTHHE IOfmpocrpaHcTBa. Torga K — DUKINYIECKoe IIPO-
CTPAHCTBO, HHAYE €r0 MOMHO OBLIO pacIMelnTh ¢ IOMOMBI0 BTOPOH TeODeME
0 pacmleIIeHHM HAa HWKIXYECKHe NOANPOCTPAHCTBA; KPOMe TOI'0, MAHHEMAJb-
HEH MHorouJeH J fommer GHTL CTeMeHB0 HENPHBOJUMOTO MHOIOdYJIeHAa, Tak
KaK B IPOTHBHOM cinydae R MomHO OGHIo 6 pacmennTs Ha MHBAPHAHTHEIE
OOJIIPOCTPAHCTBA B CHJIY IIePBOH TeOpeMH O pacHielIeHHI.

Taxum ofpasoM, OpEXOEMM K CIeIyIOIeMy BHIBOAY:

Teopema 7. [pocmpancmeo He pacwenasemcs HA UHBADUAHMHbLE
rodnpocmpancmea moz0a u moavko mozda, kozda 1° ono yurauveckoe u 2°
MURUMAILHOLL MHO2044EH €20 eCcTRb CMeneHb Henpueodumozo é noae K muo-
2044€HA.

BepueMcs teneps K pacmennernnio (31) u pasioskxuM MEEMMAJEHBIE MHO-
rowreHs Y (A), P2 (A), ..., P (A) nurAEgecKux mogupocrpancts Ly, Iy, .. .
.+« I; Ha HenpwBojuMEIe B Toxe K MHOMRHUTENN:

Y (M) = (91 (W1 [p2 W1 ... [os (WI®, )
V2 () =10 (M) 1 (92 (7»)1"2 s (M1, (39)

P (x) [ (%)1" (92 (7»)1“ s (7»)1’3 J
(Ck>dk/...>lk>0; k=1,2,...,3)1).

ITpumerum x I, mepByio Teopemy o pacmemineruu. Torma moxyuamm:
Li=I,+I/+...+1I®,

rge I, Iy, ... I(ls) — OUKJINIeCKHe NOANPOCTPAHCTBA € MHHEMMAJbHEIME
muorowreramu [@, (A) e, [@2 (A) 2, . .., [9; (A)]%. AEamormuno pacmennm
momgapocrparcTBa Is, . . ., I;. TeM camMEIM ME HONyYEM pacimelIeHue Bcero
mpocTpaHceTBa /2 Ha OUKJIWYECKHEe HOANPOCTPAHCTBA ¢ MHHMMAJBHEIME MHO-
rounenamu (@, (A)°k, [@p (W)}, ..., [op W)]Ir(E=1, 2, ..., 5 (upm
5TOM BHOpDACHBAWTCA Te CTENeHH, y KOTOPHX I10KasaTeJIM DPaBHH HYJIO).
U3 teopemnr 7 cimexyer, 4TO 9TH OHEJUYeCKHe HOANPOCTPAHCTBA YiKe Jajee
HEP aCIeIMMEL (ra mEBapmaHTHHe Hofupoctpancrsa). IIpuxogum x cxegyio-
meit Teopeme:

Teopema 8 (3s Teopema o pacmeniIeHEdN OPOCT-
PaHCTBA HA WUHBAPDHAHETHHEeE HDOJIOIPOCTpPAaHCTSBa).
IIpocmpancmeo ecezda MoxucHO pacwenums Ha YUKAUMECKUE UHEAPUAHMHBLE

nodnpocmparncmea
BR=I+I+...4+I™ (40)

mak, 4mobsl MUHUMAAILHOL MHO20%4EH KAHD020 U3 IMUT YUKAUHECKUT nod-
npocmpancme Gbla CMENeHbLI0 HEnpusoduMoz0 MHO204AEHA.

1) Hexoropule ms Hoxasareneil d;, ..., [, OpEm k> 1 MOryr DaBHATHCH HYIAW.
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9Ta TeopeMa maeT paciienjieHHe MPOCTPAHCTBA HA HePAaCIIeNEMEe [ajee
HHBAPHAHTHEE IOXUPOCTPAHCTBA.

Sdameuanne. Teopemy 8 (3-10 TeopemMy o pacImenieHHH) MH IOJY-
4pJd, IPUMEHsIA IepBHe [Be TeopeMH o pacmeniaeHmr. OfHako 3-10 TeopeMmy
0 pacIIelIeHAN MOKHO IOJYYATH IPYTHM OyTeM, a MMeHHO, Kak Helocpen-
CTBeHHOe (WOYTH TPHBHAJDBHOE) CIEICTBHE W3 TeOPEeMHl 1.

HeitctBuTenpao, mpoctpamctBo R, ecam oHo Boo0Ile pacmiemyisercd,
BCEITa MOJKHO pacCINeNnTh HA HepacllemaMEe jajee MHBAPDMAHTHHE IOXLPO-
CTpPAHCTBA:

R=I+I"+...4+1I™.

Corxnaceo TeopeMme 7 Kaji0e M3 cJaraeMuelX IOAHPOCTPAHCTB ABJIAETCA NUKIK-
9eCKUM ¥ HMeeT B KadecTBé CBOEro MHHHMAaJBHOIO MHOrO4YjJeHa CTeHeHb
HEeUOpHABOIHUMOI'O B K mHOTOYNEHA.

§ 5. Hopmanbuaa gopma MATPHOBI

Iycrts I, — m-MepHOe WHBapHaHTHOe IojmpocTpaHcTBo B J. BmGepem
B I, mpomsBonbEO 6asucC ey, €3, . .., €y U JONOJEHM ero mo Oasmca B K:

€1, €25 ...y €m, Cm+ty -+ -y €p

ITocMoTpmm, Kak Gymer BHrAAfeTsh MaTpmma A omepatopa A B 3TOM
Gasmce. HamoMmmM umTaTtemio, 9To k-it cromfen MaTpumsr A 3amodHAETCSA
Koopmumaartamu Bektopa Aex (k= 1,2,...,n). lIpu k < m Bextop Adey € I
(s cmny mmBapmaHTHocTH I,) m, ClefoBaTeabHO, IOCIeqHAE N — m KOOD-
nmHAT BekTopa Ae; paBHH Hyxw. [losTomy Matpuma A mMeeT Takyio Qopmy:

m n—m
pr— p————

(Ai A3 } m 41
4=\o A, )}n——m’ (40
rae A, @ A, — KBajpaTHHe MaTPUIE HOpAAKa m W n — m, a A3 — npsAMo-
yroapHas MaTpEna. PaBeHCTBO HYJI0 YeTBepTOro «6IOKa» M BEHpajKaeT MHBA-
pmaETHOCTH mopnpocTpanctsa Iy. Marpuna A, sagaer omeparop A B I (opm
Oazdce €4, €5, . . ., €m).

HomyctuM Temepb, 9YTO €p41, - - -, € TOMKE eCTh 6as3uc HEKOTOpPOTo
MEBapHaETHOTO MogmpocrpancTBa I,, T. e. B = Iy -+ I, u 6Gasuc Bcero mpo-
CTpaHCTBA COCTaBIeH M3 ABYX dacTell, KOTophe ciy;aT 0asucamé B HHBa-
pmaBTEEX moxmpocrpancrBax Iy m I,. Torma, ouesmaHo, B (41) m Gmok Aj
6ymer paseH Hymo B MaTtpuna A Gyger uMeTh KBasW/uarQHAIBHLIN BN

A @‘0) A, A (42

0 A2 { 1 2}) / )

rme A; @ A, — KBagpaTHEe MaTPUIM OOPAJKOB m U n — m, 3ajaiomue ome-

parop B mogupocrparctBax I, m I, (npm Gasmcax COOTBETCTBEHHO €4, €3, . . .

.y €m B €mty, - . ., €). HerpynHo BERETH, 9TO H, 00PATHO, KBAa3WAMATO-

HAJXBHOMY BETY MAaTpPUOHL BCEIZa COOTBETCTBYeT DacilemieBHe IPOCTPaBCTBA

HA WHBADHARTHHE MOANPOCTPAaHECTBA (Ipu dTOM 0$asuc BCErO IIPOCTPAHCTBA

COCTaBIeH W3 6asuCOB 3THX MOAIPOCTPAHCTE). .

B cuny 2-fi TeopeMbl 0 pacIIemiIeHAN MEl MOKEM pacilelnTh BCe IIPO-
cTpascTBo B Ha OEKINYECKHE MOAIIPOCTPAHCTBA I, Is, ..., Iz

R=I,+I+...+1I (43)
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B pagy MuEAManbHHX MHEOFOYIEHOB THX IofmpocTpaHCTB Py (A), o (A), . . .
<+ VP¢ (A) Kampaui# MHOrOWIEH €CTh JEJUTeNh Ipefuaymero (0TCIOfa Yike
aBTOMATHYECKA cJeayeT, 4TO HepPBHI MHOIOYIeH eCcTh MHHAMAJLHEA MHo-
TOWIEH BCETO IIPOCTPAHCTBA).
Ilyers
Py (A) =A"F+a A" L o,

Yo (M) = AP -BAP - .. 4B,

(m>p>...>»v). (44)

P (M) =AM A4 .. ey
O6o3maunm depes e, ¢, ..., [ mopoKraomue BeKTOPDH B HOAOPOCTpAH-
erBax I, I, ..., I;u cocraBuM Gasuc Bcero mpocTpancTBa i u3 ciemyio-

mux 6asmcoB MEKJIAYECKAX MOLIPOCTPAHCTB:
e, de, ..., A" 'e; g, Ag, ..., A" g, ...; L, AL, ..., A", (45)
TlocmorpmM, kakoBa Oymer marpmma Lp, orTBedalomias omepaTopy A

B aTOM 0asuce.

Kak Ghuiio BhsACHeHO B Hadasge aroro maparpada, marpmma L momxma
EMETh KBAa3HIMATOHAIBEYI0 QopMy

L, 0...0Q
Li— 0L,... 0 . (46)
0 0...L;
Martpuna L, otsegaet omepatopy A B I, mpu Gasuce e; = e, e; = Ade, ...
v ey €m = A™ le. IIpunmoMEHAA TpaBWIO COCTABIEHWA MATPHUIEL IO 3aJaH~

HOMY omepaTopy H safamnomy Gasucy (ra. III, crp. 71), maitpem:

0 0...0 —a,
1 0 e 0 ~— Um—
L,=10 1 - - . (47)
. 0 — Qg
0 0...1 —aq
Ananormaso
0 0...0 —pB
1 0...0 —fpq
LZZ 0 i . . , (48)
. o0 —f
0 0...1 —pB
" T. A :
Buumcnus xapakrepmeTHueckme MHOro4wIeHs: Matpum Lg, L, ..., Li,
MOJYyIHM:
|AE —Ly| =14 (A), |AME—Ly|=192(A), ..., |AME—L¢[=9:(A)

(oA NEKIMYECKEX MOANPOCTPAHCTB XapaKTePHCTAYECKHI MHOTOYIEH olle-
paropa A coBHaflaeT ¢ MAHAMAJILHHM MHOTOWIEHOM IOJOPOCTPAHCTBA OTHO-
CHTEILHO DTOTO omepaTopa).
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- Marpuna L; oTBewaer omeparopy A B «kaHOHHYecKom» Gasmce (45).
Ecau A — marpuna, oTBeualomas omepaTopy A B IPOM3BOIBHOM 0asuce,
to MatpEnma A momoOHa Martpume Lp, T. e. cymecTByeT Takasg HeoCoGeHHaA
Marpana I, dro

A=TLT™, (49)

IIpo marpuny L; ME GyfieM roBOPUTB, 9TO OHA KMEET NEPEYi0 eCMmecmeeH-
HYyt Hopaasbhyw gopmy. llepsas ecrecTBeHHAs HopManbHas opma xapak-
TepH3yeTcsa :

1) xBasmpmaroHAJIBHHM BuAOM (46),

2) cHemumaJBHON CTPYKTYpOH AMaroHAJBHHX Kierok (47), (48) m 1. m.,

3) JONOTHUTENBHEIM YCJIOBHEM: XADAKTEPHCTHUECKHN MHOTOUNEH Kajk-
IoH AUaroHalBHOH KIETKH JeJWTCH HANEIO Ha XapaKTepHCTHYeCKUH MHOTO-
TWIeH CIefyIOme#d KJIeTHKIH.

Touro Tax e, ecam G MBI HCXOAWIM He H3 2-#, a U3 3-if TeopeMH 0 pac-
ImeNJeHAN, TO B COOTBETCTBYMomeM Gasuce omeparopy 4 oreedana 6H Ma-
tpuna L1j, EMelomas BTOPYIO €CMECMEEHHYI0 HOPMAAbHYI0 BopMy, XapaKTe-
pH3yeMy0 : »
© 1) KBasWAEaroHAABHKIM BHOM '

LII ={Li’ LZ: LR} Lu}1

 2) cmenuanpHOH CTPYKTYpPOHl AMArOHANBHKIX Kierok (47), (48) m 1. m.,:

3) MOmOMHUTENBHHM YCIOBHEM: XAPAKTePUCTHYECKHU MHOIOWIEH KajK-
OOH KJeTKH SABIAETCA CTENeHBI0 HeOPUBOHEMOro B moje K MHorodiena.

B cuemyiomem naparpade MH moKa)keM, 9To B Kiacce TOROGHEIX Ma-
TPHUI, OTBEYAIMUX OTHOMY W TOMY K€ OmepaTopy, CYmECTBYeT TOIBKO OfHa
MarpHna, IMelINag OepBYI0 HOPMalbHYo ¢dopMy '), U ToabKo ofHA 2), UMelo-
mas BTOPYI HopMmauasHY® (opmy. Bomee Toro, Mm fammm amropmt™ pis
HAXOMKJIOHUA MHOI'OWIeHOB ¥y (A), Y2 (A), ..., ¥: (A) mo saemenTam Mma-
Tpuns A. 3HaHME STHX MHOrOYJIEHOB HACT HAM BO3BMOMKHOCTHL BHIIHCATH BCE
oaeMeHTH Martpun Li u Lyy, mogo6Hnx marpume A ¥ HMeOMUX COOTBET-
CTBEHHO HEPBYI0 U BTOPYI HOPMAJILEYIO (dopMy.

§ 6. NuBapmanTHBIE MHOTOWIEHBI. JJIeMEHTADHLIC NeJATENH

1 3). OGosuaumm wepes D, (A) mambonpmuil o6muil JeamTens BCeX MHHO-
poB p-ro HOpsAAKA XapaKTepHCTHYeCKoH Marpunmul A, = AE — A4 (p =
=1,2, ..., n*. Tar Rax B pagy

D,(A)y, Dny(A)y ..., D ()
Kakablil MHOTOWIGH [eUTCA HA IOCJexyomuid 6es ocraTka, TO (OpPMYJIH

. Dy (A . Dy (A . Dy (A
W =prl, =B =20 dem=1) (50)

1) 9ro me 03HAWAST, YTO CYIMECTBYET TOILKO OJMH KaHOHWYecKmil Gasmc BuIa (45).
Kamommgecknx 0a3mcoB MOKeT OHITH MHOFO, HO BCEM UM OTBEYAeT OJHA W Ta ke MaTpuna Li.

2) C TOYHOCTHIO [0 MOpAAKA [HArOHAILHHX HKJIETOK.

3) B 0. 1 macTosmero maparpada IOBTOPAKTCA A XaPaKTeDHCTHYIECKOH MATDUIH
OCHOBHHe¢ HmoHaTHA i, VI, § 3, ycTaHOBIeHHHe TaM [UIA NPOM3BOILHOM MHOTOWIEHHOM
MATDPHIEL. .

4) B mamGomxpmeM ofImem memmTenae Bcerfa BrOmpaem crapmimii koaddummument pas-
HHM eJUHHUIE.
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OnpeneJiAIoT 7 MHOI'0OYJE€HOB, IPOH3BEIEHHME KOTOPHIX paBHO XapaKTepHCTH-
9eCKOMY MHOI'04IeHY

AM)=|AE—A|=Dy M) =iy W) iz (A) ... in (). (51)

M=uorouxernn i, (A) (p =1, 2, ..., n) pasioKUM HA HEIPMBOLUMEE
B moie K MHOKUTENN:

ip(M)=[ps M IgaMWI” ... (p=1,2, ..., n), (52)

rae @4 (A), 92 (A), . . . — pasaWuHEe HeNpHBOJUMEE B moxe K MHOIOWJIeHH.

M=uorouxers} iy (A), iz (A), ..., ip (A) HaA3HBAOTCA UHEAPUAHMHBLML
MHO20UAEHAMY, @ BCe CTEIeHH, OTINYHE® OT HOCTOAHHOH, cpemu [ (A)lve,
[gs (A)] %7, .. ., HaSHBAOTCA JieMEHMADHUMU Oesumesimu XapaKTePHCTH-
geckod wmarpunu A, = AE — A wmium mpocro Marpunu A.

IlpomsBefieHEEe BCeX 3JeMEHTAaDHEIX [eJdTejell, Kak W OpPOW3BeJeHOE
BCeX WMHBADHAHTHHIX MHOIOYJIGHOB, DPABHO XapaKTePACTHYOCKOMY MHOIO-
anery A (M) = |AE — A |.

Haspanuwe «mEBapmaHTHHE® MHOTOWIEGHH) ONPABIAHO TeM, 4TO ABe HOZ00-
BEHe Matpmoi 4 ® A

A=T7AT (53)
BCerjga MMEIOT OJHH W Te Ke HWHBAPDHAHTHBRIE MHOI'OYJIEHEL
i, (M=iA) (p=1,2,...,n). (54)
HeticTeuTennro, u3 (53) cureyer:
Ay =LE—A=T"(AE— A)T =T"4,T. (55)

Orcoga (cM. ra. I, § 2) moxydaeM COOTHOIIEHME Me:Ay MHUHODAMH NON0G-
HHX Mmarpmnn A; 7@ Aj:

[ yig... ip
AL( =
kikz...kp)
iy ig...1 Ay ... @
= 2 T'l(aiaz ap)A"(Eﬁz sp)T (22 2”) (56)
01< U<, .. U 152 .- 1Pz -+ - Pp the ... Ky

Br<Pe<<...<B)
(p=1, 2,...,n).

Jr0 paBeHCTBO MOKA3EIBAET, YTO KWKAHI OOmMul XemdrTenb BCeX MEHODOB
p-T0 mOpAIKa ManEBH AA, ABJIAETCH 06]I[I/IM OeJInTelieM BCEX NMEHOPOB p-ro
nopsARKa MaTpunsl A, m HaoOGOpOT (HOCKOAbKY Marpunil A m A MOXHO Tio-
MeHATH Mecramm). Orciofa Burekaer: Do (A)=Dp(A) (p=1, 2,...,n) n,
cJIefioBaTeNbHO, MMeeT MecTo (H4).

IlockonbKY Bce MaTpHI[H, NPEACTABIAIOIIME TaHHKN onmepatop 4 B pas-
JUYHEX 6asucax, OOMOOHH MeEKIYy C000H W NOTOMY MMEIOT OJHH W Te Ke
HHBADUAHTHHE MHOTOYJIEHH H, CIeJOBATEJILHO, OMHA W Te Ke DIEMEHTADHHS
[eJATeNN, TO MOMKHO TOBODHTh 00 WMHBAPHAHTHHIX MHOTOYJIEHAX M 3JIEMeH-
TAPHHX JeJNTeaAX omeparopa A. B

2. BospmeMm remeps B KauecTBe A Martpuny Ly, HNMEOMYI HepBYIO
€CTECTBEHHYI0 HOPMAJbHYI0O (OpMYy, W BHYMCJIUM HHBADHAHTHHE MHOTOWICHE

marpuns A, mcxogs ms Buja marpmmu A, =AE —A (ma cxeme (57) ora
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MATPHIA BHINCAHA AISA ciydas m=95, p=4, q=4, r=3):

A 0 00 af O 0 0O O 0 0 0 O 0 0 0
—1 A 00 ai{ 0O 0 0 O 0 0 00 0 0 0
0—1 A 0 o5f{ 0 0 0 0 0 0 00 0 0 0
0 0—1 A a| O 0 0 O 00 0 O 0 0 0
0 0 0—1a;+A 0 0 00 00 O0O0 00 0
07070 0 07 TAT00 B 00 0 0 0 0 0
000 0 0 i—1 & 0 | 00 00 0 0 0
0 0.0 0 O 0—1 A B! 0 0 0 0 0 0.0
0 00 0 O 0 0—1B, -4 0 0 0 O 0 0 0
000 0 O 000 000 {200 vy, 000
00000 0000 (—1 %0 y{000
0 00 0 0 0 000 0—1 A yo] 0 0 0.
000 0 O 000 0| 0 0—1y+A 0 0 0-
00 0 0 0 0000 0000 | & 0 &g
0 0 0 0 O 0000 00 00 |[—1 A &
00 0 0 O 000 0 00O O 0—1g A

67)

ITonnaysacs Teopemoit Jlaunaca, maiijgeM:

Dy () =|AE— 4 |=|AE — Ly|AE—L...]\E — Le| = s (1) P2 (1). s (1).

Tlepefinem & oTeicKaHE® Dy (A). O6pariM BHEManme HA MHHOD 3ie-
MeHTA Op. JTOT MEHOD ¢ TOYHOCTEIO 70 MHOHATeNA -1 paBem

|AE—Lg|... |AE—Le|=%2 (1) ... ¥: (A).

Mu jgokaskeM, 49T0 3TOT MUHOpP (n — 1)-ro mopsagka OymeT genmTesneM
BCeX HPOYMX MEHOPOB (n — 1)-To mopsAmka m 49To, CIEL0BATEILHO,

Dot (M) =2 (A) - - %2 ().

Ins sToro BO3BMEM CHAdaja MUHOD dJeMeHTa, HAaXOIAIMEroCA BHO AHa-
TrOHAJIBHHX KJIETOK, ¥ IOKakeM, 4TO TAKOH MHHOP paBeH Hymxo. Has nomxyde-
HEA 3TOTO MHHOPA HAM IIPHAETCA M3 MATPHIH (57) BHYEDPKHYTH OTHY CTPOKY
¥ ORUH crojben. BLIYepKHYTHSO JHHAM B pPacCMaTPUBAEMOM CIydae Iepece-
KyT fiBe pasHHE JHATOHAJBLHLE KISTKA W, Clefl0BaTelbHO, ¥ KaKIO# M3 JTHUX
ABYX KiIeToK OyaerT BHYepKHyTo mo omEoil nummmu. Ilycrs, mampumep, y J-i
MUaroHAJIBHON KieTKH 6yreT BEMepKHYTa ofHA W3 CTpoK. BosbMeM B MEHODe
Ty BePTHKAJIBHYIO HOI0CY, B KOTOPOH COMeP/KUTCA 5Ta JUATOHAJILHAA KIETKA.
B aroit moioce, uMeomeit S ¢Toa610B, BCe CTPOKH, 3a HCKIodeHHeM s — 1
CTPOK, OYAyT COCTOATH CLJIOMb W3 HyJeil (3mech depe3 S MH 0003HAYHIH
nopsafok MaTpuns 4 ;). Pasmaras paccMatpuBaeMilil onpenennTens (n — 1)-ro
IOpANKA HA OCHOBAHUE TeopeMsl Jlammaca mo MEEOpaM $-To HopsAfKa, comep-
JKAIIEMCS B YRA3AHHON mojioce, MH E y0eANMCA B TOM, UTO OH paBeH HYJIO.

BozsMeM Temeph MHHOD 3I€MEHTA, HAXOMAAMEroca BHYTPE OfHOH W3 mua-
TOHANBEHX KIeTOK. B 3ToM caydae BHYepKuBaeMHe JWHHH <«HCKaIedaT»
TONBKO OJHY M3 JHATOHAJHHEIX KIETOK, HampdMep j-10, I MATpPHIlA MHHOpA
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cHOBa Oyner kBasmpmaromaxsBoil. IlosTomMy Takoit MuEOp Gyner pasen

Pr(A) oo i M) i A) o P (M) (), (61)
rae ¥ (M) — ompepmendTenh <«MCKaJe4eHHOI» J-H [HATOHANBHOH KIOTKH.
B cmay roro, wro ¥;(A) memmrcea mameno Ha ;44 (A) (=1, 2, ., t—1),

uponssenerue (61) pasgemmrca Ges ocTaTKa Ha IPOH3BefeHme (59) Taxmm
obpasom, paseHcTBO (60) MOJKHO CUMTATH AOKA3aHHEIM. AHANOTHIHEIMA Pac-
CY;RICHAAMA IOIYIAM:

Dpa(M)=19s(A) ... $: (A),

Doty () =1 (), | ((62)
Dy s(AM)=...=D; (M) =1.
Wz (58), (60) u (62) maxomum:

Dy, (b) Dn_t (M)

o1 (M) = P = it (A)y P2 (W)= Doz (h) ig(A), . 3
(63)

"wt(}"):%%i(—}g\’—)'::it(x)’ lt.H(}v)::ln(}v):'l. &
@opmynn (63) mokasmBaioT, aTo MHOrowIeHH WP; (A), P2 (A), . . ., Vs (A)

COBOANAIOT ¢ OTAMYHBIMKA OT eJMHHNE WHBAPHAHTHHMHA MHOTOWIEHAMH OIe-
paropa A (mmGo coorBercTBylomeil marpunu A). Ho Torga oramunmnie oT erm-
aunst  [@, (M) 1%, [@n A)], ..., (=1, 2, ...) B pasnosxenun (39),
COBIAZAIT C B.TIeMeHTapHLIMH JeNATeNAMA onepa'ropa A (a1ubo cooTBeTCTB o~
meit Matpunu A). Iloaromy sagamme MHBAPUAHTHEIX MHOLOUJIEHOB, HJIH, 9TO
TO JKe, 3aJ{aHNe dIIeMeHTapHHX fenutelell B mone K, ofro3mauHO OIpegeiser
aJeMeHTH HopMaabEHX ¢dopM L mw Lir

Ha crp. 185 6rno ycranoBieHo, 9T0 1Be NOT00HEE MATPHANH MMEIOT O HE
U Te jke WHBAPHAHTHEe MHorowreHH. Ilycrs remepn, o6paTHO, m3BecTHO, 4TO
nse MaTpunsl A u B ¢ sneMeHTamMu #3 K UMeEIOT OJTHA W Te ke MHBApPUAHTHHE
MHOrouwnens, Tark kak Marpuma Li ogHO3EaTIHO OmpefieAeTCA 33 aHHeM
9TUX MHOTOYIeHOB, To 00e MaTpunu 4 U B momoGHH ofgmoll m Toif e Mat-
pune L; u, cmemoBatenbHo, mOZOOHH Meskny coGoit. Tawmm oGpasom, mpu-
XOAEM K CIefYIIEeMY NpPeAioKeHHI0:

Teopema 9. Jan mozo umobn dse mampuysi ¢ saemenmamnu uz K
6vau nodobui, Heobrodumo u docmamouno, umobuw y smuz mampuy Ouau
00Hu U me dce UHBAPUGHMHBLE MHOZOUAEHY 1) ,

Xapaxtepmeruuecknii MEOTowIeH A (A) onepa'ropa A coBmapmaet ¢ D, (A)
¥ OOTOMY PaBeH IIPOU3BEeIeHMI0 BCeX HHBAPHAHTHHIX MHOTOYJIEHOB:

A =1 () ¥ (4) -« 92 (B, (64

Ho ¢ (A) ects MuEAMAaNbHEI MHOrOYZieH BCEr0 NPOCTPAHCTBA OTHOCH-
TenbHO A; 3mauuT, Py (4) = 0 m B cumy (64)

A(4)=0. ((65)

Taxam 06pa30M MH IOOYTHO IOIydunu Teopemy l'amunproma — Ra.um
(em. ra. IV, § 3).

1) Uam oijaKonme 3jIeMeHTapHEe AeanTeju B nome K
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§ 7. Hopmaubhas skoppaHoBa opMa MaTpHuhbl

Ilyctes Bce KOpHH XapaKrepmcrmueckoro Muorounesa A (A) omepartopa
A mpunagnesar momio K. 3rto, B wacTHocTH, Bcerga OymeT HMeTb MeCTO,
ecan K ecTh molie BCeX KOMILIEKCHHIX YHCE.

B paccmartpuBaeMoM ciayuae pasioykeHHE nHBapnaHTme MHOI'0YJIEHOB
HAa 3JIeMEHTAapHHe fAeamreiau B moje K OyAer BHIJANETH TaK:

i (A) = (A=A (A—A)® ... (A—A)%,

i (h) = (b= )dl(x A )d2 0= DB (a>d> . 330, (66)
. . Ch>0;k=1,2,...,3

u(x)—(x g (A—A " (e

Tak Kag ODpomsBefieHHe BCeX MHBAPHMAHTHHIX MHOTOUYJEHOB DPABHO XapaKTepH-

crauecKoMy MHOTO49IeHY A (A), TO Ay, A, ..., As B (66) cyTh Bce pasmmgHne

MeEny co0ofl KODHH XapaKTepHCcTHYecKOoro MHorodwxema A (A). »
BospMeM kaxoii-nm6o pIeMEHTapHHI HeIUTENb

(h—o)?; 6D

316CH Ag-—ONHO M3 TUCEN Ay, Ag, ... As, & p-—OOUH U3 (OTAUTHHX OT HYJIA)
morasartenxeit cg, dg, ..., (k=1, 2,...,s). ‘
ITOMYy aJIeMeHTapHOMy meaurenio B pacimemienun (40) orBedaer ompene-
JIeHHO® IUKJINYecKOe NOANpOCTPAaHCTBO I, NOPOIKAAIOIIUA BEKTOP KOTOPOTO
obosmagnm GyxBoii e. [Jus atoro Bewrropa (A—Ag)? OymeT MUHMMAIBHEIM
MHOTOYJIEHOM.
PaccmorpuM BeKTOpH

e1=(A— E)"e, ey=(4—>nIED" e, ...aep=e. (68)
Bexropu €4, e, .. .,€p IUWHEAHO HE3aBHCHMEH, TaK KaK B IPOTHBHOM

"eJIydae CymecTBOBAaJ OH aHHYJINPYIOIWH MHOTOWJIEH A BEKTOPA € CTeNeHN!
<< p, 9T0 HepoaMo;kHO. Temeps 3aMermMm, 4TO

(A—ME)e;=0, (A4—ME)e;=ey,...,(A—ME)ep=ep, (69)
nin ’
Aei=}\oei, ) A62=;\«062+61, .. .,Aep_——-koep—{—ep_i. (70’)

Wmesns pasercrsa (70), HOTPYAHO BHONMCATH MATPHHY, OTBEYANINYIO Omepa-
topy A B I npu Gasmce (68). Jra marpuna Gymer BHIIANETH TaK:

AN 1 0...0
0 2 1...0
: = Ao E®) - H(®), (71)
. |
0 0 0...2%

rae E(®) —emuawgpas MaTpuua nopsapka p, a H®) —marpuna mopagka p, y
KOTOpOil 2JIeMEHTH MepBOH «HafAMHaroHANW» PABHH eJUHEALE, a BCE OCTAIBHEE
BIIEMEHTH DABHHE HYIIO. _ ' :
Jlunefino He3aBHCUMHE BEKTODH €1, €z, ...,€p, HAJIA KOTODHX HMe-
T Mecro pasenctBa (70), oGpasynT Tak HaRHBaeMyw xoplawosy ye-
nouky eexkmopoé B I. VI3 jRODIaHOBHX HemOdYeK, B3ATHX B KAKAOM H3 IOJA-
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upocrpascts I’, I”",...,IMW, cocrasaserca acopdaros Gasuc B R. Ecan
MUHERMAIbHEE MHOTOWICHH 3THX IOANPOCTPAHCTB, T. €. 3JEMEHTADHHE MIeiH-
Tennm omeparopa A, o603HAYEM TeIEPh dYepes

(A—A)Pr,  (A—Ay)P2, ..., (A—Ay)Pu (72)

(cpemm wucex Ay, As, ..., Ay MOTYT OHTH M paBHHE), TO Marpuna J, oTBe-
gaomas omeparopy .4 B jkopmamHoBoM Gasuce, OyIeT UMeTH CJIEAYIONINH
KBa3UIMArOHAJLHEA BHI:

J={ME®D L H®E,  j,E®) 4 Hed, ., Ay P +H(pu)}_ (73)

Tlpo marpugy J roBOpAT, UTO OHA WMEET HODMAALHYI IHOPIaHO8Y
Popmy mam mpocto wcopdarnosy Popmy. Marpuma J cpasy BHIONCHBaeTCA,
€CJIM W3BECTHH BIIEMEHTADHHE neamrend oneparopa A4 B moiae K, copmeprxa-
meM Bce KOPHE XapaKkTepHCTHd9ecKoro ypasHenma A (A)=0.

Il poussoavras mampuya A eceeda nodobra mampuye J, umewwel Hop-
MAAVHYIO ocoplanogy Popmy, T. €. AaA TPOMBBOABHON Marpunu A Bcerpa
cymecTByeT Takas HeocobemHas Marpuua I' (|7 |~ 0), uro

A=TJT, (74)

Ecan Bce adeMeHTapHEe [eJuTelr onepatopa .4 1IepBoil CcTemeHA
(I TONBKO B BTOM ClIydae), JKOpJaHOBA (opMa ABIAETCA ~AHATOHAIBHON Ma-
TpHIEH, ¥ B 9TOM CJyYa€ MEL MMEeM:

A=T{My Agy ooy A} TL (75)

Taxum oOpasoM, sunetinsili onepamop A umeem npocmyino cmpykmypy
{cm. ra. III, § 8) ¢ mom u moavko ¢ mon cayuae, kKoeda 8ce snemenmapHble
deaumeau onepamopa A AUHEHD. '

Bexropu ey, ey, ..., ep, ompeneasemse paBemcTBamMu (70), samyMepyem
B obpaTHOM mOpATKE:

gi=ep=e€, go=ep =(A—MhE)e,...,gp=e=(A4—hE)"e. (76)
Torma

(A—}\()E)g1=g2, (A—?voE) 92293, .. .,(A—-?voE) gp=0, (77)
OTRYyOa

Agi=hg1+ g2 Agr=hg:+ s -- ., AGgp = hogp. (78)

Bexropu (76) oGpasyior 0asuc B NHKIAYECKOM HMHBADHAHTHOM IONIPO-
crparctse I, coorBercTByloineM B pacmennenmn (40) smeMeHTapHOMY [enn-
remo (h—Ag)’. B astom OGasmce, Kak Jderxo Buaerh, omepaTopy A OGymer
OTBEYATH MATPHUEA

A 0 0...0
{ % 0...0
0 1 2 — AE® - F®, (79)
0 0 ... 1%

ITpo Berropm (76) ropopAT, 9T0 OHE 0GPA3YIOT HUICHIONW O PIAHOSY
yenoury BeKTopoB. Ecim ME B Kaskmom ms mogmpocrpaders I', I”, ..., IT®
B pacmiennermu (40) Bo3bMeM HIKHIOW KODJAHOBY IIENOYKY BEKTOPOB, TO W3
DTUX IEMOYEK COCTABHUTCA HUNCHUL dcopdaroe Gasuc, B KOTOPOM omepatopy .A
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OTBE€YaeT KBa3uaunaroHaJbHAsd Marpana
Jy={ME®) - FoD,  ME®) | Foa), . A, E®e) | FPD ). (80)

IIpo marpuny J; roBopAT, uTO OHA MMEET HUXMCHIOW %*0DPIaHo8Yy HopMmy.
B oramume or marpmum (80) Mmarpunmy (73) Mm uHOTAa GyneM HA3HBATh
eeprrell dcopdarnosoll mampuyert.

Taxum 06pasoM, npousgoavras mampuya A ecezda nodobua kax wHero-
mopoll eeprrell, Max U HEKOMOPOU HUNCHEW HopIAH080T Mmampuye.

§ 8. Merox axaa. A. H. Kpeirosa npeoGpazoBaHms BEKOBOrO ypaBHEHHA

1. Ecnu pama Matpuma A=|| a;; ||}, To ee xapakrepmcTHueckoe (BEKOBOE) ypas-
HeHHe 3aMOACHIBAGTCA B BUJe

ayy—A  agg vee Gp
A =(—n 9 2=k ..oem g (81)
Gnt  Gps ' ..w Gup—A

B neBo#t gacTm BTOTO ypaBHEHUA CTOMT XapaKTePMCTAYECKHH MHOTOUIeH n-il cre-
meEn A (M), i HEemocpeACTBEHHOTO BEHYMCICHHS KO3QPHIMEHTOB 3TOr0 MHOTOUIEHA
HYHO DacKPHTHL XapaKrepmcTmdeckuil ompefenutens |A—AE], a 3ro cBsasamo Op@
6onpmBEx n ¢ OoabmAM 06HeMOM BEIIMCIHTENBHOHR 'PaGOTH, NOCKOJILKY A BXOZHT
B [HATOHAJBLHLIE BJIEMEHTH OIPeennTessl).

Axagemmx A. IH. Hpmmos B 1937 r. [103] mpefmoxmn npeoGpazoBaHme XapaKTe-
PHCTHYECKOTO ONpefeInTeNsi, B Pe3ylbTaTe KOTOPOTO A BXOMMT TOJBKO B DIIEMEHTH
ofEOTO cTOm6ma (MIH CTPOKH). IlpeobpasoBamme HpHIOBAa CcYmecTBeHHO yHpomaet
BHYHCICHAO KO3QPUIHEHTOB XAPAKTePHCTHIECKOr0 ypaBHEHHA 2),

B arom maparpade MH fgajum anreGpamdecKmil BHBOJ NPeOGPA30BAHHOTO XapaKTe-
PHCTVYECKOTO yPaBHEHAA, HECKOJLKO OTJIHIaloMmMuiicad oT BHBOAA caMoro Hprimosa 3).

BeefemM B paccMOTpeRHe n-MepHOO BeKTODHOe mpocTpadcTBo R ¢ GasumcoM ey,

€ ..., €y W JWHEHHHH omeparop 4 BB, onpemenseMeil manHO# MaTpmuedt A==|| a; ||7
npn sToM Gasuce. Brbepem B B mpomsBONLHHA BEKTOD & == () M COCTABHM PAJ| BEKTOPOB

x, Ax, A2z, ... (82)
- Ilycts mepBHe p BEeKTOPOB 3TOro pAja @, Awx, ..., AP~1x INHEHWHO He3aBHCHME
a (p+1)-it BekTOp APX eCTL NMHEHHAS KOMOHMHAOHA THX p BEKTOPOB:
AP = —azr—ay 4 AX—... —a AP 1z, (83)
uin
¢ (4) 2=0, (84)
ruge )
@ (M) =AP+ AP 14 . tfop. (85)

Bee panpueiimue BeKTODH pAfa (82) Takke NAHOHHO BHIPAsKAIOTCS Uepe3 MepPBHE p
BeKTOpOB aToTO pAfa 4). Taxum o6pasoM, B pAxy (82) umeercA p AMHeHHO He3aBACHMEIX

% « 1) Hamommuaem, 9to Koapdumment mpm AR B A (A) paBeH (C TOUHOCTHIO JO 3HAKA)
cyMMe Bcex TIaBHHIX MHHODOB HOpAfka n-—k wmarpunu 4 (k=1, 2, ..., n). Taxum
obpasoM, yxe Opm n=0 [JA HEINOCPeACTBEHHOTO oupefeldeHuA wkospdummenTa npm A
B A (A) HyHO BEITHCINTL TIECTb ONpEjeNHTENed IATOTO MOPANKA, a A Kosddunmenta
opa A2 HY:KHO BRIYMCHHTEL 1Q ompejexuTesneil 4eTBEPTOro HOPALKA W T. II.

2) Anrebpamueckomy aHanmsy Merofa A. IH. Kpunosa mpeo6pasoBaHEA BEKOBOTO
ypaBHEHMA IOCBAINeH PaAX mccaefopanmit [109a, 6; 133, 816, 132).

3) A, H. Kpuutos mprmes K cBOeMY HpeobpasoBaHHOMY YPaBHEHHIO, MCXOAd N3
DAcCMOTPeHUA CUCTEMHl 1 NNHedHHX JufdepeHnAanbHHX ypaBHeHHH ¢ IIOCTOSHHKME
Koapduuuentamu. Brisog Hpuimosa B anre6pamsmpoBaHHOM dopMe MOKHO HAHTH, HANPH-
mep, B [109a, 816], a Tarxe B KmEATe {33], § 21. . -

4) [lpumensas K obeuM wacTAM paBeHCTBa (83) omepatop A, MH BHpa)kaeM IuHeHHO
AP*lxr dgepes BeKTOPH AL, ..., APlx, APx. Ho APx B cuny (83) numeiimo BrIpa-
JRaeTcA depes BEKTOPH &, Ax, ..., AP~lx. T10aTOMy MH LHoNyYaeM aHAJOTHYHOE BEIPA-
sKeHue gaa AP+ip. [Ipumensia K 3TOMY BHDaKeHHIO BeKTopa AP*ly omepatop A, MH
BupasuM AP+2x wepes x, Ax, ..., AP lx u 1. 1.
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BEKTOPOB, M 3T0 MaKCHMAalbHOE WHCIO JIAHeHAHO HE3aBHCHMHX BeKTOpoB paAfga (82)
Momer OHTBL BCerja pealm30BaHO Ha HePBH X p BEKTOpPax pAja.

Muorouner ¢ (A) ABAAETCH MUHEAMAIBHHM (AHHYINDYIOUUM) MHOTOUIEHOM BEKTOPa
@ oTHOCHTenbHO omepatopa A (cM. § 1). Memod A. H. Hpeiaosa ecmb memod sdgenmus-
HO20 OnpedescHus MUHUMAABHO20 MHO204reHa @ {A) sexkmopa .

Mz paccMOTpPHUM pasjelbHO [Ba CIY9as: pezyiapHbul CIydal, KOT[a p==n, & ocobuli
caydal, Korga p < n.

Muorounen ¢ (A) ABIAETGA JeJnTeNeM MUHAMAJIBHOTO MHOrouleHa ¢ (A) Bcero
mpoctpaEcTBa B 1), a { (L) B cBOIO Ouepe/b ABNAETCA [ eJHTENeM XaPaKTepPUCTHIeCKOIO
muorounesa A (A). Ilostomy @ (A) Bcerpa sBaderca fenumreraeM A (A).

B perynspuom caydae @ (A) m A (A) mMeloT OJHY ¥ TY Ke CTeHEHL 7, H IOCKOIBRY
crapmue KoafdMUEEHTH y HEX DaBHH, TO 9TH MHOTOWIEHH cosmajailoT. Taxum ofpa-
30M, 8 pecYARPHOM CAYuaE

AR =) =9 k),

u moToMy Memod Kpwiiosa 6 peeyasapnom cayuae ecmb memod swiuucaenus rospduyuenmos
xapakmepucmuueckoeo mrozounena A (A).

B oco0om cayuae, KaKk M yBHAUM HIbKe, MeToj HpHIOBa He AaeT BO3MOKHOCTH
ompegeauth A (A) I B 9TOM ciIydae OH OIpeflelsieT TONBKO MHOTOWIeH ¢ (A), ABIAL-
muiica nexutemem A (A).

Ilpn usnoxenmm npeob6pasoBandsa Kpmiaosa Mu OyleM 0603Ha9aTh HKOOPAMHATHL

BeKTOpa & B 3aJaHHOM Gasmce ey, €y, ..., €, 9epe3 a, b, ..., I, a KOOPAMHATH BeKTOpPa
Akax wepes ag, by, ..., I (k=1, 2, ..., n).
2. PeryaApHENE caydai: p=n. B oroM cayqae BekTOpH T, AX, ..., A" x
JuHeHHO HesaBUCcHEMH, u paBemctBa (83), (84), (85) mpmamMaloT BH[
A= —ap—ap g Adx—... —a A" 1y (86)
nin
A (4) =0, (87)
re
A=A+ aA" 14 tayyhtap. (88)

YciaoBae JEHEAHOH HE3aBHCEMOCTH BEKTOPOB ®, A®, ..., A" ke Momer OHTH
agaJMTHYECKH sammcano Tak {cM. ra. ITI, § 1):

a b ... 1
ay bi . e li ,
M= # 0. (89)
p—y bp—a ... lp

PaccMOTpHEM MATpHIly, COCTABJIGHHYK U3 KOOPAHHAT BeKTOpoB X, Ax, ..., A™r:

a b ... 1

a b U
e - (90)
@poq bpog ... ln_i

a, by, ... 1, !

BperyiaspHoM caydae paHT 5Toif MaTpUIH paBeH n. [lepBhe n CTPOK aTOH MAaTPHUEI

IUHeHO He3aBHCHMEI, a mocienHas, (rn--1)-9, CTpOKa ecTh JAUHEHHAs KOMOWHAUWA
OpefHAymuX n. ’

3aBHCHMOCTE MemRy cTpoKamMu Marpmusl (90) monydumm, 3aMeHAA BEKTODHOE DABEH-

cTB0 (86) ODKBHBAJEHTHOM CHCTEMOH 7 CKAJAPHHX pPaBEHCTB

—0npd—0p_48y~— ... —0QlQp_1==0p,

—Opb—p by — .. . —a1 by =Dy,

(91)

— Oyl —Optly— ... —lp =1y,

1)  (A) —MIENMaTBHEE MHOTOWIeH MAaTPHUH A.
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Wa ar0if CHCTEMH n IMHeHHHX ypaBHEHMA MH MOKeM O[HO3HAYHO OIPe[eluTh

HCKOMEe KOa(PUImenTH a4, Os, ..., Gp 1) ¥ HOACTABATE HOXYYCHHH® 3HAYEHUA B (88).
9T0 WCKIIOUeHME Oy, Oy, ..., Gp U3 (88) m (91) MOKHO DOpOBeCcTH B CAMMETPHYHON
dopme. aa s1oro mepemnmem (88) m (91) rax:
aan—l-aian_i—l— e —I—an_iai—l— anty ==(), ]
bop =+ by0n_1~+ . . . ~Fbn_101+brag =0,
f e e v e e e e e e e e e e e e e e (0021).
lon+Uan_t+ - . .+ ln_g0y + lnag =0, |
tan+ Aoy + ... + A" lay + [A—A (W] ag=0
ITockoabky 9Tta fcmcreMa u3 (n-+1) ypaBHeHHil ¢ (n-}1) HeM3BeCTHHIMH Qg, i, ..., 0n

uMeeT HEHYIeBOe pemenme (dp=1), TO OOpefeaNTe]b ITOH. CUCTEMH NOJKeH PABHATLCA
HYIIO:

a ay ... ap4 an
b by ...bpy bn
=0. (92)
A P In
1 A ... An-1 AmA(R)

Orcioga Ml ompefedsieM A (A), OpefBapHTeJIbHO TPAHCHOHEDYsS ompenennTtensb (92)
OTHOCHTEJBHO TJIABHOW AUATOHAIN:

a b ... 1 1
ay by ... 4 A
MAQ)=| . ....
Gnog bpeq «.. lpoy AB-1
an bn ... I AT

’ (93)

The HOCTOAHHHIY MHOMxuTenbr M ompepmenserca dgopMynoit (89) m oTiHYeH OT HYIA.
Tosumectro (93) M mpepcraBager coGoit mpeoGpasopanme Hpmaopa. B ompepenm-
Tege HpriOBa, cTOAMEM B IPaBOil 9acTH 3TOTO TOKAECTBA, A BXOZAT TOIBKO B die-
MeHTH IOCHefHEro ¢T0a6IA; OCTANBHEIE JKe OJJIEMEHTH 5TOT0 ONpefellATeJ]s OT A
HP 3aBHCAT.
3amMeganmme. B peryaspHoM ciaydae Bce mpocTpaHcTBO B ABIgeTCA IUKJIN-
YeCKAM (OTHOCHTEJNBHO omepaTopa A). Ecim B KagecTBe 6asmca BHOGpaTL BEKTOPH o,

Ax, ..., A" 1x, 10 B 3TOM Oasmce omepaTopy 4 COOTBETCTBYeT MaTpmma A, mMemomas
©CTOCTBEHAYI0 HOPMaJIbHYIO $opmy

| 00 ... 0 —ap
1 0 ... 0 —ap_y
A=| - . . . (94)
) L0 —a
0 | —aq
Ilepexox ot ocuoBHOTO Oasmca ey, €3, .... €p K fasmey w, 4w, ..., A™1lx ocy-

ecTBIACICA OPH IHOMOIMK HeocoO0eBHOH mpeoGpasylomeill MaTpHITH

a aq ... Ap.q

b by ... by
T= boeee Ormtl (95)
T TR
IIpn sTom : ~
A=TAT-1, (96)

1) OnpepennTeNs 3TOH CHCTEMH B CHIY (89) OTIMYEH OT HYJIA.



§ 8] METOHI AKAZL. A. H. KPBHIJIOBA 193

3. Ocobuit cnyuaii: p<n. B sroM ciayyae Bektopw @, Ax, ..., Ao
JNWHEHHO 3aBUCUME, U HOTOMY

a b R
by ... 1
M= f 5 ! =0
Gn bng ... lnoy

PapenctBo (93) 6HI0 BHBemeno npu ycaosum M == 0. Ho ofe wacTm sTOro pabes-
CTBAa INPeACTAaBIAKT c000H mnenke panmoHaibHile (yHKNEE OT A ® mapameTpoB a,
b, ..., 11). HostomMy «H3 cOOOpasKeHHH HEIPEPHBHOCTH» CIeayer, 4YT0 paBeHCTBO (93)
umeer MecTo M npm M =0. Ho Torma B ompegenntene Hpumosa (93) mocme ero pac-
KPHTHA Bce KO3(QHNFEHTH OKa’KyTcA paBHHMIE Hynw, TaxuM o6pasoM, B ocoGoM ciy-
4qae (p < n) fopmyna (93) mepexOIUT B TpHBHANbHOE TOMmecTBo 0==0,

PaccMOTpEM MaTpDHILYy, COCTaBIeHHYI0 H3 KOODAHMHAT BeKTOpoB @, AL, ..., AP®

a boo... 1

ag by ... Y

P 97
apt bpog ... lpyq

ap bp ...

dra MaTpHUIla MMeeT PaHT p M NepBLHe p CTPOK B HEH JMHEHHO HE3aBUMCHMH, MOCICIHRAN
sxe (p--1)-A cTpoKa ecTh JuHelinas KOMGHEHANNA HEePBHX p CTPOK ¢ KOs(dummenrTamm

—ap, —0Gp_q, ..., —@ [cM. (83)]. U3 n koopauEaT a, b, ..., I MH cMokeM BHGpaTh
TaKde p KOOpAWHAT ¢, f, ..., h, YTOGH OHpefelUTeNb, COCTABIEHHK U3 ITUX KOOPHLH-
HAT BEKTOPOB X, 4%, ..., AP~lx, 65 oTIHMYeH OT HydA:

c f ... h
g f1 ... Mk

M*= =+ 0. (98)
Cp_i f’p—i “on hp—i
Hamee, m3 (83) BHITeKaer:

—apc——-ap__ici— cae —aicp_i :Cp,
—0pf—0p if1—...—afp1=Fp (99)

——aph—ap_1h1— - ——(Ilhpfj:hp.
W3 srom/cmcTeMsl ypaBHeHMH OJHOBHATHO ompefeiaiorcsa KospPuuuents oy, o, ..., ap
MEOrowIeHa ¢ (A) (MMHHMAJTBHOIO MHOTOYIEHAa BeKTOpa «). COBepmIeHHO aHAJOTHYHO
peryJiApROMY CJydaio (UL ¢ 3aMeHOH n Ha p u OyKB a, b, ..., I Gyksamue, f, ..., h)
MEl CMOeM HCKIIOYHTB O, U2, ..., Gp 3 (85) m (99) u moayumrs cuegyromyio $op-

Myny pasa ¢ (A):
¢ f .« h 1
€y f1 cae h.’l A:

MM =] « e (100)
Cp—1 fp-i cee hp-i ApP-1
¢p fo ... Rkp AP

i
4. OcranoBuMcA Ha BEACHEHAN BONpOCA, [JIA KAKHX Matpun A= a; I[’i‘ H Opu

KaKoM BHOODe MCXOJHOTO BEKTOpA & HIHW, UTO TO ke, IPH KAKOM BHOOpe MCXOIHHX
napaMerpoB a, b. ..., ! mMeeT MecTO peryispHHI ciaywail.

Y ei=atfatafot ... +all, bi=afJa+ oo+ ... +afll mr 1 (=1, 2, ...
.., 1), I'Ne ag;) (/5 k=1, 2, ..., n)—oeaemenrn marpuuu Al (i=1, 2, ..., n).

13 @. p. FanTmaxep
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Mu yKe Bufeim, 9TO B PeTyIAPHOM ciydae
AW =pR) =M.

CoBIajeHMe XapaKTePUCTHIECKOT0 MHOTOUYIeHA A (A) ¢ MUHUMAJHHEM MHOTOYJI6HOM
V(M) osHadaer, 4ro y MATPHUH A==|| a; ||] HeT ABYX BIeMEHTAPHEX JeJHTeJel ¢ OJHAM
¥ TeM jKe XapaKTePHCTHYeCKHM YHCJIOM, T. €. BCe DICMeHTADHHE JeJUTeJH IOIapHO
B3aHMHO TPOCTH. B ciaydae, Korfa A-—MaTpHua OPOCTON CTPYKTYDH, 5T0 TpeGoBaHHe
PaBHOCHIBHO YCJIOBHIO, 9TO XapaKTePUCTHYECKOe yPaBHEHHe MaTpuIul A He wuMeeT
KPATHHX KODHeH.

CoBmajierme muorouwnema P (A) ¢ ¢ (A) o3Hadaer, 9T0 B KadecTBe BEKTOpa &
BHOpAaH BeKTOp, HOPOKZalomuil (Ipm moMomm omepatopa .4) Bee npocrpancTBo R.
Taroil BEKTOpP COTIACHO TeopeMe 2 § 2 Bcerja cymecTByerT.

Ecau sxe yciosme A (M) = ¢ (A) He BumosHAercd, TO, KaK OH HE BHOpPaTh BEKTOD
x == 0, Mu MHOTO4IeHA A (A) He DONYy4HMM, TaK KaK HOJY49eHHHH mo Merogy IipmrmoBa
mEorowien ¢ (A) ABAAeTcH [JexamTeneM 1P (A), KOTOpHil B pacCcMaTpHBaeMOM CJiydae
He COBIAjAeT ¢ MHorowieHoM A (M), a ABIgeTcdA AUmb ero AeamTeleM. Bapprupyda Bex-
TOp X, MK MOKeM B KadecTBe ¢ (A) molyuuth dI000H meamtenb P (A)1).

Ilonydennbie BHBOJK MH MO)KeM cQODMYJIHPOBATH B BUME CIEIYIOHEHl TeOPCMEL:

Teopema 14. ITpeobpasosanue Hpwiaosa daem swipascenue 0as ITaparkmepucmu-
uecwozo muoeouiena A (M) jmampuysn A=| a;||T ¢ eude onpedesumess (93) & mom
U MoAbLKO 8 MOM cayuae, K020a GuINOAHAIOMCA 084 YCA0BUA:

1° Jaemenmaphuie deauments mampuybl A NONAPHO 63QUMKO NPOCMLL,

2° Hczodnvie napamempwt a, b, ..., 1 agaaromcs xoopdurnamamu sekmopa &, nopo-
ocaroyeso (npu nomowu onepamopa A, coomeemcmsyouezo mampuye A) ace n-meproe
npocmpancmso 2).

B obyem oce cayuae npeobpasosanue Hpwiiosa npusodum & wnexomopomy Jdeaumeno
@ (M) zaparmepucmuueckozo muozousena A (A). Imom OJeaumeav @ (L) AsaAemca MUHU-
MAALHBIM  MHOZOMACHOM 048 eekmopa X ¢ Koopdumamamu a, b, ..., 1l (a, b, ..., I—
uczoduvie napamempsl ¢ npeobpasosanuu K puaosa).

5. [TokasKeM, KaK HAHTH KOODAMHATH COGCTBEHHOTO BeKTOpa ¥ AXA ;060r0
XapaKTePECTUIECKOTO YHCIA Ay, KOTODOe ABIAETCA KOPHeM MHOTOWIeHa @ (A), moxy-
gapomeroca no meroAgy Hprimosa 3).

Bexrop y == 0 O6yneM ucrath B BHJE

y=tx+Edwt ...+, A" . : (101)
ITopcTasnasa 9TO BHPAKEHHE [JfA Y B BeKTOPHOe PABEHCTBO
Ay=hoy
u ucmoasdya (101), Mu momxydum:
Bydaw—+Epd2e ...+ Ep 1 A" o By (—apw —ap g dx—. .. —a; A" )=
=ho (& +Epdw+ ... +E,4" ), (102)
Orciofia, | Mesy mpoumm, cliefpyer, 9ro Ep 5= 0, TaKk Kak paBeHcTBO Ep=0 B cHmay

(102) maBamo 6nI auHeHyH0 3aBHCHMOCTh MEKIY BeKTopamu @, Ax, ..., AP g, B pams-
Helimem Mel momaraeM £jp=1. Torma ms (102) momydaem:

Ep=1, Ep-1=MEptay, Ep2=AoEp-110az, ..., E=AoEa+0py, }

103
0=heks+a. (a0
HepBHe_ Di 3 9THX PABEHCTB onpenesioT HaM TIIOCJIeXO0BaTeldbHO BeJINIUHEL

Ep» Ep-1s ..., E1 (KOOPAMHATH BeKkTOpa & B «HOBOM» Oasmce wx, Awx, ..., AP L),
mocienHee ke PABEHCTBO ABIACTCS CHACTBHEM W3 NPEAHAYMAX W M3 COOTHOINSHUA

Lg—}—al)»g"i—}— .o Fapy=0.

1y Cm., sampumep, [816], crp. 48.

2) B aHaaWTHUeCKOM BHJe STO YCJIOBHE O3Hadaer, 4ro croabum «, Az, ..., A" 1z,
roe r=(a, b, ..., 1), IUHEHHO HE3aBUCHUMHI.

3) Ilocaegyromue paccykAeHAA MMEIOT MeCTO KaK AJA PeryisgpHOTO CIydada p==n,
Tak ® JIA 0co6oro caydas p < n. :
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Koopaumatw a', b’, ..., !’ BexTopa ¥ B HMcXofHOM 6asnce MOTYT OWTH HajiTeHH
no caepylomuM dopMmyiaM, KoTopsie BHTeKalorT @3 (101):

a’'=8a+Eay+... +Epapg,
b’ :Eib‘;‘ Eobyt... ‘;‘prp—h L (104)
r —Eil+§zli+ - FEplp-t. )

Mpumep 1.

PexoMengyeM 9WATATEN0 CIEAYIOIYI0 CXeMy BBIUMCIAEHMH,

Tlox pauno# MaTpuijed A BHNNCHBAaEM CTPOKY W3 KOOpAUHAT BeKTOpa z: a, b, ..., I

JTHMH YHCJIAMH 3afaeMcd OPOM3BOJBLHO (IPHW OJHOM JIANIL OTPAHAYEHUH: HO Kpander
Mepe OJHO M3 3THX wHcea oTamuso ot myxas). Ilon cTpokoi a, b, ..., | IHmEM CTPOKY

ay, by, ..., lj, T. e, KOOPIMHATH BEKTOpPa Awx. Yucaa ay, by, ..., |4 moaydanrca myTem
mOCJIef0BaTeIbHOTO YMHOKEHHA CTPOKH a, b, ..., ] HA CTPOKM HaHHOH Marpunu A.
Tak, HampuMmep, aj=apa—apb-+...+ayzl, by=—asatasb+...+asyl @ 1. g Iog
CTPOKOH ay, by, ..., I; IHWEM CTPORY ay, by, ..., Iy B T. 1. Hask[asa U3 OPEOACHBAEMHEX

CTPOK, HAYWHAA CO BTOPOH, OopefedseTcA myTeM IOCJIE[OBATEILHOTO YMHOMKEHHA Npe-
AHITymed CTPOKM HAa CTPOKHM JAHHOH MATPHIH.
- Hap cTpokaMH [laHHOH MAaTPHIIH BHIINCHBaeM KOHTPOJLHYH) CYMMADHYIO CTPOKY

8§ 3 —10 —3
3 -1 —4 2
2 s =2
2 —1 —3 2
1 2 —1 =3 vy z
=ete | 1 1 0 0j—1] 1]
Ax 2 5 1 31—t
A2p 305 2 2 ti—t]
A% 0 9 —t 5 1] ]
A 5 9 4 4
o 8 0 4
y { o 2 0 1
—4 0 —4 0
? { 1 0 1 0
B pmanHoM ciyvae MH MMeeM PeTyAApHE clydall, HOCKOTBKY
11 00
25 1.3
09 —1 5
OnpepmennTenb K pHIOBA MMeeT BHA
11 001
25 134
—16A()=|3 5 2 2 A2
09 —1 5 48
59 Y

PackpmBag 9TOT ompefledTel]b W COKpamas Ha—16, HalmeM:
AAN=r=—2A2+1=(h—1)2 (A1)2.

OGosnauny nepes y =5+ Ep dw{-E3 420 +E, 430 COBCTBEHHBIH BEKTOP MaTpuui 4,
COOTBeTCTBYIOMUH XapaKTepucTHUeckoMy wdclty Ag=1. UYmcaa &, .Ep, Es, &, maiijeMm

13*
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oo gopmynam (103):
_§4=17 EBg=1:h+0=1, Eo=1-Ag—2=—1, Ej=—1-Ry+0=—1.

HonTponrEoe paBeHCTBO —1-Ag--1=0, KOHeUHO, YyOBIETBOPAETCH.

IMonyuennnie uwuena §,, Ep, E3, §, pacumoiaraeM B BePTHKAJBLHOM cTONGIe Iapai-
JeabHO CTONOIY " BeKTOpOB X, Awx, A%r, A%pr. Iomuomas croabeu E;, B, &3, &
Ha croxber ay, ap, 43, 44, MH IIOJYyYHM IEePBYI KOODAHHATY 4’ BEKTOpPAa ¥ B HMCXOMHOM
Gasmce ey, @s, €3, €;; QAHANOTHYHO HonydaeM b’, ¢’, d’. Haxommm KoopamHaTtsr (mocie
coKpameHnda Ha 4) Bexropa y: 0, 2, 0, 1. Anajoruguso ompegmenseM KoopamaaTH 1, 0, 1, 0
cOGCTBEHHOTO BEKTOPA 2z MJS XaPAKTePUCTHYECKOTO dHCHIA Ag=—=—1.

Haxee, cormacHo (94) m (95)

A=TAT-1,
rje
000—1[ 123 0
~ 1100 o 155 9
A= s T =
010 2 01 2 —1
001 0 0 32 5

Ilpumep 2. PaccmoTpuM Ty ke MaTtpany A, HO B KadecTBe HCXOAHHX Iapa-
MeTpoB BoabMeM gmejaa a=1, b=0, ¢=0, d=0.

8 3 —10 —3
3 —1 —4 2
2 3 —2 4
A=y 4 _ 35 2
1 2 —1 —3
w=e 1l 0 0 0
o (3 2 2 1
A {1 4 0 2
A% {3 6 2 3
Ho B pgansoM ciiydae
1000
m|? 221,
1 40 2
36 2 3

n p=3. Mu mMeeM [eJ0 ¢ 0COGLIM ciaydaem.
Beps nepsuie TpH KOOPAMHATH BeKTOPOB , Ax, A%r, A3w, onpefenntens Kpraopa

3aNUCHIBAEM B BHOJE
1 0 0 1

32 2 A

1 4 0 Azl

36 2 A3
PaCKpHBaH 9TOT ompedeNIiNTeJIb U COKpamfas Ha -—8, OONyUYnM:
@A) =A3—A2—A 1 =(A—1)2 (AL 1).

OTclofia HAXOUM TPH XaPaKTePUCTAYECKHX umena: Ay=1, Ag=1, A3=—1., YerBeproe
XapaKTepUCTHYeCKOe UHCJIO MONYINM M3 YCJIOBHSMA, 4TO CYMMA BCEX XapaKTePHCTHYECKHX
qmces papHa ciaeny marpuunit. Ho Sp 4=0. ITosromy A,=—1.

ITpuBeeHHHe NIPHMePH I[IOKA3EBAT, UTO IPH NpPEMeHeHAHW MeToja Hpwiona,
BHINCHBAA IOCJIETOBATEILHO CTPOKH MATPHIIE!
a b ...1

as by ...lps (105)
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HY;KHO CJE[HTL 33 PAHIOM IIOJYy9YaeMOil MATPHUIH ¢ TeM, YTOOH OCTAHOBHTHCSA HA HePBOR
{(p+1)-8i cBepxy] cTpOKe, KOTOpas ABiIAeTCA IMHeHHOR KoMOMHauwed IpeHyIIMX.
OmpepiesienEe paHTa CBASAHO ¢ BRYHCISHWEM HM3BECTHHX oupefenuTeseil. Hpome Toro,
moayunB ompefenuTedb Hptuiosa B mae (93) uam (100), AnA pacKPHTHA €ro IO dJjleMeH-
TAM LOCJIEHEro CTOJa6Ia CleAyeT BHUNCINTh A3BeCTHOE IHCIO ompefennTeneld (p—1)-to
mopafKa B peryaapaoM ciydae (rn—1)-ro mopspaxal.

BMecTo packpuTHA OmpeAennTens HKpPHIIOBA MOKHO onmpefeiutrbh KoadPUIHeHTH
gy, 03, ... HEMOCPEe[CTBEHHO W3 cHCcTeMH ypaBmeHui (91) [mmm (99)], mpumensasa K sT0M
cucTeMe KaKoH-nm6o s>@dexTHBHHI MeToj pelleHNs, HAIPEMEDP MeTo], HMCKJIIOYeHHd,
9TOT MeTOX MOKHO IPHMEHHTEH HEHOCPeCTBEeHHO K MaTpHIe

a b ...1 1
aq bi “en Zi }\.
as bz e lz Azl (106)

MONB3YACH EM MAPAJIIEJIBHO € IMOJYIeHHEM COOTBETCTBYIOIIAX CTPOK IO MeToxy HpruioBa.
Torga Mu cBOeBpeMeHHO OGHApPY:;KMM 3aBHCHMYIO OT IPEIHAYIINX CTPOKY Matpuuu (105)
0e3 BHIUMCHEHHMS KAKUX-Ju00 OIpejelinTeei. .

TloacaEM sT0 moxpoOuee. B mepsoit crpoke marpuiir (106) Br6mpaem Kaxod-ambo
aneMeHT ¢ =+ 0 m ¢. ero moMombio ofpamaeM B HYJIb CTOAMMHA IOJ HEM 3JI6MEHT ¢,

. ¢ .
BEIYHTAsA W3 BTOPOH CTPOKE IEpPBYI0, HOMHOKEHHYIO HA Tl 3areM BO BTOPOH CTpPOKe
BHGOUpaeM Raxod-amo onemenT ff=-0 W ¢ DOMOmMBIO 2JIEMEHTOB ¢ H ff obpamaem
B HYJb 3JEMEHTH ¢y B fo m T. A.1). B pesyarTaTe Takoro mpeoGpasoBaHmA B IOCJEJHEM
cTonbue matpmnu (106) cremenu AR 3amenATcA MHOTOWIeHaMHE k-if cTememHm g, (A)=
=i+ .. (k=0,1, 2, ...). .

Tak Kak OpH HameM npeo0pasoBaHMM HpH Ji060M %k paHT MaTpHIH, o0pasoBaH-
HO# mepBHMU % CTpOKaMHM ® HepBHIME n crojaOuamu marpunn (106), He MeHsercd, TO
(p+1)-a cTPOXA 3TOH MATPHIH Hocje Ipeo0pasoBaHus OymeM HMeTh BH[

01 01 sy 01 gp(}")-

Ilposenennoe mamm mpeo6pasoBaide He M3MOHAET BEIHIMHN OHOPONEIHTENA
Hprimosa

¢ f o b 1
Cy fj_ "'h’i }\4
e e e e e e e e e s :M*q)(}\.).

: p-1
Cp—1q fp-i e hp—i A

¢p o eiihp AP
TlosTomy
Mo (M)=cff ... gp (M) (107)
T. e.2) gp(A) m OynmeM mCKOMHM MHOTOWIeHOM @ (A), gp(A) = @ (A).

PexoMenpmyem ciepyiomiee ynpomeswe. [lonydup k-0 mpeoGpasoBAaHHYI0 CTPOKY
B marpume (106)

a:_l, b;‘_l, e B Bhy A), (108)

* * *
ciepyomyio (k-+1)-l0 CTPOKy ciefyeT UONydaTh, YMHOMAS DPAR Gr-yy bRy -« -5 gy
(2 BHe DNepBOHAYAALHKU pPAX dr—y, Bp—y, -.., {p—y) HA CTPOKE [JAaHHOM MATPHIH 3).

Torma mMm Ha@geM (k--1)-I0 CTPORY B BHje
Tpy B oo Iy Agpoy (W)

1) DaeMentn ¢;, f¥, ... He AOIGKHL OPAHAAJEKATh HOCTefHeMy cTONOmy, copep-
sKaImeMy CTelleHE A,

2) HapnommmaeM, 410 crapmee XKoof@HIAenTH MHOTOWIeHOB @ (A) H gp(A) paBHH
efimAMUILE.

3) Ynpomenme sakjiodaeTci B TOM, 9T0 B mpeoGpasoBamnofl crpore (108) k—1 axe-
MEHTOB paBfint Hymo. I109TOMy TaKylo CTPOKY IPOINe YMHOKATh HA CTPOKE MATPHIE A,
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H pnocjie BRIYUTAHRRA npenmuymnx CTpOR nonyanMm:
e, b, g, (M)

Pexomengyemoe Hamum HeGOJBINCe BUAOM3MeHeHWe Merofa HPHIOBa (COeAmHEHU®
ero ¢ MeTO[OM UCKIIYeHWd) HO3BOJAET CPa3y HONYyIUTh HHTePeCcyYINAH HAC MHOTOYIeH
¢ (M) [B peryasproM cxydae A (A)] Ges BE9MCHeHNA KaKMX-iubO ompejienuTesed u peme-
HAA BCIOMOTATeNBHONM CHCTeMH ypaBHeHHH 1),

Tpamep.
4 4 1 5 0
1 1 —1 1 0
1 2 — 0 1
A= —1 2 3 —1 0
1 —2 1 2 —1
2 1 —1 3 0
0 0 0o 0 1)1
0 1 0 —1 0} A
0 2 3 —4 —21 A2 [2—%A)
0 —2 3 0 0] A2—4A42
-5 —7 5 7 —5|A—4A242% [5-7A]
—5 0 5 0 0! A3—4A2+OAL5
—10 —10 20 0 —15 A4—4A349A2L 5L [15—5 (A2 —4A42)—
—2 (M—4A24 94 +-5)]
0 0 —5 0 0] A2—BA34+12A247A—5
5 5 —15 —5 0! A5—6A4412A3++7A2—5h [—5—5h-4 (A3—
—4A2 9% +5) —2 (M —BA3 4 1242 4 TA —5)]
0 0 0 0 O] A5—8A*-1-2508—21A2— 154+ 10

A

1y Hapsapy ¢ metomoM axaf. A. H. Kpunosa Mb Do3HAKOMMIM wHTaTrens B Ta. IV
¢ metomom JI. K. Manmmeena Brranciennsa KoodORIIMeHTOB XapaKTePUCTHICCKOTO MHOTOTIIe-
ma. Metop JI. K. ®ajmeeBa cBasaH ¢ GONHUIMMY BHYNCICHHAMM, Hekejn MeTo[ KpruioBa.
mo Merop Dapmmeesa asagerca Gonee oOmuM, B ¥em IeT ocobmx ciydaes. Ofpaumjaem
BHUMAHWe duTaTejsa eme Ha BechMa sdderTusunit metony A. M. Jlanuiesckoro [88];
eM. Tamxe [8], cTp. 235—239, ofzoprymo crareio [79] m wuury [33], § 24.



FITABA VIII

MATPUYHBIE YPABHEHUIA

B sroif riaBe ME pacCMOTPHM HEKOTODHE THIE MATPHUHEX ypaBHEHHH,
BCTPEYAIAECH B PA3HOOGPA3HHX BOIPOCAX TEOPHN MATPHIL H e¢ HPHIOKEeHMIT.
§ 1. Ypasuenme AX=XB

Ilycts gaHO ypaBHeHRe
AX =XB, 1)

rre A nm B-—pBe 3ajaHHBe KBajpaTHHE MaTpuisl (BooGIle TOBOpPA, PasHHIX
uopﬂzmon)

A=|lai;|P, B=|bull}
a X——I’ICKOM&H ]]pHMoyl"OJIBHaH ManI/Ina pa3Mep0M mxXn.:
X=llznll (=1, 2 ..com k=1, 2, ..., 7).

BrnnmeMm sieMenTtaprsie jeanTenn MaTpun A m B (B moJe KOMINVIEKCHHIX
qucen):

(4): (A—A)PL, ~(A—Ag)P2, ..., (A—A)"e (pi+poet ... +pu=m),
(B): (A—p)B, (A—p)%, ..., A—mw)® (@44 ... +q=n).

B cooTBeTcTBHE C 3TMMU 5JIEMEHTAPHHMH JeJATeIAME IIPHBEeM MaTpHIIH
A u B k HopMaunbpHO# jKopiaHOBOil (OpMe

A=UAU", B=VBVY, 2)

rge U m V —xBagpaTHne HeocoGeHHEE MATPHOEL COOTBETCTBEHHO NOpPAIKA M
un, ad a B-—:xopJaHORH MAaTDHIH:

,71 _ {}HE(pﬂ_l_H(Pl), AIZE(D?Z_l_H(pz)’ e, huE(pu) 4 H(pu)},
B={uE@++ H®, p,F 4 H@, .., B 4 H'%Y,
Hopcrasaas B ypaBrenue (1) BmecTo A m B UX BHpaKeHus (2), HOTyTEM:

UAUX = XVBV-L

3)

VmuokuM 00e wacTh 5Toro paBemcrsa ciesa ma U™, a cmpaBa—Ha V:

AUXV =U-XVB. (4)
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Broga Bmecro mcxomoit Marpmpm X HOBYIO HCKOMYM MaTpEny X (Tex e
paamepoB m X n)

X=U"1xV, (5)
MH ypaBHeHHe (4) 3amuITeM TaK:
AX =XB. (6)
Mu samernan MarpudHOoe ypaBmenme (1) ypasmenmmem (6) Toro ke BHAa,
HO B KOTODOM B3aJjaHHHe MATPHUIH HMEIOT HOPMAABHYIO :KOpAaHoBY Qopmy.

B coorBercTBME ¢ KBasHOHAroHAJALHHM BHEOM Matpun A m B pasoGnem
marpuny X HA OIOKwH:

X—=(Xgp) (a=1,2,...,u; Pp=1,2, ...,0)

(smecs Xop—IPAMOYTONBHAA MATPHIA pPasMepoM Do X qp; a=1, 2, ..., u;
ﬂ:'l, 2,...,”). .
" WMcnmonbaysa mpaBmmo yMHOeHHA OJI09HOE MaTpHIH Ha KBa3WAUATOHAIB-
HyI0 (cM. cTp. 50), mpomaBefileM yMHO)KeHHEe MATDHI, B JIEBOM M OpPABOH 4acTAX
ypasHerud (6). Torpa aTo ypaBHeHHe pacnafaercs HA U MaTPHYHKX yPaBHEHMIL

[AaE P2 - HP2) X o5 = Xop [ppE8 + H'%']
(a=1, 2, ...,u; p=1, 2,...,v),
KOTODHE IlepeluuieM elle TaK:
(Bp—Aa) Xap=HoXop—XopGs  (a=1, 2, ...,u; p=1,2,...,0); (7)

Opu 3TOM MBI BBEJN COKpauleHHBIe obozHaueHNA

H,=H®), Gz=HYS (@=1, 2, ...,u; B=1,2,...,0v). (8)
BospMem raroe-EmOyAE m3 ypaBHeHmI (7). Moryr mpepcraBuTheA IBa cayuas:
1. Aq5=pp. llpomrepmpyem r—1 pas paseHcTBO (7)1):

(bp —da) Kap=_ D (— 1) HIX 456 9)

FT=r
3ameruM, 9To B omiy (8)
Hie=Gjs=0. (19

Ecam B (9) B3ATE r>» py-+qgg—1, To B KaKIOM dieHe CyMMEI, CTOAImEH
B mpaBo# wacTH paBeHCTBA (9), BHOOMHAETCA [0 KpailHEe Mepe OZHO H3 COOT-
HOMEHUH

022 Pa, T>(1ﬁh

u moromy B cmty (10) aumbo HG=0, umbo Gj=0. Tax xak, xpoMe TOrO,
B paccMaTpHBaeMOM caydae Ag = Pg, To u3 (9) Haxommm:

Xap=0. (11)
2. Ag=pg. B atom cayuae ypaBuenme (7) mpmamMaer BuX
H,Xop= XqopGp. (12)

1) O6e wactm paBeHcTBa (7) YMHOKAeM Ha lg—Ay H B KasKIOM wIeHe npanoﬁ
qacTH 3aMeHsieM (Uug—Ahg) Xqp HA HoXoqp—XqpGp. 9TOT nponece NoBTOpsieM r—1{ pas.
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B marpuunax H, u Gg 31eMeHTH IepBOH HAfIMATOHAJIW DPaBHH eIWHHIE,
a BCe O0CTaJbHEE 3JIeMEeHTH DAaBHH HYJNI. YUYUTHBAA 9Ty COEOUPHIHYIO
cTpyrTypy marpuy H, w Gg u momaras

(Xap =8| i=1,2,...,pa; k=1, 2, ..., qp),

MH 3aMeHMM MarpuuHOe ypaBHeHme (12) ciemylomeill sKBUBaJIeHTHOH emy
CHCTEMOil CRAIADPHHX COOTHOINEHMIT 1):

§i+1,k=§i,k-—1(giozgpa—i-i,kzo; i=1, 2, ..., pa; k=1, 2, ..., q5). (13)

Pasencrsa (13) osmauaior:

1) B marpume X,g Ha K&OKAOH JIMHWE, NAPAIIEILHOH TJABHOM [gUAro-
HaJH, CTOAT PaBHHE MeKAY COGOH DIIEeMEHTH,

2) Bu=Eu=.. =Epu=bpo=... =y q-1=0.

Ilycts p,=gqp. B arom caywzae X,p— KBagpaTEada Marpuma. M3 1), 2)
crepyer, 4ro B Marpume X,s BCe 9IeMEHTH, pPaCHOJOKEHHHE HOJ IJIaBHON
OMAaroHaJIbl0, PaBHH HYJI0, BCE 2JIEMEHTH TIJIABHOH NMATOHAJIM pABHH HEKO-
TOPOMY UHCIY Cqg, BCE DIIEMEHTH IEeDPBOH HAAIMATOHAIU PaBHE HEKOTOPOMY
9ACIY Cqp X T. L., T. €.

(pg—1)

Cap  Cap oo Cog
0 . CapB ) .
Xap=|| ° . .. =T5, (14)
. . C(,,B
0 .. 0 Caf
(Pa = gp)

3ECE  Capy  CaBs - - -9 cg’;a“”——nponanonbﬂme mapamerpu  (ypasHeHusa (12)
He HAKJIAAHBAOT HUKAKNX OrDAHWYEHM HA 3HAYEHWS OTHX [APAMETPOB).

Jlerxo Bupers, 9T0 WPH Py << gp

qla—Pa
Xop=( 0 , Tpa)’ (15)
a IpH pPg > qp
Tag) ._
Xap=1| . 16
aB (O }Po—dg ( )

IIpo matpunm (14), (15) m (16) Mm GymeMm roBopuTh, 4TO OHM HMEIOT
npaguabHylo éeprHiol mpeyeosvhyio gopmy. Unciao mponaBOIbHEKNX IAPAMETPOB
B X,s paBHO HauMeHBIIEMY W3 9HCEeI p, U ¢p. IlpuBeeHHAs HIDKE cXeMa
HOKa3HBaeT CTPYKTYPY MaTpuosl Xgg IOpu Aq = pg (IpOM3BOJIBHEE IAapaMeTpPH

1) Us ctpyrTypn Matpun Ho m Gg cienyer, uro nmpomssefienne HoXyg modydaerca
73 Xgp CABUTOM BCeX CTPOK HA OJHO MecTO BBepX M 3aNOJHEHNeM NHOcHefHed CTPOKH
HyJfAME; aHAJTOTHIHO XopGp monydaercsa m3 Xqp CABATOM BCEX CTOJDIIOB Ha ONHO MECTO
BIPaBO U 3aIOJHEHWeM HepBOro croxbma myiamu (cM. ra. I, crp. 25).

)J;JI;E cOKpameHnsa 0003HAYeHMA ME He OUImeM NOph E;; AOMONAHTENLHEKX HHACK-
coB a, P.
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3lech o0osHaueHsl uepes a, b, ¢, d):

, a b ¢
g Z 2 (ﬁi 1 0 0 a b ¢ 0 a b
Xas=|l0 0 4 bi’ Xop=| 0 0 0 a by, Xas=10 0 a
‘O 00 a ' 0 0 0 0 a 0 0 0
{O 0 0

(Pa=qp=4%) (Pea=3, gs==5) (Pa=35, gs=3)

Jla Toro uToGH NpH WOACYeTe IPOMBBOIBHEIX IAPAMETPOB B MATPHIE X
oxBaTUTh ¥ cxyuai 1, obosHaunuM gepes dyp (A) HamGoxbmruil oOmMH AEIUTETD
ameMeBTapHBIX feamtenedl (A—Aqy)P* um (A—pp)?, a uepes 8yp— cTemens
muOrOwIeHa dep(A) (a=1, 2, ..., u; p=1, 2,...,v). B cayzae 1 §o3=0;
B cayusae 2 mmeeM: Oy,p=min (py, ¢s). Tarum oGpasoM, B ofomx caywasx
90CJ0 NpOW3BOABHHX napaMeTpoB B Xgp paBHO Ogp. UHCIO IIPOH3BOIBHBIX

napaMerpos B X ompeneinsdercsa dopmyaoi

N:Z zaaﬁ-

a=1 =1
B pganpmeiimem Ham ymoOmo Oymer ofimiee pemmemwe ypaprenusa (6) oGo-
BHAYATH uepe3 Xy (M0 cuX IOp Mel 3TO pemenme ofosHagamum Oyksoil X).

Ilonyuennbie R 3TOM naparpade pesyabTaThl MOKHO CHOPMYINPOBATH
B BOge CIefyIomieil TeOpeMHI:
Teopema 1. Obwee pewerue mampuunozo ypasHEeHUuS

AX=XB,
2de
A=|ap|r=UAUL=U {ME®E) 4 Hov, ., 3EP) L HPuy U1,
B=|bullp=VBV 1=V {uE@ L Haw, ..., p B HW) v,
sadaemcs opmyroil
X =UX55V (17)

3decv Xyy—obwee pewenue Ypasrenus AX=XB —umeem caedyowyio
cmpyrmypy: X~y pasbusaemcs Ha G.a0KU

B
Xy = (X)) ra (a=1, 2, ...,u; =1, 2, ..., v);

ecau Ay == g, mo Ha mecme Xqg cmoum Hy.aesas MAmMpPUya, eCau ie Ay, = W,
mo Ha mecme Xog cmoum npoussoAbHAs NPAGUALHAR 6eDINAR MPEY20AbHAR
mampuya.

Xyw, a caedosameavrno, u X 3asucam auneiino om N npouzsonvislx

iR
napamempos ¢y, €y, ..., Cx:

X = iquji ¢; X, §(18)
20e N onpedeasemca ¢hopmyaoii B

N=3 3 bup (19)

o=1p=1
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[30ect 8,5 06o0snauaem cmenend nauboavwiezo obweeo deaumens (A—Ay)’e u
(A— pp)?8]. L

3ameruM, gro Marpuns Xy, X,, ..., Xy, ¢urypupyiomue B dopmyie (18),
CyTh pemeHmd wucxogHOro ypasHemrna (1) (marpuma X; moaywaerca m3 X,
ecI¥ mapaMeTpy ¢; AaTh BHAUEHWe eQWHHUIE, a OCTANbHEIM IlapamMeTpaM —
HyneBHe sHauwenus; j=1,2, ..., N). 9tu pemeHuA JIHHEHHO He3aBUCHMH,
TAK KAK B IIPOTHBHOM ClIy4ae IIPM HEKOTOPHX B3HAYEHHAX NapaMeTpOB
¢y, Coy ..., Cy, HE PAaBHHX OJHOBPEMEHHO HYIW, Marpuna X, a ciegoBaTelbHO,
n Xy paBHAIMCEH OH HYIIO, YTO HEBO3MOKHO. TaxkuMm 06pasoM, paseHcTBO (19)
HOKaskBaer, 4To Jo00oe pelleHNe NCXOAHOTO YPABHEHWA IpeicTaBisger coboit
JuHEHHY0 KoMOmHAIM0 [N JuHEHHO HEe3aBHCUMHX pelmleHHi.

Ecau mampuyst A u B He umewom obwur rapakmepuciuieckus Huces
(xapaxTepucTideckue MuoroaneHs |AE —A|m |AE — B| B3auMHO IIPOCTH), MO

u v

N =2 D 8,3 =0u, ciegonarensno, X =0, T. e. 6 smos cayuae ypasnenve (1)

a=1f§=1
umeem ngo./zbno mpusuasvhoe nyteeoe pewsenue X = 0.

3ameuanume. Ilycre samemMenTnm Marpum A m B IpuHAJIeKAT HEKOTO-
pomy gucaosomy nonio K. Torga Henbss yrBepMaaTh, 9TO dI€MEHTH Marpuy U,
V, X5, urypupyomux B goprmyme (17), Tarke mprHAZIEKAT TOIIO K. 9ae-
MEHTH 3THX MATPHI[ MO}KHO BHOpaTh B pacmupeHHOM Ioje K, KOTopoe IOIy-
gaerca u3 nmonsa K myreM mpuobmenus K IoclefHeMy KOpHell XapakTepucThde-
ckux ypasHenmii |AE —A]=0 u |AE— B|=0. C raxoro poga pacmupeHueM
OCHOBHOTO IOJIA BCErjia IPMXOMUTCH HMeTHh Jel0, KOrma IOIb3yIOTCA NpHBeje-
HHEeM 3aJaHHHX MATPHUI[ K HOPMAILHOH KOpHAHOBOI ¢opme.

Onnako MarpmuHOe ypapHeHme (1) SKBHBAJeHTHO CHCTeMe Mn JMHEHHEIX
ONHOPONHHIX ypaBHEHHMI, TIJe HEM3BeCTHRIMU CIYKaT SIeMEeHTH Ij (f =
=1, 2,...,m; k=1, 2, ..., n) nckoMoit MaTpuns X:

D aiTim= ) Tinbm (i=1,2,...,m; k=1, 2, ..., n). (20)
=1 K=1

Hamu pokasamo, 49TO aTa cmcreMa uMeer N JWHEHHO He3aBHCHMHIX perle-
Hmit, rae N onpenenserca dopmyaoit (19). Ho mssectHO, 9TO GasuCHHE JTMHEHHO
He3aBHCHMEe PemICHIA MOMKHO BHOpPATh B OCHOBHOM moxe K, KOTOpOMY IpHHAaA-
neswaT woaddunments ypapreruit (20). Taxum oGpasom, B fopmyae (18) marpa-
us X, X, ..., Xy MOKHO BHOpATh TAK, 9TOOH HX 5I€MEHTH HPUHAMJIEKAIY
momw K. Torpga, mpupasas B dopmyrne (18) Ipons3BoJBEEIM IapaMeTrpaM Bee-
BO3MOKHHE 3HAaYeHHA W3 molA K, MH moayduM Bce Marpuusl X ¢ 2ieMeH-
tamMa m3 K, ypoeumersopaiomue ypasmeHuio (1)1).

§ 2. Yacrusrii caygaii: 4 = B. Ilepecranosounsbie MAaTPHIIBI

PaccmorpuM dacTHHIL caydaii ypasHenusa (1) — ypaBmenme
AX =XA, (21)

rme A:i]ai%f—aanaﬁqaa, a X =| s ||p—uckomas Marpuma. Mmu mpmmin
K 3ajage poGeHnycd: ompemeauTh Bce Marpumsl X, IepecTaHOBOYHHIE
¢ maHHOH MaTpumeir A.

1) Matpupst A=||a;;||* # B=| by ||7 onpememslor amHeiiHmA omepaTop ﬁ(X):
=AX —XB p mpocTpaHcTBe IPAMOYroAbHHX Matpmm X' ¢ pasmepamam m X n. Uceaexo-
BaHHe 0IIepaTOPOB TAKOTO THHA IpOBeneHO B paGorax [85a, 6].
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IlpuBemeM Marpuimy A K HOpPMAILHOH JHOPHAHOBOH (opme:
A=UAU=U {ME®) L H®D, ., A EP - HPY -1, (22)

Torpa, mosaras B popmyne (17) V=U, B= A u oGosnavas X~% COKpaIeHHO
uepes X, HOXyInM Bce pemieRus ypaBmeHus (21), T. e. Bce MATpHIH, Iepe-
CTAHOBOUHHE ¢ A, B CJIeAyIIeM BHME:

X=UX,U?, (23)

rae Xy o6o3HaYaeT MpoOM3BOJIBLHYI MaTpHily, mepecranoBounymo ¢ A. Hak 6uio
BHUFICHEHO B mpefHymem maparpade, X pasbupaercs Ha u? GI0OKOB

Xz =(Xap)}

B COOTBeTCTBHN ¢ pa3bueHmeM Ha Gioku »KopfanoBoil mMarpmusl A; X.5 — Hyde-
Bafg MaTpuua auGo MPoM3BONbHAS NPABHABHAA BEDPXHAA TPEyTOoJbHAS MAaTpPUIA
B 3aBHCHMOCTH OT TOTO, Ay =~ Ap HIM Ag = Ag.

Has npuMepa BHOMmMeEM dJIeMeHTH MAaTpunul X~ 1A clydad, KOTja Ma-

TPELIA A mMeeT CAeAyOINue 3JeMEeHTAPHEE [eJTUTEJIH:
(A—2A)% (A—M)3, (A—Mp)?, A—Ay (A== Ay).

B arom ciaywae X, umeerT Tawod Bum:

b gio 0

(a, b, ..., 2— mpOUBBOILHbIE
TIApaMeTDHI).

Ol 0oi©CI VIO & -
€l nicooocioooc O

Olo OIS & ~ia o o R
OO OO0 I ioo oN

olo cilo o olooc os
ol clo o sjcoo e
olo cjo > =los oo
oo Yoo ojoo ©
NiO wloocojoo ©

Cio OV e OO0 ~

u
Uncno mapamerpoB B X4 pasHo N, rie N= D) Oqgg; 8mech Oy 06o-
a, p=

D
3HAUAET CTemeHb HAWGOJLUIEro .o6INero AeduTeldA MHOTOWIEHOB (A—Ay) *

m (A—Ag)E.

Beemem B paccMoTpenme HHBapHAHTHBIe MHOTOWJIEHH MaTpumul A: i (A),
i2(A)y ooy iy (A); Ggn (M) =...=1i,(A)=1. Cremenm »>THX MEHOTOYIEHOB 0060-
SHAYHM 9€epe3 Ny >No > ... >Nt >Ny = ... =0, Tak Kak KaKIuH HWHBa-

PUAHTHHIA MHOTOWIEH SBIAAETCH IPOU3BEJeHNEM HECKOABLKAX IOMAPHO B3aHMHO
MPOCTHX 3JIeMEHTAPHHIX fednTenei, To ¢opMyay mgas N MOKHO 3allMCATE H TaK:

t
N= 2 | e (24)

&, j=
Ifie %gj— CTelleHh HAUOOIBIIEro o6mero AeJuTeJd MHOTOYNEGHOB iy (A) m ij(A)
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{g,j=1, 2, ..., t). Ho sanbonpmum o6IuM /jeIuTeIeM MHOTOWIEHORB ig (A) I
i; (A) ABNAETCA ONWH W3 JTUX K€ MHOTOWIEHOB U IOTOMY Xg; = min (ng, nj).
Orcioga momydaem:

N=n1—|—3n2—|— .o +(2t——1)nt.

Yuemo N sapasgercs 4mciIoM JIdHEHRO HE3aBUCHUMHIX MATpHUI[, HepecTaHO-
BOYHHX ¢ MaTpumeil A (MOKHO CUMTATH, UTO HJIEMEHTH ITUX MATPHL IPUHAJ-
JIerar oCHOBHOMY 100 K, coepraimeMy ajeMeHTH MaTpuusl 4; cM. 3aMeuanne
B KOHIle Ipejugymero maparpada). Mel mpmmmim K TeopeMe:

Teopema 2. Jucao auHeliHO He3QBUCUMBIY MAMPUY, NEPECMAHOBOUHBLY

¢ mampuyeii A= ay|7, onpedessemcs dopmyrol

N=n+3n+...+2t—1)n;, (25)
2de My, Ny, ..., Ng—CMENEHU HENOCTOSHHNT UHEAPUAHMHNEL MHOZOLACHOB
i1 (A), ig (M), ..., it (A) mampuys A.

3aMeTHM, ‘ITO

n-——ni—i—nz—l—.;.—{—nt. (26)

Us (25) m (26) BmTeKaer:
N>n, (27)

OpUdeM SHAK — MMeeT MeCTO B TOM M TOJBKO B TOM ciydae, Korga =1, T. e.
'KOT/]a BCE DJIEeMEHTADHEE JeJHTeAN MAaTpPHIH A MOMapHO B3aMMHO IPOCTHL.

Ilycrs g (A) —HexoTopsiil MHorouwleH or A. Torma marpuma g (A4) mepe-
craHoBoyHa ¢ A. BosHuKaer o6paTHEIN BOIPOC: B KAKOM cayudae mo6asg MaTpana,
mepecTaHoBOYHAA ¢ A, Mo:KeT OHTH IpeICTaBIeHA KaK MEOrowieH or A? B srom
cnydae miobaA Marpuia, mepecramoBouHas ¢ A, 6rna 6H JmneiiHOll KOMOH-
Hanueil nuAefHO He3aBHCHMEIX MaTpHI]

E, A, A%, ..., A™ !,

B paccmarpusaemoM cayuae N =n,<n; comocrasuasis c¢ (27), momyuaem:
N =n;=n. Taxkum o6pa3oM, M HOJYTHIH

CnegcrBue 1 m3 TeopeMHu 2. Bece mampuyb, nepecmarnosouhsie
¢ A, npedcmagasiomes Kok MHO204AeHs om A 6 mom U MOALEO & MOoM
cayuae, ko20a ny=mn, m. e. kK020a éce aaemenmapHsle desumeau mampuyst A
TONAPHO G3AUMHO RPOCIHL.

MHoOrowieHH OT MarTpuIlH, IEPeCTAaHOBOYIHOH ¢ A, Takke mepecTaHOBOYHH
¢ A. TlocTaBEM BOIIPOC: B KAKOM CJy4ae BCE MaTPHITHL, IlepecTaHOBOYHEIE C 4,
HPeACTaBIAKTCA B BHjJE MHOTOWIEHOB OT HEeKOTOpOd .(ofHOE u TOi me)
marpunsl C? JomyctmM, 9ro Tako#t ciyuait mmeer mecro. Torja, TaKk Kax
marpuna C yHOBIeTBopsAer B cmiy Teopemsl ['ammabroma — Homm cBoemy xapaw-
TePHCTHYeCKOMY YpaBHeHMI0, To Jiobad Marpuma, nepectanopounas ¢ C,
BHPABHUTCA JHHEHHO Tepe3 MaTPHIIL

E C,C? ..., CM.

Iloaromy B paccmatprBaemom ciydae N < n. Comocrapiuss ¢ (27), Haxogam
N =n, Ho rorga u3.(25) u (26) u n,=n.

CanegcrBue 2 m3 TeopeMs 2. Bce mampuysi, nepecmamosounsle
¢ A, npedcmaeasiomecs ¢ sude MHO20uAeHO8 om 00HOU u mol e mampuyst C
6 MOM U MOABEO 8 MOM cayuae, K020a Ny=n, m. e. Ko20a éce sneMeHMAD-
Hvle Oeaumenu 'y AE — A esaumno npocmu. B smom cayuae ece mampuysi,
nepecmawnogounsie ¢ A, npedcmasasiomes u 6 eude muozouwaernoe om A.



206 MATPUUHBEIE YPABHEHHUSA [CJI. VIIT

OTMerum eme OHO OYeHH Ba;KHOE CBOHWCTBO NEePeCTAHOBOYHHIX MAaTpHII.
Teopema 3. Ecau dse mampuysr A=| ay|l{, B=|bw|; nepecmano-
80UHBL U OOHQ U3 HUI, Hanpumep A, umeem Keasuoua2onasvHuL eud
82

51
A={A4,, 45}, (28)

2de mampuyv, Ay u A, He umerom 06wWUL LAPAKME DUCIMUYECKUL HUCER, MO U
dpyzas mampuya umeem maroil sxe keasuduazonasvrulii eud

81 sg

B={(B, By. (29)

HorasareanscrBo. Pasobsem marpunmy B Ha 6JI0KM B COOTBETCTBHHA
¢ KBasUJUAroHAJNBHHM BuaoM (28):

s1 sg
——

‘B, X
(¥ 1)

3anucusas, ato AB = BA, noﬁyan 9eTHpe MATPHYHBIX PABEHCTBA:
1. AyBy=BA;, 2. AAX=XA4,, 3. A,Y=YA,, 4. AsBy=DBy4,. (30)

Bropoe n tperbe m3 ypasHeHuit (30), Kak 6uto BHAcHeHo B § 1 (cTp. 203),
uMeT ToabKo HydeBee pemenus X =0, Y =0, nockonsry maTpuusl A, m A,
HE HMEOT o0IMuX XapakTepucTudecKmx umceld. Taxum ob6paszom, Hamle mpen-
noxeHne fokasaHo. IlepBoe m werBeproe m3 paseHcTs (30) BHIpamkaoT wmepe-
CTAaHOBOUHOCTL MaTpul A, m By, A, u B.,.

JlorazaHHOe OpEJIOKEHHe B [eOMeTPAYECKOl (OPMYyIMpOBKe TIACHT:

Teopema 3. Ecau

R=I,+1,

ecmb pacwendaenue sceeo npocmpancmea R Ha uneapuanmmusie omHOCUMEAbHO
onepamopa A nodnpocmpancmsa Ij u Iy U MUHUMALEHBLE MHO20UAEHBL IMUL
nodnpocmparcms (omuocumenvro A) 63aUMHO npocmsl, mo Imu nodnpocm-
parcmea I, u I, ureapuamwmmsl, OmHOCUMEAbHO 406020 AuHelHO20 onepa-
mopa B, nepecmanogownozo ¢ A.

N3 nokasamHOf TeopeMH BHTEKaeT clexyiollee caefcTsmel):

Cuaepcrsue 1. Ecau auneiinvie onepamopw A, B, ..., L nonapno
nepecmanogo L, MO MOJICHO Dpacwenums ece npocmpancmeo I na unsapu-
aHmHble omHocumeabvro ecex onepamopos A, B, ..., L nodnpocmpancmea

R=IL+I,+...+1Iy

max, Ymobs. MUHUMAADHBL MHO20YLEH 4106020 U3 MUL NOONPOCMPAHCME Om-
HocumeabHo 406020 us onepamopos A, B, ..., L 6ta cmenenblo HEnpueoou-
M020 MHOZOYAEHA.

Hak wacrmHii ciygaii orcroma HOJyIuUM

Cunegcreme 2. Ecau aunelinvie onepamopw A, B, ..., L nonapno
nepecmanogouty, U 6Ce XA PAKMEPUCMULECKUE HUCAQ IMUL ONepPamopos npu-
radaexcam ocHosromy noaio K, mo moxcno pacwenums eéce npocmparcmeo K

HQ UHEADUAHMHBIE OMHOCUMEAbHO 6cex onepamopoe A; B, ..., L nodnpo-
cmpancmea Iy, I,, ..., I, 6 KadcOoMm U3 KOMOPWZL AHGOT U3 onepamopos
A, B, ..., L umeem paeHble Xaparmepucmuieckue wUcad.

1) Cm. rax:xe Teopemy 1 ra. VII (cTp. 173).
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1, BaKoHeI[, OTMETHM YK€ YACTHHIH CIyday 3TOr0 HPEJIO0KeHUA:

Caepcrsume 3. Ecau onepamopw npocmoii cmpyrmypn A, B, ..., L
(cm. ra. III, § 8) nonapno nepecmamnosounv, mo MmoJHHO cocmasumb 6asuc
npocmpancmea u3 o6wuUr co6CMEEHHYT 66KEMOP0S IMUL ONEPAMmOopPos.

JlagaM emie MarpmgHy0 QOPMYIMPOBKY IOCIEHEr0 HPeJIOKeHH:

ITepecmanogounvie mampuyst npocmoli cmpyKmy psl MONCHO 00HO6 DEMEHHO,
m. e. 00HuUM U MmeM e npeodpasosanuem nodobus, npusecmu K Ouazonasb-
nomy eudy.

§ 3. Ypapuenne 4 X — XB-==

HyCTB JaHO MaTpH4YHOEe YpPaBHEHHE
AX—XB=C, (31)

rge A=|ay|y’, B=| bunl; —s3amaBHHe KBagpaTHHEe MATPHUIH HOPATKOB
m u n, C=|cp|—s3amammaa, a X=|z;|—nckomMas NIpAMOYTroJbLHEE
MAaTpUIEL pasMepoM m X r. YpasHeHue (31) oKBUBAJEHTHO cmCTeMe mn CKa-
JIAPHHX YPaBHEHHH OTHOCHTEIBHO 3JIEMEHTOB MATpPUIH X:

m n :
S .
Z a;jTjp— Z, xilblh=6ih (l=1, 2, [P (( k=1, 2, [N n)
j=1 =1
COOTBGTCTByIOHIaH OJHOPOJHAA CHCTEMa ypaBHeHHﬁ

m n
Zaijxjh_zxilblh:() (l=11 21-'-,m; ’IC=1) 27"'7"')
=1 =1

B MAaTpPM9YHOM BHJEe 3alHChIBACTCA TaK:

AX—XB=0. (32)

Taxum obGpasoM, ecam ypapHeHEe (32) MMeeT TOJIBKO HyJeBoe pellleHHe,
To ypasHeHme (31) mmeer ommHo-eqmHCTBEeHHOE pemeHmne. Ho B § 1 6muI0 ycTa-
HOBJIEHO, 9TO ypaBHeHHe (32) mMeeT TOJBKO HYyJeBOe pelIeHre TOrJa M TOJABKO
Torjja, Korga marpunil A w B He mMeoT o6INuX XapaKTepHCTHICCKHX TUCE.
CaemoBatenbHO, ecau mampuyst A mw B He umeiom o6wux xaparxmepucmiu-
yeckux wucea, mo ypaguernue (31) umeem 0dno u moabko 00HO pewienue;
ecau e mampuyst A u B umerom obwue xapakmepucmuueckue uucAa, mo
68 sasucumocmu om «c60600n020 uaenay C moeym npedcmasumbes Osa cay-

uas: aubo ypasuenue (31) npomusopewuso, aubo ono umeem 6Gecuucaenioe
MHONCECMB0 peweHull, 3adasaemviz Popmyaoil

X=X+ Xy,
rie X, —durcupoBaEHOe dHacTHOe pemeHme ypapHeEus (31), X,— oGmee
pemenue ofHOpoAHOTO ypaBHeHmsa (32) (crpyxrypa X; Ghua BhiscHeHa B § 1).
§ 4. Cransapmoe ypaBuenme f (X)=0

Paccmorpum crauasa ypasHeHHE

g(X)=0, (33)
rjae

g =(A—2)" A—1)" ... A—2n)"

— 33JaHEHH MHOTOYJieH HepeMeHHOHX A, a X -—HCKOMAs KBaj[paTHAs MATDHIIA
wopaaka n, Tak Kak MUEAMaIbHHN MHOTOWIeR MATPUIE X, T. e. INEPBHI
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HHBAPHAHTHHHA MHOTOWIEH i, (A), MOMkeH GHTL JeldTeseM MHOroujeHa g (A),
TO S3JIEMEHTapHHE [eJHTeIN MAaTpuUH X JOMKEH HMeTh CHeIyIOIMAN BHJ:

By By ooy iv=1,2, ..., B

D; D; D;
(A—hi) ™ (A—hy) 2 .., (A—hi ) | pi,<ai, pi,<aiy - ..y piy, <aiy,
Piy = Piy .. +pi,=n
(cpemm mHIEKCOB iy, Iy, ..., {y MOTYT GHTHh W DaBHHE, 1 —3aJaHHHIE TOpA-

TOK mcxoMmoil mMarpuun X),
Wckoman marpuna X mpepcraBaTca B BUE

X—T {MiE(éi1)-{—H(pi‘), L MvE(pi")-{—H(pi”)} T, (34)

rie I —upomsBoibHAA HeocoOeHHAA MATPALA NOPAAKA n. MHOKeCTBO pelIe-
Hnii ypaBHeHHA (33) ¢ 3aJaHHKM LODAAKOM MCKOMOW MATDPUIH pacHajaercs
coraacuo opmyie (34) Ha KOHEYHOE UUCIO KJIACCOB NONOGHHX MeELY Co60iH
MaTpHII. ‘

IIpumep 1. Jano ypaBuenwme
Xm=0. (35)

Ecau HexkoTOpas CTeleHbL MaTpHOH paBHA HYJNO, TO MATpUNa HA3HBABTCSH HUALNO-
menmnoti. HauMespmuil m3 HokasaTelell, IPH KOTOPHX CTeHeHb MAaTpULH paBHA HYIIO,
HA3HBACTCA UHJEKCOM HUABROMEKRMHOCMY NAHHON MaTpUITHL.

OueBupno, pemepmaME ypapHeHHs (35) ABAAITCA BCe HNJBIOTEHTHHE MATPHIIH
¢ HHJEKCOM HUIBHOTERTHOCTH [ < m. DopMyna, OXBaTHBAoOIAA BCe peIIeHHA JaHHOTO
MOPAJKA 7, BEPJAJHT TaK:

X:T{H(pi), H(pz)’ - H(pv)} -1 (Pi’ P2y seer Py m, > (36)
pitpat...+py=n
(T —upounssonsHas HeocoOeHHAA MaTpHOA).
IIpumep 2. JlaHO ypaBHEHHe
X2=X, 37)
Martpuna, yaoBlIeTBODAONI[AA 3TOMY YpaBHEHWIO, HA3HBAeTCA udemnomenmhoii. Die-
MEHTAPHHMH [eJIHTeJAMA HIeMIOTeHTHOH MaTpHOH MOTYT OHTH TOabko A nub6o A—1.
1osTOMY HEMIOTEHTHYIO MATPHIY MOKHO OHPpefieJUTh KAK MATPHLY OPOCTOH CTPYK-
TypH (T. €. IPUBOAAMYIOCH K [AaroHaAbHOH (OopMe) ¢ XapaRTePHCTHYeCKIME IHMCIAMI,
PaBHHME HYJI0 Win enuHnne. QopMyla, OXBATHBAOMAA BCE HAEMIOTEHTHLE MATPHIH
MAHHOTO HOpAIKA, MMeeT B[,

X=Tr{,1,...,1,0,...,0} 71, (38)

-
n

rpe T —OpouW3BojibHAA HeOCODeHHAA MATPHLA IOPAAKA 7.
PaccmoTpmm Temeps Gonee ofimes ypaBHeHMe
f(X)=0, (39)

rge f(A)—peryaspHas ¢QyHKOEA B HeKoTopoll o6xactm G IIOCKOCTH KOM-

nmexcHoro aprymestTa A. Ot nckomoro pememma X = | z;:|]] 6ymem TpeGo-
BaTh, 4TOOH XAPAKTEPACTHIECKUE YHCJA ero IpuHAMIeRaIn obmactn G.
Bunmmem Bce mynn ¢ymrumm f(A), Xewamme B ofmactn G, 1 ux KPaTHOCTH:

Ay Mgy oon,
Ay Aoy ...

KRax m B mpemmpgymeM caydae, KaKAHHE dJIeMeHTADHHH JelUTENb
MaTpaIH X JOJKEH MMETh BH[

(A—2)PH(pr < @)



§ 5] MATPAYHOE MHOTOYJEHHOE YPABHEHUE 209

H IOTOMY
X_T {7“'1 @) X H(pii)’ . P X H(piv)} 71 (40)
(ih in ey i‘v=1v 27 .. .3 pii<ai17 pizgaiz'/ MR | piv<a’iv;
piy,+pi,+ ...+ pi,=n)

(T — npousBonbHasi HeocOOEHHAs MATPHUIA).

§ 5. MaTpmuHOe MHOTOUIEHHOE ypaBHEHHE

PaccmoTpuM ypaBHEHRA

A X+ A, X™1 L+ A4,=0, (41)
Y"4o+Y ™44 ...+ An=0, (42)
rae Ay, Ay, ..., Ay —3agagase, a X W Y — NCKOMEE KBAJpaTHHE MAaTPHIH

mopsaka n. YpaeHerme (33), pacCMOTpeHHOe B HpefHIyImeM maparpade,
mpeficTaBIfAeT oGO BechMa WACTHHIH (MOJKHO CKasaTh, TPHBMAJBHHMN) cIydai

ypasrenuit (41), (42) n momydaercsa W3 moCIemHHUX, ecadm HoloxuTh A;=a;F,
rge a;—uncao 1 i=1, 2, ..., m.

Caenmyomas TeopeMa YCTaHABIXBAET CBSABD MeEny ypasaeruamu (41),

(42) = (33). _
Teopema 4. Kancdoe pewerHue mampuinozo YpaeHeHUR
AX™ 4+ A X" .+ 4,=0

ydosaemeopsem CKALAPHOMY Y PABHEHUIO

g(X)=0, (43)
20e

g\ =AM+ AN A (44)

Imomy oce CEANLPHOMY YPASGHEHUI YOoeaemeopsem u awboe pewerue Y
MATMPUNHO20 Y PAGHEHUS

Y™4,+Y™ 4, 4. A, =0.
HoxasareanncrBo. OGosHaumM uepes F (A) MATPHUHHN MHOTOUNIEH
F(A) =AM+ AN 14 L.+ A,
Torga ypasaenua (41) m (42) sammmyrtcsa Tak (cM. cTp. 88):
F(X)=0, F(Y)=0.

CormacHo oGoGuiennoit Teopeme Beay (ri. IV, § 2), ecnim X u Y — peme-

HHAS BOTHX YpaBHeHWH, TO MATPHUHHHE MHOrouleH F (A) genmrca cmpama
gsa AE—X u cueBa Ha AE—Y:

F(M)=Q (M (AE—X)=(AE—Y)Q; (h).
Orciona

gM=|FM)]|=]QM A M) =1Q: (M)A (), (49)

rge A(A)=|AE—X| m Ay (A) =|AE —Y | —XapaKkTepHCTHUECKHNE MHOTOYJIEHH
matpun X u Y. Ilo Teopeme I'amunbroma— Hamm (ran. IV, § 3)

A(X)=0, A (Y)=0.

14 o. p. TaHTMaxep
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TMooToMy u3 (45) BHTEKaeT:
g§(X)=g(Y)=0.
Teopema moKazaHa.
MH 7oKasanM, 4TO Kakmoe perneHme YypaBHenusa (41) yZoBieTBopser
CKAJIAPHOMY YPaBHEHNMIO (CTeNeHH < mn)

g () =0.

Ho MHO:eCTBO MATPHYHHIX PENIEHUH 3TOT0 yDABHEHHA C 3afaHHHM IOPALI-
KOM n pacHalaeTCH Ha KOHEYHOE WHCJIO KJIACCOB NOJOOHHX MeXAy coboit
matpun (cM. § 4). Ilostomy Bce pemmenma ypasreHHA ‘(41) mpuxogmrca

HCKAaTh cpefU MaTpHIl BHIA
T.D;T: (46)

amece [1);—HM3BECTHHIE MATPHIH; IpPH SKEJAHHH MOKHO CYHTaTh, 410 I);
AMEOT HOPMANbHYIO KopmanoBy ¢opmy; 7'; — HpousBoibHEE HE0COGEHHHe
MaTpums n-ro mopamka; i=1, 2, ..., k). llogcraBum B (41) BMecTo X Ma-
puny (46) m mombGepem T; Tak, 9TOGH yZOBIETBOPANOCH ypaBHeHHe (41).
[us wasporo T; monydmM cBoe JIHHeHHOE ypaBHEHME

AT DT - AT DY . 4 AT =0 (=1, 2, ..., h). (47)

EgnacTBeHHHA €10c00, KOTOPHI MBI MOKeM HPeJJIOKHTh AIA HaXOm[Ie-
gOA pemenns 7; ypasmenns (47), saxiiouaercs B 3aMeHe MAaTPHYHOTO ypas-
HEeHHA CHCTEMOH JHHEIHHX OMHOPOMHHX CKAJAPHEX yPaBHEHUN OTHOCUTEILHO
aseMeHTOB HCKoMoil Marpmmu 7;. Haskmoe meocobennoe pemenue 7; ypaBHe-
mus (47), Oynyum mopcraBieno B (46), mgaeT pemmeHEHMe [JaHHOTO ypaBHe-
mua (41). AHajorHuyHEE paCCyKAeHHA MOTYT OHTH HpPOBEMEHH [Jsi ypas-
mennsa (42).

B cuaegyonimx aByx maparpadgax ME paccMOTPHM dacTHHE CIydYalm ypaB-
reans (41), cBAsanmHe ¢ H3BIeYeHHEM KOPHA m-# CTemeHH U3 MaTpPUITHL.

3amerum, uto Teopema I'ammiproma — Haam ABiIdeTcs YAaCTHHM CIydaeM
tTeopeMH 4. B camom fmexe, moGas wBagparHas martpuna A, Oymyum momcra-
BJI€HA BMECTO A, YIOBIETBOPAET ypPaBHEHHIO

AE—A=0.
TloaToMy B cuny moxasaHHO{l TeopeMH
A (4) =0,

rae A(A)=|AE—A].
Teopema 4 mosker OuTh 0600meHA CIeXYONUM 06pazom:
Teopema 5 (Puanumca)l). Ecau nonapro nepecmanosounbie mencoy

co6oii kead pamivie mampuysl n-2o nopsdka Xy, Xy, ..., Xn ybosasemeopsaiom
MAMPUYHOMY I PABHEHTIO
AXo+4 X+ . 0+ ApXy =0 (48)
(Ao, Ay, ..., An—3adannsie Keadpamwuble Mampuysl n-z20 nopsdka), mo smu
ace mampuyst X, Xy, ..., Xm Uy006aemeopatom CKAAAPHOMY U PAEHEHULIO
4 (Xo, Xia c ey Xm) =01 (49)
20e
g, &b v En) = 1Akt A& ..+ Anknl (50)

1) Cm. [231].
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JdorasareascrBo. Ilomomum?)

F(EOv Eiv D) Em)=”fih(§0, Eiv e ey Em)HT:AOEO"‘{_Aigi_}‘_}‘AmEm,

o, &1, - .., Em —CHAIApHKE TepeMEHHEIE,

O6osmaunm uepes F (L, &, ..., EJI‘)ZHE"(EO’ i, ..., Em) |l upmcoemm-
HEHHYI0 MaTpuUIy AnA Matpuun F[f;; ecTh aarefpandueckoe mOMOIHEHHE
(agploHKTA) BJaeMeHTa fp; B ompememuTese LF Eor &1y ---y Em)|=IFinlt
(i, k=1, 2, ..., n)]. Torga wampgwit smemenr fi, (i, k=1, 2, ..., n) ma-
TpunE F ecTh OfJHOPOJHEA MHOTOWIEH OTHOCHTEIHHO o, &1y -.., Em—y CTEIlCHRE
m—1, m motoMy Matpumy F MOKHO IIPECTaBUTL B BHIe

F= 2 Figi...im&8 - Ems

jotirt. .. +im=n—1
rae Fjg,. .. jm — HEKOTODHE NOCTOAHHKE MATPHIH TOPANKA n.
Vs ompenenenns wmarpEnmm F clefyeT TOMTECTBO

FF=g (%, &, ..., En) E.

3anumem 310 TOKAECTBO CIEeNYIONIMM 00pasoM:
Fivin. . im (Aoko+ AiEs ...+ Apk) EPER . glm
:g(§07 §11 LI Em)E- (51)

lepexom or memoii wacTm K mpaBoil wacTm B ToskpectBe (51) ocymiect-
BIAETCA OyTeM PACKPHTUA CKOOOK U NpuUBeNeHUA HOMOGHEX uieHoB. IIpm nTom

Il

jo+itt. . . +im=n—1

npuzodumcs nepecmaeasmb Mecmamu. nepemenmsie Ey, &y, ..., &, Meoncdy
coboil u He npurodumcs Nepecmasismb Mecmamu nepemenusie &, &, ..., Em
¢ mampuunsmyu Koapguyuenmamu A; w Fjj i, [losromy pasencrso (51)
He HApPYMIHTCA, eCJIH MH BMeCTO HePeMeHHHX &y, &, ..., &, HozcTraBmM
IIONIapHO IepecTaHOBOUHHE MekAy coboi Matpamm Xo, X, ..., Xn:
. Fjojl...jm (A0X0+A1X1+ v +Ame) X;"Xil ‘e X;In:'

otitt. .. +im=n—1

=g(XO’ Xi’ LR Xm)- (52)

Ho mo ycamosmio ApXo+4- A X+ ...+ AnXm=0. Torpa ms (52) maxommm:
g (Xo, Xy, ..., Xpn)=0, 910 M TpeGoBazoChL MOKA3aTh.

3amewarnme 1. Teopema 5 coxpaHser CBOIO CHily, ecam ypasHeHHe (48)
3aMEHHTh ypaBHEHWEM

XOA0+X1A1+ oo +XmAm=0. (53)
JeiicTBHTENBHO, TeOpeMy 5 MOYKHO UPHMEHHTH K YDPABHEHHIO
AXo+ AX 4 ...+ ApXm=

M 3aTeM IepefiTm B 3TOM ypPaBHEHAHM NOWICHHO K TPAHCIOHWDOBAHAKIM Ma-
TpUIaM.
3ameunanne 2, Teopema 4 HOAyIHTCA KAK YACTHHIA caydail TeopeMH 5.

ecan B kawecrse Xo, Xy, ..., X; B3ATH
xm xmi .., X, E.
1) fik (E(h Eiv DR Em)—-nnﬁefinme CIJOPMH oT EU’ Ei’ K gm (i7 k=17 2, aeey 7‘)-’

14%
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§ 6. MaBaeuenne ROpHA M-ii cTemeHH W3 HeocoOennOil MATPHEBI

dT1oT M caeAylomuil maparpadsl MH IIOCBATHM yDPaBHEHHIO
X"=A4, (54)

roe A—sgamapras, a X —ucKoMag Marpumsl (ofe mOpsAAKa n), m— JaHHOE
[es0e HOJOKUTENbHOe THCIO.

B pmammom maparpage Msl paccMoTpuM ciaydail, xorga |{4|~0 (4 —me-
ocobemmag Marpuna). B aToM caygae Bce XapaKTepHCTHHYeCcKHe 9mciaa Ma-
tpuns A oramuHu or HyaA (160 | A| paBen Ipom3BeJleHMI0 DTHX XapaKTepH-

CTHYECKUX YMCel).
O6osznagnM depes

=)™t (A=) .., (h—Ay)"™ (55)
sJIeMeATapHHE AeauTeny Matpuusl A u mpusefeM Marpuny A K KopHaHOBOM
dopmel):

A=UAUr=U{ME,+Hy, ..., ME,+H,) U™, (56)

Tak Kak XapaKTepUCTHUeCKWe dYHCJIa HCKOMOH Marpmusl X mpm BoaBe-
MeHAM B mM-I0 CTEOeHb [JAOT XapaKTepHCTHUeCKHe dYHCIa MaTpuime A4,
10 m y marpuisl X BCe XapaKTepHCTHUECKWe UHCIA OTIMYHEL OT HYJA.
TlosroMy Ha 3THX XapaKTePHCTHUECKHX UHCIAX IIPOM3BOJHAA OT

f (}\4) A

He o6pamaerca B Byab. Ho B Takom ciywae (cm. ra. VI, crp. 159) smemen-
TapHHe fenmTeny MaTpunsl X He «pacImENIAIOTCA» NPH BO3BEJEHAM MATPHIIE
X B m-io crenenb. M3 cRa3aHHOTO CJIeAyeT, YTO JIeMeHTAPHHIMHI NeJIHTeNl MK

marpuosl X OyayT:

=8 A—8)% ... (=B (57)
rae &) = Aj, T. e. £, ABIAETCA ONHAM U3 KopHeil m-it cremerm m3 A; (§; = 7177771,
i=1,2,...,

Onpenemm Tenephb 1/ AE;+ H; crepyomum 06pa30M BosbMeMm B A-miao-
CKOCTM KDYI ¢ NEHTPOM B TOUKe A;, He 3aXBaTHBaomuid Hyund. B srom kpyre

MHL HMeeM M paslelbHHX BeTBell QyHKIUM 1/ A. OTH BETBH MOKHO OTIMYATH
OIHY OT ApYToil IO 3HAaYeHMAM, KOTOpHle OHM OPMHEMAKT B IEHTPE KpYyra,

B TouKe A;. OGosHaumm uepes 1/ A TY BeTBb, 3HaYeHWE KOTODOHl B TOUKE A;
COBIIafiaeT C XapaKTePHCTHIECKHM THCIOM §; MCKOMOH MaTpmusl X, m, mCXond

M3 9TOfi BeTBH, ONpeleaMM QYHKIHIO OT MaTPHIE 1/ ME;-+-H; ¢ momMompbio
oGpriBaomerocsa pAana

i 1
1wt 1.1 /71 ™2
ViEF =0 Bt o Hitgr (=) A Hit ... (8)

o m o=
Tax Kak IPoOM3BOJHAA OT paccMaTpuBaeMoil ¢(yHRINH YA B Toure A;
He paBHA HYJI0, T0O MaTprna (58) mMeeT TOJNBKO ONMH BIIEMEHTAPHHN IennTelb

(A—Ej)pj, rae E,—:T/Tj (3mecs j=1, 2, ..., u). Orcioga cnexyer, 9T0 KBa3u-

1) 3pecs E;=—EF?, H;=HT?  (j=1, 2, v, W)
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JuaroHaJjgbHasa Marpuna

(VME+Hy, VigEy+Hy, ...y V By + Hy

uMeeT 3IeMEHTapHHe [enureau (57), T. e. Te 3Ke 3IeMeHTAPHEE EIHUTENH,
aro u mckomMas Mmarpuna X. Ilostomy cymecTsyer Takasa HeocobeHHas Ma-
tpuua T (|7 |=5=0), gato

X=T{VME+H, ViE+H, ...,V Bt H) T (59)

Huas onpepenenna matpuusl 7 3aMeTHM, 4TO, IOACTABIAA B ofe wacTh

TOMECTBA
(V)=

BMecTto A marpuny AE;+ H; (G=1,2,...,u), noxyamm:

(VME, +H)" =wME;+H,  (j=1,2, ..., 1).
Teneps u3 (54) u (59) caenmyer:
A=T{ME +H,, ME,+H,, ..., \E,+H,}T™ (60)
Comocrasasa (56) u (60), maitmem:
T=UXz, (61)

rpe X4 —IIpou3BoIbHAA HEOCOGEHHAsl MATPHUa, IepecTaHoBoyHas ¢ A (CTPyK-
Typa Marpuunl X4 JleTaldbHO ommcaHa B § 2).

Ilogcrapnas 8 (59) Bmecro T BHpaskeHme UXz, monyuaem ¢opmyay,
OXBATHEBAKMMYI BCe pelleHAA ypaBHeHUs (D4):

X =UXy (VMEr+Hy, VigEs+ Hy, ..., Y ¢Bat Hy} XJU (62)

MHOr0o3Ha9HOCTH HIPaBOH YACTHE 3T0K POPMYIH HMeeT KAk MICKPETHHIH,
TAK W KOHTUHYAIBHHE XapaKTep: NHMCKPETHHI (B JaRHOM ciaydae H KOHEU-
HHIif) XapakTep 3To# MHOTO3HAYHOCTH IONYYAETCA 3a CUeT BHIOOPA PA3IHYHBIX

(X3 m vy
BeTBeH GYHKIHN )/ A B PA3IMYHHX KIETKAX KBa3UNATOHAJIBHOM MATPHIIEL

m
(mpm aToM paxke mpu Aj;=A, BeTBH /A B j-H ® B k-il gUaroHaNBHBIX KJeET-
Kax MOryT OHTh pA3IMYHHEMHA); KOHTHHYAJILHBH XapakTep MHOTO3HATHOCTH
TONYy9aeTcA 3a CYeT NPOM3BOJIBHHX IIADAMETPOB, COAEPIKAINMXCA B  Ma-
Tpume X4.

Bce pemenus ypasmenna (54) Mu Gynem HaskBaTh KOpHAMU M- cme-
m
nenu u3 smampuyst A m 0603HAYATHL MHOTO3HAYHEM CHMBOJIOM 1/:? O6Gparum

BHUMaHME HA TO, 4YTO 7{VA B ofmeM ciaydae He sBiaAeTca GyHKuUHeHd oT Ma-

TpuuH A (1. e. He mpejicraBaAeTcsAs B BUIe MHOTOYJICHA OT A4).
3amewanme. Ecin Bce aneMemTapEbie femmrTenm MaTpHIH A TONapHO

B3aMMHO HPOCTH, T. €. WHCHA Ay, Ag, ..., Ay BCE PABINYHE, TO MATPHIA X;

nMeetT KB&BHI[H&I‘OH&JIIJHHI} BUN
XZ:{XH’ X21 ey Xu}7

rge marpuna X; mepecramoBowHa ¢ A;E;-- H; u, ciemoBaTe;bHO, IIepecTa-
(] u m
HoBowHA ¢ ool ¢ymkmmeir or AE;+ H; B wacrmoctm ¢ VY AE;+H;
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(i=1,2, ..., u). ITosroMy B paccMaTpmBaemoM cIydae QopMmyra (62) mpnmu-
MaeT BT

. m m [ 17—
X=U{YME,+H, VhE,+H,y, ...,V hE,+H, UL
Takum o06pasoM, eciadm BdJIeMeHTApHHE eNHTEdH MaTpuns A IomapHo
B3aMMHO HPOCTEL, TO B fopmMyre gnsa X :7{72 MMeeTCA TOJbKO [MCKpeTHas -

Mo
MHOTO3HAYHOCTE. B 5TOM cIxyuae mwGoe sHagenme 3/ A MOMKHO Ipe/ICTaBUTh
Kak MHOro4jeH or A.

IIpuwmep. Ilycts TpeGyerca HaiiTH Bce KBAaJpAaTHHE KODHH M3 MATPAIH
1 1 0 I
A=)i0 1 0 | v
0 0 1|

T. €. BCE pelleHHd ypaBHeHUA
X2=4

B mauuoM ciiydae marpuua A y:Ke MMeeT HODMaJbHYIO KOpAaHoBY ¢opmy. IToaromy
B8 Popmyne (62) momuo momomurs A=4, U=E. Marpuna XX B JaHHOM CJydae BLIDAA-

aur tak (cMm. ctp. 204):

a b ¢
X~=|[0 a 0],
A
0 d e
rge a, b, ¢, d, e—TpPOM3BOJLHEE IapaMeTpH.
dopmyna (62), maomasg Bce HCKOMHe pemieHUA X, B JaHHOM cjlydae HPHHUIMaeT
clefyOMul BOX:

€ ~1
a b ¢ e 3 0 a b ¢
X=0 4 olllo & oo a0 (e2=n2=1). (63)
0 d el|]||0 0 n 0 d e

He maMerAs X, ME MoikeM B dopmyie (62) mOMHOMHUTH X~ Ha Takoil crajuAp,
97061 [X~ |=1. B ,uaHHOM cIyuae 3TO IPHUBEJET K PAaBEHCTBY a2e—-1 OTKyZHa e=a~2.

Buqncnnm sleMeHTH MaTpEIHE Xzl 3 Ilns aTOTO BHOUMIEM JuHelHOe mpeoGpa3oBa-
Hie ¢ Marpuleil Kos@dniuenron XX:Q

y1=az,+brg-t+cx3,
Yo==ay,
yz=dzy+t-a~2z3.
PaspemnM 3Ty CHCT@MY ypaBHEHHN OTHOCHTENBHO T4, Zp, ¥3. TOrja mMOIydEM IIpe-
obpasoBanne ¢ o6paTHOil Marpumei szlz
wy==a"ly;—(a~2 —cd) ys—acys,
$2=a-1y2,
r3=—adys+{-a%ys.
Orciofa HAXOMMM:
a b ¢ -1 al c¢d—a-2 —ac
Xzt=||0 a O
A
0 d a2 —ad a?

I

o
5
o
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®opmyna (63) maer:

€ (e—n)acd—{——z- a%c (n—e)
X=\o e o |I=
0 (e—m)da-l 1

i

e (e—mvwty (M—e)v
0 e 0
0 (e—muw n

Peumenne X 3aBACHT OT JBYX IPOUBBOJBHHIX IapaMeTPoB U M w M OT ABYX IIPOM3BOJIE-
HEIX 3HAKOB € M 1],

, (v=a?c; w=a"1d). (64)

§ 7. N3Bnevenue KopHA M-i crenenH u3 0co0eHHOH MaTPHIILI

Ilepexogum K pasbopy cayuas, xorga |4 |=0 (4—ocoberras MaTpuma).
Kax m B mepBoM ciyuae, mpmeeieM MaTpuiny A K HOpPMaIbHOM ;Ropha-
HOBOI ¢opMe;

A=U{M\ E(pi) H(pi), s qu(pu)_i_H(p .

( ) )
Y g9 HY Uy (65)
3mech MH dYepes (K—Ki)p‘, cees (K—Ku)p“ 0603HAYNIIM DJIeMeHTapHLIEe eldn-
Teau Marpuiel A, orTBedaiomue HEAYJeBHM XapaKTePUCTHYECKAM HHCJIAM,
a gepes 17, A2, , A —aeMeHTADHBIC JeNMTENN ¢ HYIEBHMU XapaKTepH-
CTHYECKMMHE YHCIaMH.
Torna

A=U{4,, 4,3 U7, (66)

rge
( ") ) )

A ={MEPY BT, 0B L B, A= (Y, B2, L BHYY). (87)

3ameruM, 4T0 4;— Heocobennaa Marpunma (|A4,|==0), a 4, — HUIABOOTEHT-

Hasg MaTpUIla ¢ WHIEKCOM BHJIBIIOTEHTHOCTH W =Max (qi, Gz, ..., q:) (A5 =0).

W3 mcxoxmmoro ypaBEeEMA (34) clefyeT IEpecTAHOBOYHOCTH MATpumur A

¢ uckoMoil martpurneit X, a cilefoBaTeIbHO, M NEPECTAHOBOYHOCTh MOAOGHHX
AM MaTPHI

UAU ={4,, 4} n UXU. (68)

Hawr 6uno mokasano B § 2 (TeopeMa 3), U3 HEepPECTAHOBOYHOCTH MATPHI]
(68) m us Toro ¢axra, aro mMarpuusl 4; u A, He HMMET OGMUX XapaKTepH-
CTHYECKUX 9HCE], BEITEKaeT, 4T0 ¥ BTopas u3 Marpmr (68) mmeer coorBer-
CTBEHHYH) KBA3HAMATOHAILHY (Popmy

U XU ={X;, X»}. (69)
JaMeHAs B ypasHenmu (54) marpunsl 4 m X TomoGHHIMH MM MaTpHIAMHA
{4, 45} n {X,, X5},
MH 3aMeHHM ypaBHeEwe (54) AByMA ypaBHEHHAMH:
XY= Ay, (70)
X5 =4, (71)
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Tar war |A;|5%0, ro k¥ ypasHexnio (70) mpUMEHMME pe3yNbTATHL IIpe-
ORAYIIEro naparpatj)a. IloaroMy X; maxomum mo dopmyne (62):

m m/ N i
X, =X, { Vo, ED g Y qu‘pu)+H‘pu)} Xk, (72)

Taxnm ob6pasoM, ocraercsa. paccMorpers ypaBHeume (71), T. e. 3aHATHCA
HaxO;KIeHHeM BCeX KOpPHeH m-il CcTemeHHM W3 HUJIBHOOTEHTHOH MATpHUUe A,
yiKe mMeIell HOpMalbHY KOPHAHOBY ¢(opMmy:

A,={H?, 7Y, . 5, (73)
L =max (¢, g2, . .., §:) — MHAEKC HAIBIOTeBTHOCTH MAaTpunil A, Wz Ay =0
u u3 (71) maxogmm:
Xg*=0.

Mocrennee paBeHCTBO IOKA3KIBAeT, 4TO MCKOMasg wmarpuma X, Takike
ABIAETCA HEJIBIOTCHTHOHN ¢ WHAEKCOM HUJIBHOTEHTHOCTH Vv, rhae m(p— 1) <<
< v < mp. Ilpusegem Marpuny X, K ;KOpPAaHOBOH ¢opme:

X,=T{H™, B, ..., B} 1~ (74)
(V1y Uy ooy DgV).

Bossegem Temeph 00€ dWACTH IIOCIELHEI0 DaBEeHCTBA B /Mm-10 CTEHEHb.
Ionyamm:

A= XP =T ((H, (7, L H Ty T (75)

BrisicAMM Tenepb, KaKHe »ieMeHTApHHE [elIHWTead HMeeT MaTpuma
[H™™1), OGozpaamM depes H uanHeiHWH oneparop, 3agaBaeMslii MaTpu-
meit H™ B v-MepHOM BEKTODHOM IIDOCTPAaHCTBE ¢ 0asmcoM €, €z, ..., €.
Torga ms Buga matpuni H® (B marpmue H” Bce dlIeMEHTHI IEpBOH HaJ-
AMATOHAJN paBHH eXVHUIE W BCe OCTANbHEE DBIEMEHTH paBHH HYII0) Cle-
ayer, 910

Hei=0, He,=e¢4, ..., Hey,= €, 4. (76)

dTH paBeHCTBA MOKA3HBAKOT, Y10 AaA omeparopa H BEKTODPH €i, €3, ..., €5
06pasyioT FKOPJAAHOBY LENOYKy BEKTOPOB, COOTBETCTBYIOIMYIO 3JIEMEHTAPHOMY
nexurenio A°.

Pagpencrsa (76) sanmmem rak:

Hej:ej—i (]:1’ 27 ceas U5 eO:O)'
OueBnHO, 4YTO
H"e;=¢€;m (G=1,2, ..., vi¢g=e_1=... =€ =0). 77y

IIpegcraBum 4mcmo v B BHAE
v=km-+tr (r<<m),

1) Oreer Ba aToT Bompoc pmaer TeopeMa 9 rm. VI (ctp. 158—159). 3meck MEr
BHHYK/IGHE APYTAM MEeTOMOM HCCIe/l0BATh ATOT BOLPOC, TAK KAK HAM HYMKHO OTEICKATHL
He TOIRKO BSjeMeHTapHHe AelnTend MATpuni [HO]™, mo m Matpuny Py, ,p, mpeabpa-
sywniyio [H™™ k xopaasosoii dopme.
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rae k, r—neiare HeOTpHHATENbHHE dYUCHA. PacmogoskuM GasHCHEE BEKTOPHE
ey, €, ..., e, CleaylomaM o0pasoM:

e, es, cevy €m,

€mi1, €m12, ceey Eom,

(78)
€k—1ym+1, CHr—-1)Ym+2, ---, €rm,

€pmtey ++ oy Chmtp.

B oroii Tabnmne Mu mMeeM m cToN6NOB: mepmrie r cofepar mo (k- 1)
BEKTOPOB B Ka:KJ[OM, OCTaJbHEE —II0 & BekTopoB. PaBeHcTBO (78) mOKasniBaer,
9T0 BEKTOPH RaKAOr0 cToa0na ofpasyioT JKOPAAHOBY INEHOYKY BEKTOPOB
oTHOCHTeNbHO omeparopa H™. Ecam BMecTo mociemoBaTelbHOHl HyMepanum
BeKTOpoB (78) mo cTporamM 3aHyMepoBaTh MX IO CTOAOHAM, TO B IIOJIYTeHHOM
TaKuM ofpasom HOBOM OGasuce Martpuua omeparopa H™ Gymer mmerp cie—
AYIOIMYI0 HOPMAJIBHYI KOPTAHOBY (opMy:

H(h), ey H(h)}l)’

R4+-1 R4+1
{H(+), ...,H(+)

—

7 m—r
I CJIefoBaTelbHO,
arthtd k1) k)" R —
[HO" = Py m {HTD, .., B®TD B, HYYP3L, (19

r m—r

rpe matpuna P, , (mMarpuna mepexoma or OfZHOro Gasmca K APyromy) mMeer
Bug (cm. ra. III, § 4)

r———i—

£0..00.

0 6...0 1...
Pv,m="""""' m (80)!

0 0...0

0 1...0

Marpuua H® umeer ofuH 3reMeHTapHHA pmenutens A°. Ilpum BosBemeHmm
MaTpuasl H B m-10 cTelleHb 3TOT IEMEHTADHHI JeMUTEIb «PACIemIAeTCa).
Kar morasmBaer ¢opmyma (79), marpmma [H™]™ mmeer sieMeHTApHEIE [elu-
TeJn: '

R+l h+1 R h
AR oL, AL AR, L, AR

r m—r

Bosspamasice Temepp k paBeHCTBY (73), IOIOKAM:

vi=km+r,(0<ri<<m, k;>0;i=1,2, ..., s). (81)y
1) B ciyuae k=0 wuerkm H®™, ..., H® orcyrcreyor, m 5Ta MaTphnma mMeer
R —
m—r
Buy {HWL, ..., HL},
N ot i e’

r
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‘Torga B cuny (79) paBencTBo (75) mEpeNHINETCA TAK:

A =X0'=TP {H(hl-l-i), e, H(kl‘l'i)’ H(hl)’ s, H(hl),
41 . m—ry ’ )
HOO, L gD gDy par, (82)
re
rae P={Pu my Pry,m s Pog,m}e
Comocramnsas (82) ¢ (73), BUgEM, 4TO KIETKH
H(kl-l-i), ey H(hl-l-i), H(kl), s H(hl)’ H(kz-H)’ s, H(hz-l—i)’ (83)
¢ TOYHOCTHIO /10 MOPAJKA MONKHE COBHACTH ¢ KIETKAMU
g g g, (84)
YcaoBAMCA CHCTEMY 3JI€eMEHTAPHHX JeTUTeNIeH 7»”1, 7»”2, vy A’¢ HasmBaTh

-603moxcHol masi X,, ecIM IOCHe BO3BeNEeHUS MATPHOE B /M-10 CTEHOEHDL 3TH
‘BJIEMEHTADHEIE [eNUTENH, PACIEINIAACH, MOPOYKIAIOT 3aJaHHYI CHCTEMY DJIe-

. TR q
MeHTapHHX Henuteneii Matpunul As: AL, A2, ..., A, UHCIO BO3MOKHHX
CHCTEM SJE€MBHTAPHHIX HEJIMTEJIeH BCerja KOHEYHO, IOCKOJIBKY

max (g, Vg, ..., Ug)<mu, Uy +0Uy+ ...+ 0s=n, (85)

(ny—cremedb MaTpunh A,).

B kaykf0M KOHKDETHOM CJIydYae BO3MOMKHEIE CHCTEME 3JIE€MEHTAPHHX [ejIv-
reneil gaA X, MOTYT OHTH JETKO ONPETeTeHE MYTeM KOHEYHOTO 9HCJa HCIH-
“TAHHH.

IMoxaskeM, d9TO HIA KasKAOH BO3MOMKHON CHCTEME dJEMEHTAPHHIX [eJIH-

)

v v
Teneir A, A% ..., A° CYmECTBYKT COOTBETCTBYIOIIME pEIIEHHA ypaBHE-
muA (V1), m ompejenmM Bce 3TH pemieHHA. B 5TOM caydae CymecTByer mpe-
-ob6pasyromas Marpunma () Takas, 4uro

(EOY gt o gt gleth . 0m14,0.  (86)

Marpuna Q ocyinecTBIAET IEPECTAHOBKY KJIETOK B KBasUAMATOHAJIBLHON
MaTpHye, 49TO AOCTUraeTcA HaJJIeKAIed IepeHyMepamnueil GasMCHHX BEKTOPOB.
Hosromy marpuny @ MoxHO caurarh H3BecTHOH. Wcmosipaya (86), mmr us
{82) momygamum:

Ay =TPQ14,QPT™,

Orcroma

TPQ_]' = XA2
bibii:s

T = X 4,0P, (87)

rae X 4,— OPOM3BOJBHASA MATPHIIA, HEepecTaHOBOYHAA ¢ A,.
IMoxcraBuasa Bupamenue (87) maa T B (74), OyneMm mMeTb:

X, =X4,QPY{H®, gD, . ., H®) PQ-1X7.. (88)

Ma (69), (72) u (88) momyumm o6myio ¢opMyry, -0OXBAaTHBAWIIYI Bce
MCKOMEIE pelleHNd:

X==U (X, XayQP Y} (VME) L HOY | . Vi E® L HOW
H®, ., H®|. (X3, PQ XU (89)
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OGparuM BHHUMAHHE IATATENA HA TO, 9TO KOPEHb M-H CTEmeHH M3 OCO-
GeHHON MATPUIE HE BCerja cymecTsyer. Ero cymecrsoBaHme CBA3AHO C CyIie-
CTBOBAHHEM CHCTEMHBI BO3MOYKHEIX DJIEMEHTAPHHX [euTeldedl ais Marpmum X,.

Jlerxo BHAeTH, HaIpHMep, UYTO ypABHEHHE

X™=H®
He mMeerT pemeHuid mpu m>1, p>1.

IIpumep. Tpebyercs u3BlIeds KODeHb KBAaJTPATHHI H3 MATPUIH

010 '
A=l 0 0 0],
000 ’
‘T. e. HAfiTW Bce PeIIeHHUs yPaBHEHUS
X2=A.

B pannoM ciydae A=Ay, X=X,, m=2, t=2, ¢;=2, go=1. Marpuna X MoxeT UMeTH
TOJIBKO OfiMH 3jieMeHTApHHE fenuTens A3, Iloaromy s=1, vy=3, k=1, ry=1 u [cm. (80)]

1 00
P=P3 =0 0 1| =P, Q=E.
010
Hpome Toro, Kak u B mpumepe Ha cTp. 214, MoK1IO mONOKUTH B dopmyie (88):
a b ¢ al ¢d—a=2 —ac
X4,=||0 a O » X4=|l 0 a1 0
W0 d a2 0 —ad a?

M3 aToit GopMyNH LOMyIUM:

0a p
X=Xo=X, PTIH®PX1=| 0 0 0|,
0 p1t o
e a=ca"l—a2d n P=—a3— npOUIBOJIBHNE IAPAMETPHI.,
§ 8. Jlorapudpm marprup
1. PaccMorpnM MarpudHOE YpaBHEHHE
eX =4, (90)

Bce pememus storo ypapEeEHA OypmeM HA3HBATH JorapuMaMu (HATY-
paTpHKMHA) MATpEOE A 1 ofo3nagaTts depes ln 4,

XapaxrepucTUIeCKHe THCJIA A; MAaTPHOH A CBASAHEL ¢ XapaKTepHCTHYE-
CKUME dncdaMu §; marpuusl X dopMysod szegf; O3TOMY, €CJH YypaBHe-
aune (90) mMmeer permieHue, TO BCe XapaKTepucTHYECKHe dmCaa Marpumnl A
OTINYHH OT Hyas W Marpuna A ssuserca neocobemmo#t (| 4|z~ 0). Taxum
obpasom, ycuosme |A|=0 saABIAercA HeoOXOZMMHM [JA CYINECTBOBAHHA
pemernua ypasuenna (90). Hwxe M yBEAEM, 9T0 5TO YCJIOBHE SBIAETCH
¥ HOCTATOYHEIM,

Wrax, mycrs | A| 0. Bunmmem sneMeBRTapHEE [eIATeNH MAaTPHUR A:

(A=At (A—2e)P2, L., (A—Qy)Pu (91)
(MAo ... Ay=%=0, py+poto.. +pu=n).
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B coorBeTcTBHM ¢ THMH dIeMEHTAPHHIMH [EINTEASAMHU UPUBEIEM MATPH-
ny A K HOPMAaJbHOU ;KOpHaHOBOH (opme: '

A=UAU=
=U{7\,1E(p1)+H(pi), KZE(pZ)—}—H(pZ), e, qu(:Du)_}_H(:Du)} UL, (92)

Tax xark mpousBogHAA OT PYHKIHHA €% OTIUYHA OT HYJNA HPH BCeX 3HA-
gernax §, to (cMm. ra. VI, crp. 159) npu mepexome or marpmiu X K Marpu-
ne A=eX sieMeHTapHEE [eiaMTeNd He PACIHEMIANTCH, T. €. Marpuna X
HMeeT 3IeMeHTApHHE JelnTeNIn '

(A—E)™, (A—E)"2, ..., (A—E,)"y, (93)

rme egf—_-?»j G=1,2, ...,u), 1. e. E; ecrp ogEo m3 3HaueHwuii lnl;(j=
=1, 2, ..., u).

BosemMeM B mIOCKOCTH KOMILIEKCHOTO IIEPEMEHHOI0 A KPYT ¢ IEHTPOM
B Touke A; paguyca <C|A;| um oGosmaumm wuepes f;(A)=InA Ty us Berseir
dynxnum Iln A B paccMaTpuBaeMoM Kpyre, KOTOpasg B TOYKe A; NpPHHAMAET
3HAUEHNE, PABHOE XapaKTepHCTHIecKOMY Iy &;Marpunsl X (=1, 2, ..., u).
Tlocnme sTOro momaraem:

In (}\’jE(pj)__}_H(pj)) — fj(}\’jE(pj)_i_H(Pj)) - ln‘)bjE(Pj) 4 }\l]le(pj)_*_ . (94)

Tarx xar mpouspogmas or In A Hurge me ofpamaercs B HYJIb (B KOHeY-
HOH d9acTH IIOCKOCTH A), To Mmarpuma (94) uMeer TOJIBKO OJMH BdIEMEHTAp-

Huii feaurens (A—E;)P/. B cuny artoro kpasmamaromadbHas MaTpHIA
{In (ME®? L HPYy, In (ME®? + AE,?), ..., In (ME® + H®)}  (95)

HMeeT Te jKe dJeMeHTAapHEle NenHTeNM, 4To M ucKomas martpuma X. ITostomy
cymecTByer taraf Marpuna I (| 1|54 0), 9To

X=T{In(ME®Y + H®), .., In(AEPW +HPW} 71, (96)
Hasa ompepeneEus marpuun 7' saMeTHM, 49TO
A=eX=T{MEPX L+ H®) . 3,E®) L HPY 71, (97)
Comocrasnasa (97) ¢ (92), maxomum:
I=UXg, (98)

rpe Xy — DpousBONbHAA MATpHIA, nepectanoBounas ¢ marpuneir A. Ilom-

craBifaa BHpamenuwe 1A ' ms (98) B (96), momywum obmyno gopmyuy,
OXBATHBAOIIYI0 BCe JOFapAME MaTpPHIH:

X =UXyz {In (MEP? + HPD),
In (AE®D - H®?) | In (A EP + H®WD)) XFU-1, (99)

3ameuanue. Ecam Bce saeMenTapEHe fgemuTenm MaTpuis A B3amMHO:
HPOCTH, TO B mpaBoit acTh Gopmyis (99) mosxmo BHOpocHTs MHOGKHTENH X~

u X7 (cM. amamormaHoe 3ameuanme Ha cTp. 213).

2. BrivicHEM, KOT/Ia BeleCTBeHHAs HEOCODEHHAA MATPHNA A FMeeT BelIecTBEHHHI

morapudM X. IlycTs WCKOMas MaTpPHLEA HEMeeT HECKONLKO JJIEMEHTADHEIX JeJuTeleil,
’ i’

OTBEVAIOIINX Xa PAKTEPACTAIECKOMY QHCILY BULA Q- im: (A—Q——in)qi, veey (A—Q—iﬂ)qt.

Hockonsky mMaTpuma X BeW[eCTBEHHA, TO OHA HMMEET M COIPSIKGHHEIE 9JIEMEHTAPHEIe

JleIATeNIn: (A—Q—|—in)q1, ceny (A—Q—|—in)qt. IIpm mepexope or MaTpEMHM X K MATpH-~
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ne A sjeMeHTapHLe [JelUTeNN He PACIieNIAITCA, HO XapaKTepHCTHIECKHe ncia @ - ifm,
Q— in saMensAoOTCA B BEX anciamn P T—= —p P~ —=_y r1me w=eP >0. Mosromy
B CHCTEME DJIGMEHTADHHX HRenuTeiell MaTpHum A KaKAME >1eMeHTADHHH JennTeNb,
‘COOTBETCTBYWOIWA OTPHIATEJILHOMY XaPAKTEPUCTHISCKOMY UWCIY (ecIm TaKOBHe cyIe-
CTBYIOT), HOBTOPAETCA UYETHOE UMCIO pad. J[OKamkeM Temepb, 4TO 3TO He0oOXOZmMoe
YCIOBHE SBIAETCA W [JOCTATOYHHIM, T. €. WTO Geujecmeernas Heocobennas mampuya A
moa2da u moavko mozda umeem eewjecmeennuli aczapupm X, Kozda y mampuys A aubo
coscem Hem gaeMeHMAPHBIT Jdeaumeneii, COOMBEMCMEYIOWUT OMPUYAMELAbHEIM TAPAKMepU-
cmudeckum wucaam l), aubo xancdulii maroi saemenmapruniii deaumead noemopaemcs Hem-
Hoe uucao paz?).

HeiicTBUTEIbHO, HYCTH OTO YCIOBHE BHHOJHEHO. Torga B KBasHAHaroHaJbLHOI
maTpuie (95) B cooTBeTcTBHAM ¢ (QopMmyaod (94) B Tex KIeTKaX, I'e A; BelecTBeHHO

" IIOJIOKHTEJbHO, BO3BMEM [IJA In xl' BeIIECTBEHHOC 3HAUCHWE; eCJIH Ke B KaKko#-1ubo
HIETKe PMEeeTCA KOMIJIEKCHOe A.n, TO HaﬁHeTCH Apyrag KJIeTKa TaKOro j;Xe pasMmepa

© Ag=An. B 3THX KIeTKax BO3bMeM KOMIJIEKCHO COIDS;KeHHHEe BHAUCHHA JIA ln A,
u In'Ag. Kampas ske KileTKa IO yCIOBHIO IIOBTOpsieTcHA B (98) WeTHOe TMCNI0 Pa3 ¢ COXpaHe-
Huem pasMepa KieTKu. Torja B IOJOBHHE 3THX KIETOK IONOMKEM InAp=In|Ag |4 ix,
‘a B Apyrol momoBmHe BO3bMeM 1n Ap==ln|Ap|—in. Torma B KBa3mOUaroHAIbHOI
Matpune (98) aMaromaIgbHEE KIETKH JH00 OYAYT BemecTBeEHEMH, mu60 6yIyT momapHo
KOMIJIEKCHO CONpA:KeHHEMH. HO maxas reasuduazonaavbhas  mampuya 8cezda nodobra
seujecmeennoii mampuye3d). IlosToMy ¢ymecTByeT TaKasg HeocoOeHHAsg MAaTpHIA
Ty(| Ty} == 0), aro MaTpuna '

Xy=Ty {In EP+ B, L In 4,8 4 5Py 1
BEIECTBCHHA. Ho TOoraa 6yI[eT BeHIeCTBeHHOﬁ u MaTpHia

() (®,

A =X =7, M EPO L g0 a B L gy (100)
Conoctasnsga ¢opmyny (100) c¢ dopmymnoii (92), sakmowaeM, 4TO MATpuue A m Ay
MONOGHH MeKAy cofo# (IOCKONBKY OHH mOAO0OHH OHOHW M TOH e 3KOPAAHOBOH MaTpH-
me). Ho aBe momoGHEE BeIeCTBEHHHe MATPHIE MOTYT OHTL IIPeo6pasoBaHET JPYT
B Apyra ¢ IOMOWILI0 HEKOTOpOil HeocoOeHHO# BemecTBeBHO# Marpuuu W (| W | == 0):

A= WAIW—I"—‘WeXlW‘l:eWXlW_l.

Torga martpuna X =WXW-1 m 6yneT ECKOMEIM BeleCTBOHHEIM JOTapAQMoM MAaTPBELH A.

1) B 3TOM ciaydae CYH[eCTBYeT BemecTBeHHHI ln A=r (4), rae r (A) — Hagmesxamai
WHTEepPHOJIHOHHEH MHOTOWNeH ANA lngA (cM. cTp. 104).
2) 910 Yyciaomme, B YACTHOCTH, BHIIOJHAETCH, Korxa A=B2,- rge B-—Bemecrt-
BeHHASL MATpHIA.
3) Nua Toro 4ToGH yOemHThCA B DTOM, JOCTATOYHO IOKA3aTh, YTO KBASHAHATO-
HaJLHAA MATPHUIA
B 0
D= )

0 B
Beceraa ;mogofHA HEKOTOpOH BemecTBeHHoll Martpmme. 3xeck B=U 4-iV, B=U—iV,
rae U m V—BemecTBeHHHe MaTpBEUH. O603Ha"asd depes £ efMHAIHY MATPHLY TeX jKe
pasMepoB, 4TOo u B, W mojaras
E iE
T= . ’
‘\E —IiE

E

JieTKO OpOBEepHAM, 49TO

ty

U —
T-1 = , T"lDT:< V)
14

U

by
l

E

E}?‘l—- vo| -
EE?I'-* po|



I'TABA IX

JIMHEIHBIE ONEPATOPbI B YHUTAPHOM IIPOCTPAHCTBE

§ 1. O6mme coobpakennsa

B raxasax IIl m VII Mu maywanu nwHefHEE OmepaTOpH B IPOH3BOILHOM
n-MEpHOM BEKTOPHOM OpocTpaHCTBe. Bce 6asmcH TaKoro mpocTpaHCTBA PaB-
HoIlpaBHH Mekay coboil. [lamHoMy nuHeiiHOMY omepaTopy B KaskjgoM Oasmce
0TBeYaeT HEKOTOpadA MaTpuma. MarTpHIE, oTBeYamue ONHOMY U TOMY 3ke
omepaTopy B pasiMYHHX Gasmcax, momob6HE Me:xmy coboii. Takmm obpasowm,
gA3ydeBWe JUHEHHHX ONEPAaTOPOB B 7-MEPHOM BEKTODHOM NPOCTPAaHCTBE
JABANO BO3MOKHOCTH BEHIABUTH CBOMCTBA MATPHIE, IPUCYIIHE ONHOBPEMEHHO:
BCeMy KiIaccy IMOTOOHEIX Me:kay coboi MaTpHmi.

B mawane »Toli TIaBH MH BBEJEM METPHUKY B R-MEPHOe BEKTOPHOE HpPO-
CTPAHCTBO, OTHOCHA CHOENUATLHBIM 06pasoM KaKIBIM JABYM BEKTOpPaM HEKOTO-
poe 4HCI0 — HX (CKajJApHOe mpousBejieHHe». C moMompI0 CKAaIAPHOTO IIPO-
W3BeeHNd OIpPelleliAeTCH (JIMHAY» BEKTOPA M (KOCHHYC YIiay ME:AY ABYMA
BeKkTopamm. Takas MeTpH3amua IPUBOAUT HAC K YHATADHOMY IPOCTPAHCTBY,
ecinm ocHoBHoe Imoje K — Tole BCeX KOMIUIEKCHEIX 9HCed, W K eBKIHUOBY
mpocTpaHCTBY, ecam K — mome BceX BemeCTBeHHEIX dWHCeJ.

B macrosmeil raaBe MH OyfeM H3ydaTh CBOHCTBA JIMHEHHEX OMEpaTOpOB,
CBA3aHHKEE ¢ METPHKOIl mpocTpascTBa. 1lo oTHOmMeEHNI0O K MeTpHKe MpOoCTpaH-
cTBa y:ke He Bce 0asmcH paBHompaBHH. OpHako paBHODPAaBHEIMH fBIAIOTCH
Bce opToHOpMHpoBaHHHE Gasuce. Ilepexom or opHOTro OpPTOHOPMHPOBaHHOTO
fasEca K JPYroMy OCYIIECTBIAETCA B YHHTAPHOM (COOTBETCTBEHHO €BKIH-
JOBOM) IPOCTPAHCTBe IPH IIOMOIM CIeNUaJbHOrO — YHHTAPHOIO (COOTBET-
CTBeHHO OPTOTOHANBHOro) — mpeobpasoBanma. IfoatoMy nBe MaTpmmm, orBe-
9aloliue OJHOMY M TOMY ke JHHEHHOMY OIepaTopy B ABYX pPasiIHuHHX (asucax
yHHTapHOro (eBKIMAOBA) HNPOCTPAHCTBA, YHUTApHO-TIOZOOHE  (opTOTO-
HATBHO-TIOROOHE) Me:xay coboii. Takum obpasoM, maydas JauHeiiHEE omepa-
TOpH B N-MEDHOM METPU30BAHHOM INIPOCTPAHCTBE, MHl M3ydaeM Te CBOHCTBA
MAaTpHIB, KOTOPHE OCTAOTCA HHBADMAHTHHIMA IOpH Ilepexoje OT jaHHOR
MaTpHIE K MaTpHIle YHATAPHO- MM OPTOrOHAJIBHO-IONO0HONE. JTO MPHBOIUT
HAC ecTeCTBeHHHM 00pa3oM K HCCIEIOBAHMI0O CBOMCTB CHEfMaTbHHX KIACCOR
MaTpun (HOpPMalbHEIX, JPMHTOBHIX, YHMTAapHHX, CHAMMETPHYECKAX, KOCO-
CHMMETPUIECKUX, OPTOr OHATHHEIX).

§ 2. Merpusanua OpocTpPaHCTBA

PaccMoTpuM BeKTOPHOE IPOCTPARCTBO [ Hag moJeM KOMILIEKCHEIX UMCel.
[ycTh KaskTEIM ABYM BeKTOpaM & M ¥ u3 I, 3afaHHEIM B OIpeJeJeHHOM
HOopAKe, OTHECEHO HEKOTOPOe KOMIIEKCHOE WHCIIO0, HA3HBAEMOC CKAAADHBLM
npoussedeHuem ITHX BEKTOpoB I obosnavaemoe gepes (xy) miuu (x, y). Ilycrs
IOPHA 3TOM MMEIOT MeCTO CIeNyIOIlAe CBOMNCTBA «CKANAPHOrO YMHOMKEHHSY.



§ 21 METPHM3AIIMA TIPOCTPAHCTBA 223

Jlas mio6sIX BEKTOpOB 2, ¥, 2 u3 R m a1000ro KOMILIEKCHOrO 9YACAA O

1. (xy)=(yx)Y), )
2. (e, y)=a(axy), | ()
3, (x+y, 2)=(z)+ (¥2). )

B oroM cayuae rosopar, WTo B HpocTpaHCTBO J BHeceHa aspMmumosa
Mempura.

3amerum eme, o m3 1, 2 m 3 camegyer maa mwdHx z, y, 5 w3 K:

2. (%, ay)=a(xy),

3. (¢, Y+ 2) = (vy) + (x2).

W3 { saxmowaeM, uaro s 1060T0 BEKTOpA 2 CKAJIAPHOE IIPOM3BEHe--
HHe (ix) ABIAeTcA BEMEeCTBEHHHM THCIIOM.

Ecau pgaa moboro Bexropa a us R

4, (xcx) >0, (2)
TO 3PMHUTOBA MeTpPHKA HAa3HBAaeTCA Heompuyameabvholi. Ecam ke mpu sToM
3. () >0 mpm x==0, (3)-

TO SPMHTOBA METPHKA HA3HBAETCHA NOL0NHCUMEALHO ONpPedeseHHOl.
Onopepmenenme 1. BexropHoe mpoctpamcTBo K ¢ HOIOKHTEIBHO OIpe-
JeJeHHOH JPMHUTOBOH METPHKOH MH OyleM Ha3bIBATh YHUMAPHBIM OPOCTPAH-
CTBOM 2).
B nacrosmeii rmaBe MH GyJeM paccMaTpABATH KOHEYHOMEPHHE YHHATAp-
HEle IpocTpaHcTBa 3).

Iloy mumeoii Bekropa x mommMawt?) |x|=1 (2, ). U3 2 u 5 cuenmyer,
9T0 ROKIHIM BEKTOP, OTAWYHEIH 0T HYJS, HMMEeT IOJORHUTEIbHYI0 NJHHY
¥ JHIIb BEKTOP-HYJIDL HMeeT [JIMHY, PaBHY® HYI0. BEKTop & HasKBaeTcsd
HOpMUPOBAHHBLM (TAKE eJUHUYHBLM 6EKmopomM HIH opmosm), ecin |x|=1.
Jia «HODMEpPOBKM» IPOMBBONBHOTO BeKTopa X =40 /0CTATOTHO YMHOKHTH-

; 1
3TOT BEKTOp Ha A000€ KOMIVIEKCHOE THCIO A, ¥ KOTOPOroO M|=|—z]— .

Ilo amamormu ¢ OOHYHEIM TPEXMEPHHM BEKTOPHHM IPOCTPAHCTBOM [Ba
BEeKTOpa & M ¥ HA3HBAIOTCA OPTOTOHANLHEIMEH (0003HaUeHMe: & | ¥), ecam
(¢y)=0. B arom caygae us 1, 3, 3’ caenyer:

x4y, x+¥y)=(xx)+ (YY)
T. e. (reopema Ilmdaropal)
let+yP=lxP+lyP (e Ly).

ITycrs yHmrapHOe mIpocTpaHCTBO [ MMEeT KOHEYHOEe YHCJI0 W3MEpPEeHHH n.

Paccmorpum B IR mpomsBosbHHIL 0asmc ey, e;, ..., €,. OGosHauum uepes x;
ny; ({=1,2,...,n) COOTBETCTBEHHO KOOPIWHATH BEKTOPOB o M ¢ B OTOM
Gasmce:

n n
X= T8, Y=2 Y€
i=1 i=1

1) Uepra Haj WHCIOM O03HAYAET Hepexoj K KOMIIEKCHO CONPSKOHHOMY UHCIY..

2) MccaenoBanie n-MepHEX BEeKTOPHHX IPOCTPAHCTB ¢ IIPOM3BOJNBHOIN (He HOMOMI-
TenbHO OIpefleleHEON) MerpmKoi mpoBegeHo B crarhbe [117], a Tarxe B KHHTe [24],
ra, IX n X

3) B §§ 2—7 oroil TIABH BO BceX cJAyuUaAX, KOTAa KOHeYHOMEPHOCTh IMPOCTPAHCTBA
ue Oyner oco0o OroBOpeHA, BCEe PACCYKJACHHA COXPAHAIOT CBOX CHUAY H [JA OecKOHeg-
HOMEPHHX IIPOCTPAaHCTB.

) 3pechr smaxoM |/ 0603HANAaeM HEOTPHIATeNbHOE (apudMeTHdeckoe) 3HAUEHHE
KOpIIf.
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Torma B cuay 2, 3, 2° uw 3’

(ey) = ;i Riniln, (4)
rae ’
hih= (eieh) (i, k= 1, 2, ceay n) (5)
B wactmocTH,
() = h2_1 hip iy (6)
HNa 1 n (5) caegyer:
hy=hy @, k=1, 2, ..., n). (7)
MDopma 2 hiptixy, TAC hpy=hy, (i, k=1, 2, ..., n), Ha3KEBaETCA 2 PMU-

mogoti ). TaRHM ofpasoM, KBajgpaT IJMHH BeKTOpa IpeAcTaBisgerca B BHJe
3pMUTOBOY (HOPMEL ero JROOpIMHAT. Orcroga m HasBaHME «3PMHTOBA METPHKAY.
MDopma, cTOAIMAA B npanon gacta pasencTBa (6), sBasercA B cuiy 4
Heom PUyamesbHolL:

n
2 hihxixk>0, (8)
i, k=1
Opu BCeX 3HAYCHUAX IIEPEeMEHHHIX Z4, X2, ..., Zn. B CANYy e JOIOJHHUTEeIb-

Horo yciosms O 3sra ¢opMma Oymer nososcumeavHo onpedeaeHHod, T. e.
3HaKk =B (8) GyAeT MMeTh MecTO TOJbKO IPM PaBEeHCTBe HYJW BCex r; (i =1,
2, ..., n). ‘

Onpepeaemune 2. CucreMy BeKTODPOB €;, €3, ..., €, OyJeM Ha3HBAThb
OPTOHOPMUPOBAHHOH, eciHu

0 opm iz=k,
(eieh)=5ih={ P >

i, k=1, 2, ... .
1 pm i==k (lv * L] * m) (9)

Ilpm m=n, rge n—aucio M3MepeHWH ITPOCTPAHCTBA, IIOJAYTaEM OPIMOHOPMU-
posamHuil 6asuc MPoCTPAHCTHA.

B § 7 Gymer mokrasaHo, UTO0 ¢ KaxJoM N-MEPHOM YHUMADHOM RpOCM-
parcmee cywecmsyent opmonopMupoeaHHbm 6asuc.

Nyers z; m y; (i=1, 2, ..., n) —COOTBETCTBEHHO KOOPAMHATEL BEKTO-
POB X I ¥ B opTOHopMHpOBaHHOM Gaance. Torga B cumay (4), (9) m (9)

n
(Wy) = _21 Z:iYi,
1=
n (10)
— 2
() = X [@y ]2
i=1
QuRCHpyeM IIPOH3BOTHLHO HEKOTOPHIK Gasmc B n-MepHOM mpoctpancree B. Ilpm atom
Oasnce RayRgas MeTpH3alluA rIpOCTpaHCTBa CBfAI3aHA € HeKOTOpOH OOJIOHHTEIBbHO ompene-

nenno# spmMATOBOH PopMoit Z hipz;Tp, 1 HAOGOPOT, COTIMALHD (4) xampgan Taras fopma
i, k=1

1) B coOTBOTCTBME C 3THM BHpDAaKeHWe, CTOsmee B NpaBoil gacTu paBeHcTBa (4),
nasuBaerca Gmammeiinoil spMETOBOH (OpMOE (OTHOCHTENBHO BeNHYHH Zy, %3, ..., Tn U

Y1y Y21 ooy yn)-
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olpejenseT HEKOTOPYIO IIOJOMKUTENbHO OLPeJeNeHHYI) SPMHTOBY MeTpury B R. Oxnaxo
6ce oMl MeMPUKL He OQlom CYUecMeeHHO DPA3AUMNHBE YHUMADHBEL N-MEDHHI NPOCMpAHCME.
JeficTBnTeNbHO, BO3bMEM JIBe TAKHe METPUKH CO CKAJAPHKIM NPOH3BeCHUEM COOTBETCT-
penno (xy) I (xy)’. Ilo OTHOMEHHIO K STHM MeTPUKAM ONPelelnM OPTOHOPMHPOBAHIEE

fGasncu B R: e;mei (i=1, 2, ..., n). OTHeceM JpyT APYTy BeKTOpH & u &’ us R (x — x'),
umelom¥e B 9THX 0asmcaX oflHHAKOBEIE KOOPAMHATH. OTO COOTBETCTBHe fBIfeTcA adPuu-
asM 1), Kpome Toro, B cmxy (10)
(@y)=(x'y")".
Taxum o0pasoM, ¢ mounocmbio 8o aPPunnozo npeobpasvsanus npocmpancmea ece

ROACOICLMEAbHO Onp.OeseHHble JPMUMOEH MeMPUIAYUL N-MEPHO20 8EKMODHOZ0 NPOCMPAHCINER
cosnadatom Opye ¢ Opyzom.

Ecaun ocHOBHEIM YHCIOBEIM TioseM K ABIAETCS I0je BeOIeCTBEHHEX 9HCel,
TO MeTpHKAa, yHoBIerTsopsiomasa noctyiatam 1, 2, 3, 4 m 5, maseBaercs
eeraudogotl.

Onpepmenenue 3. BextopHoe mpocTpaEcTBo A Hajm mojieM BeINeCTBEH-
HEIX YNCeJ ¢ HOJOKUTEeNHHO eBKINAOBOI METPHKON HA3HBAETCHA e6KAUIOGHLM
npocm pancmeoM.

Ecmm z; m y; (=1, 2, ..., n) CYyThb KOOPAMHATH BEKTOPOB X K Y B HEKO-
TopoM Gasuce ey, €s, ..., €, N-MEPHOTO EBKJN0BA HPOCTPAHCTEA, TO

n n
(XY)= X SuTifns ||t = SinZiTh.
i, k=1 i, R=1
3nmech spp=35p (i, k=1, 2, ..., n)—BemecrBerane uncia?). Brupasxenne
n

: 2 S;p®; Ty HASHBAETCA K6ad pamuunoli @opmoll OTHOCUTEIBHO Xy, Lo, « .« ., Tn.
i, h=1
113 mMONIOKATENBHOR OIpPEeeAeHHOCTH METPHKN BHTEKaeT, UTO KBafpaTHIHAA

n
Qopma ) S;aTi%, Ba/AI0MAA AHANMTHIECKH 3Ty METPHKY, ABIAETCHA nO40-
i h=
n

. n
o N
JcUmenbHO onpedenennoli, T. e. Z $;pxixp >0, ecinm 2 x> 0.
i, A=t i=t

Ilpu oprorOpMHEpOBaHHOM Gasmce
n n
(xy) = Zi zY, | |2= 21 x3. (11)
== 1=

ITpu n= 3 nmonyvaem u3BecTHHE POPMYIH AIA CKAIADHOTO NPON3BEJCHAUSA
IBYX BEKTOPOB W JjiA KBajpara MJWHH BEeKTOPAa B TPEXMEPHOM EBKJIIM/0BOM
UPOCTPAHCTBE.

§ 3. Kpnrepnit 'pama snHeliHO#f 3aBHCHMOCTH BEKTOPOB

ITycTh BEKTOPH %y, X3, ..., Xy YHATAPHOTO HJIHM €BRIN0BA IPOCTPAH-
cTBa f¢ IUMHEHHO 3aBHCHMBHI, T. €, CYIMECTBYIOT TaKue He paBHHE OJHOBpe-
MEHHO HYJIK 9HCAA Cf, Co, + .., Cm2), 4TO

c,w1+02w2+ P “}—cmwm =0. ' (12)

1) To ecTh onepaTop .4, orHocHmuil BeKTOpy x u3 B BekTop &’ m3 R, ABIsAeTcH
JAMHeHHHM ¥ HeoCOOeHHEM.

2) sip=(ejexr) (i, k==1, 2, ..., n).

3) B cayuae eBKJIHIOBA LIPOCTPAHCTBA Cf, €2, + .., C;p— BeMIeCTBeHHEIE 4HCAA.

15 @. p. TaHTMaXep
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VYMHOKEB IOCIE0BATEIbA0 06e TACTH 3TOr0 PaBEHCTBA ClIeBa CKAMADHO HA Xj,
gy .., X, MOMYTHM:
(1201} €4+ (24%2) Ca+ o - . - (24%m) =0,

(20201) €1+ (5%5) €+ . o o - (XsTm) € =0, (13)

(%m2y) a + (Xmacs) EZ + oo (Xmim) Em =0,

Paccmatpupas ¢;, Cs, ..., Cm KAK HEHYIeBOE DEMEHHE 'CHCTEME THHEHEHX
onEOpoAHHX ypasHeHnmit (13) ¢ ompememurenem
(e1261)  (21265) . . . (%630c,)
T (@, @, 0., )= | %) (0 e (@) | (14)

| (Bm®y) (m®z) « .o (X®m)
BAKII094eM, UTO JTOT ONIPEHNENHTENb PaBeH HYJIO:
F(wi, mz, “o ey wm)=0.

Onpepennrens I' (%, s, ..., %,) HaskBaercs onpedeaumenem I panma,
COCTABJIEHHEIM [ BEKTOPOB &y, X3, ..., Xm.

ITycrs, o6partro, ompegemnrens I'pama (14) paBen mHymo. Torpa cucrema
ypaBHeHn# (13) mMeeT HeHymeBoe pemerue ¢, Cs, ..., Cm. PaBeHCTBa (13)
MO)KHQ 3alMucaTh Tak:

(%5, €11 coLa+ oo . A i) =0,
(x27 cixi—{—chZ'*— LRI +cmxm)=0, (13/)

L T TN o e e . .

(®m, croe1-+ 222+ o o - Cpyam) =0.

VYMHOKAA TOWICHHO BTH PABEHCTBA COOTBETCTBEHHO HA Cj, Co, ..., Cm
. CKAAJHBAA, IOIYIHM:

| (cs0e1+coa+ . . o+ Cmdm )W2=0;
OTCIOf]A B CHIY MOJOKUTENBHOH OLpeJCeHHOCTH MEeTPHKM
€11+ Cola+ o oo - CnXm =0,

T. €. BEKTODH Xy, &3, ..., % JHHEHHO 3aBUCHME.

Hamu poxasama

Teopema 1. Jus mozo umobun sexmopt 2, %, ..., Xy 604U AUHEGHO
He3asucumbl, Heo6x0dumo u docmamouro, umoGe onpedesumeans I' pama, cocmas-
ACHHYIL U3 smur eekmopos, He Gwa pasen Hyaw.

Ormernm crexywomee cBoiicTBo oupemenurens I'pama.

Ecau rawoli-aubo zaasumii munop onpedesumeas I pama pasen myao,
mo pasen Hyaw u cas onpedesumesv I pama.

HeficTBATeIBHO, TIaBHHA MAHOD ABIAETCA ONPENEINTENEM T'pama pnsa
9aCTH BEKTOPoB. M3 pamencTBa Hyio 3TOro IJIaBHOTO MEHOpA CIeAyeT JHHEH-
Hajg 3aBUCHMOCTH MEK]Y STHMH BEKTODAaMH, a 3HAUAT,- M MEKIY BEKTOPAMH
TOJHOH CHCTEMH.,

Opumep. Nanu n woMmieKcHHX §yHrumi f; (), fo @), ..., fn (t) BemecTBerHOTO

apryMesra f, KycOUHO HeNDPePMBHHX B 3aMKHYTOM HMuTepsaie [a, B]. Tpefyerca ompe-
AeIUTE, NPA KAKOM YCHOBUM oHN OyAyT aumefiHo sabmemmer, [l STOTO MH B TpocT-
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PAHCTBe KYCOYHO HeHNPePHBHHX B [a, ] YHRIMI BReJeM IOJOMHUTeJBLHO ONpPe/ielleHHYI0
MeTPHUKY, Hojaras
B

9=\ 10 F0 .
a

Torpa xputepmit I'paMa (Teopema 1) B IpUMEHEHHH K JAaHHHM QYHKIHNAM JacT MCKOMO®
ycaoBue
B

AOYAOE I ARGy AL

a

Qoo™

Fa@®fi@dt ...\ fa(®)fn(E dt

Qo—"vm *
ar—m

§ 4. OproronmanbHoe NMPOEKTHPOBAHEE

Ilycth B yHHTApHOM HJAH B €BRINAOBOM IpocTpakcTBe K maHb mpoms-
BOJLHHE BEKTOp & H HEKOTOpoe mMm-MepHOe IOAIpPOCTPaHCTBO § ¢ Gasmcom

Xy, X3, «.., m. MH IOKANEM, 9TO BEKTOD
2 MOMKHO (M IIPATOM €IHHCTBEHHEBIM CIOCOGOM) G
NPEeJICTABATh B BH/IE CYMME L/ 1Ty
! Ny
X =25+ X, | / |

rze (15) 0

:
xs€S, axy L 8 )

(3aKoM | MH 0003HaIaeM OPTOrOHAIBHOCTH

BEKTOPOB; HOJ| OPTOTOHAJBHOCTHIO K MOAIIPO- Puec. 5.

CTPAaHCTBY HOHAMAaeM OPTOTOHAJIBHOCTH KO

BCEM BeKTOPaM M3 DTOTO NOJANPOCTPAHCTBA); Xs— OPMOOHAALHAR NPOCKYUR

éekmopa x Ha nodnpocmparcmeo 8, Xy — npoekmupyowuli eexmopl).
Ilpumep. R-—TpexmepHOoe eBRIH[OBO BeKTOPHOE IIPOCTPAHCTBO, a m=2, Bce

BeKTOPH Oyfem cTpouTh u3 dukcEpoBammoi Touks O. Toraa §—miockocTs, Hpoxoms-
mas 4epes O; &g—OPTOTOHANLHAA HMPOEKLMST BEKTOPa @ HA INIOCKOCTL §; X — Lep-

HeAJURYIAP, OUYMEHHNH W3 KOENA BEKTOPa & HA INIOCKOCTH S (pHC. 5); h=|oy|—
paccTofHme KOHIA BEKTOPA & OT IIOCKOCTH S.

Has ycramonnemus pasnoskenus (15) mcromoe as npencTaBuM B BuIe

Ls=C1X1+ Cola-t . .. + €, (16)
Ifie ¢y, €3y + ..y Cp~— HEKOTODHE KOMILIEKCHEIE YICIa 2),
Jas ompeneneHHs 3THX 9Hcea GymeM HCXOQHTh W3 COOTHOIIEHMI
(c—axs, 23) =0 (k=1, 2, ..., m). (17

HopcraBasas B (17) Bmecro 2s ero Bmpaskemme m3 (16), momyumm:

(%e3200) €1+ . .. - (Xm®y) €+ (222y) (—1)=0,

(@42m) €4+ . . .~ (Cm) Em - (902) - (— 1) = 0, (18)
w101+...+ wmcm—% xS'(—l):O.

1) B pammOM ciydae ®g—NPOEKNAS BEKTOPA & HA HOAIPOCTPAHCTEO S napaJi-

JIeJIbHO HOANPOCTPAaHCTBY 7T, COCTOAMmEMY M3 BCeX BEKTOpOB H3 R, OPTOrOHANBHLX K §
(cM. cTp. 69).
2) B cayase esKAMAOBAa HPOCTPAHCTBA €y, €3, ..., Cjy — BEIECTBEHHEE THCIHA.

15%
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PaccMaTpmBas 3Ty CHCTEMY DAaBEHCTB KaK CHCTEMY JAHEHHEIX OJHODOIHBIX
ypaBHEHWI, HMEI Y0 HeHyJIeBoe DemeHue ¢y, Cz, ..., Cm, — 1, OpUpPaBHHBAEM
onpefelnTeNs dTOH CHCTEMH HYyJI© (HpPeJBapHTEILHO TPAHCOOHHPOBAB €IO0
OTHOCUTEILHO TJaBHOI AmaroHamm)!l):

(es201) ... (1%m) 24
(Gomts) - - - (s0matm) 0m | = " (19)
(xcy) ... () 2

Buipensgs u3 9TOTO OHpEeNMTeNA. WIeH, Ccofepiamuil s, OOMyIUM
(B Jerko HOHATHHIX YCJOBHHX 0003HAYEHHAX):

| @
r
Zm
= — e ) 8 L (20)
rae T'=T (a4, 25, ..., %) —onpegennrens I'paMa JAA BEKTOPOB Xy, X, . - .

«ee, Xy (B CHIy IWHeHHONH HesaBuCHMOCTH ITHX BeKTOopoB I'==0). Ms (15)
u (20) maxomum:

oy
r .
Lm
oy = X — g = (wey) ... (sz;mm) z | 21)

@opmyan (20) m (21) BHpajkaiOT HPOEKIHMH Xy BEKTOpa o« HA MHOAIPO-
CTPAHCTBO § I NpPOeKTHPYIOIHAN BEKTOP Xy depes JAHHHE BeKTOp 2 M Gasmc
nogmpocTpagcTBa §.

OGparnM BHEMaHHe ellle HA OFHY BamHyw Gopmyny. OGosnaunM gepes /
TIgHY Bekropa ay. Torpma B cmiy (15) m (21)

(1)
r X
(xmx)
B2 = (axay) = (exae) = (@y) (P m) _(xax) ’
T. €.
T (@1, @2y «.., Ty, )
h? = i el 22
T'(@y, 2, ..., Tp) (22)
Benuunay A MOMKHO ellle HHETePOPETHPOBATH CIAEAYIONHM 0GpazoM:
Hocmpoum eexmopwsl oy, Xz, ..., Lm, € U3 00HOUL MOUKY U ROCM POUM

Ha smux sekmopax, kak na pebpax, (m-+1)-mepruil napassesenuned. h 6ydem

1) Ompependtens, cToammit B JeBoi wacTm pamerctBa (19), npemerasamer coboit
BEKTOp, i-fi KOOPAWHATA KOTOPOTO IIONy4aercs, eCaM B HOcHe[HeM CTONGIe Bece BEKTODH
Lysr .0y Ty Lg BAMEHHTH UX [-MU KOOpAHHATaMHU ((=1, 2, ..., n); KoopiHHEATH OepyTcsa
B HEKOTOPOM NPOU3BONLHOM 6asuce. lina ompaBpamms mepexoda or (18) ® (19) mocra-
TOYHO B IocJefHeM paBenctBe (18) m B mocimeaneM cronfme B (19) 3aMEHHTH BEKTOPH
X1y oy Ty Tg AX I-MA KOOPAHHATAMHM.
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ghlcomoli smozo napasiesenuneda, onyujeHHol us kKonya pebpa X Ha OCHOGA-
nue 8, npoxodawee uepes pebpa Xy, X2, ..., Lm.

IIycTe 4 — NPOM3BOIBHHIL BEKTOP B &, a & — IPOM3BOJILHKI BeKTop B K.
Ecam Bce BEKTOPH MOCTPONTH H3 Hadgalla KOODJHHAT .1-MEPHOr0 TOYEYHOTr0
HOpPOCTPAHCTBA, TO | — | U |&— as| GYAYT COOTBETCTBEHHO DaBHBl BeJINTH-
HAM HARJIOHHOM M BHICOTHI, MPOBEJEHHHM N3 KOHIIA BEKTOpa & K MHIEePIIOC-
roctr § 1). [loaTomy, 3anncHBas, 9T0 66LCOMA KO poie HAKA0HHOU, GyieM nMeTs 2):

h=|x—xs|<|c—Y|
(3HaK paBeHCTBA IHINL HOPH Y = Xs). LTaKkHM 00pasoM, cpefu BCeX BEKTODOB
Yy €S BEKTOp Xy HamMeHee YKIOHAETCA OT 3a/JaHHOrO0 BeKropa & € R. Bean-

anHa h =}/ (1t — X5, X —2s) ABIACTCA K6aOPAMUUHOL NO2PEWHOCMYLI0 TPH
npulamKennn & = Is).

§ 5. Ieomerpuuecknii cmuica ompeneanTtensn I'pama
H HEKOTOpPHIe HepaBeHCTBA

1. PaccMOTpPHEM NPOH3BOJBHEE BEKTODH %1, X, ..., Lm. JOOYCTHM CHa-
9ajia, 9TO STH BEKTODH JHMHEHAHO Hes3aBucHUME. B aTOoM ciayuae ompefelnTenb
I'pama, cocraBmeHHEBI AJas AOOHX W3 3TAX BEKTOPOB, OyIeT OTAMTEH OT HYJIA.
Torma, monaras corxacuo (22)

T (g, @25 o005 @py4)
T (@, @25 .00y @p)

=>0 (p=1,2,...,m—1) (23)

1 IepeMHOKaA MNOYJIeHHO 3TU HepPABEHCTBA U HEPaBEHCTBO

I’ (2¢,) = (ac2¢1) > 0, (24)
TOXYyIHAM: :
T (g, 23, ..., 0%,)>0.

Takum o6pasom, onpedeaumerv I pama das AuHElHO He3aBUCUMBLE GEKMO-
D08 nosoxcumener, 0in AUHEHO 3aBUCUMBEL paseH HYao, OmpuyamesvHbim
onpedeaumensv I'pama uHuroeda ne Ovlgaem.

~O6osrauum guaa coxpamenua I'y=T (ay, x2, ..., %) (p=1, 2,...,m).
Torpa ms (23) m (24)

Vr—iz ‘ x| =V,
Vrz =Vih=Vo,

rae V,-— mIomajr NapajaesorpaMMa, HOCTPOeHHOI O Ha X, M a,. Jlamee,
Vrs =Vih,=Vj,

rae Vz;—o0beM mnapanneienunefia, IOCTPOEHHOTO HA BEKTOPAX o€, Xa, X3.
Ilpogommwan madee, Halimem:

VFA = V3h3 = V,,,
H, HaKOoHEIl,

Vrm = Vm_ihm—i = an.- (25)
Ecrecrsenno V,, naspaTh 00H-€MOM m-MEPHOTO IapajiledeluIefa, IOCT-
POGHHOTO HA BEKTOpax &y, &y, ..., Lm, KaK Ha pebpax ).

1) Cp. ¢ npumepom Ha cTp. 227.

Y |e—y P=|oytog—y P=|xy 2+ 0s—Y 2> | Xy 2=h2.

3) OTHOCHTENLHO HCIONB30BAHNA METPHSOBAHHHX (YHKUMOHANLHEX IPOCTPAHCTB
B 3ajfladax amnmpoxkcuManmum yHKRnumi cm. [2].

4) Gopmyna (25) naer HWEAYRTHBHOe ompejenenue o0LeMa m-MepHOr0 HAapalLienc-
uunesa,
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OGosmauuM depes Zix, Tok, ..., T,k KOODAMEATH BeKTOpa &; (k=1,2,...
...,m) B HEKOTOpOM OPTOHOpMHUDOBaHHOM Oasice B R, m mycrs

X=llzwn|| (=1, 2,...,0; k=1, 2,...,m).

Torma ma ocuopammm (14)

=|X'X|
H moroMy [cm. dopmyny (29)]
Tigt Tiy2 .- Tigm
Vi=Tpn= by mod | Tiat  Tis2 - .- Tigm . (26)
1< <ig L iy Sn R
Zit Zi2...%im

ITO paBEHCTBO MMEeT CIEAYIONIMI IeoOMEeTPHMYECKUH CMBICH:

Ksadpam o6wema napassesenuneda pagen cymme keadpamog 06wemoe
€20 npoekyull Ha ece K0opOUHaAmMHbBle Mm-mepHble nodnpocmpancmsea. - B wacr-
HOCTH, mpu m=n us (26) ciaeayer:

Iu ZTi2...Tin

Vn — mod Loy oo .. Top . (26))

ZTny Tno.-- xnnl

Ilpr nmomomim dopmyn (20), (21), (22), (26), (26") pemaercsa pAm OCHOB-
HHX MCTPHYECKHX 3a7ad A-MepHOH yHHUTapDHOH H eBHKJIMJO0BOH aHATHTHIECKON
T€OMETPHH.

2. Bepremcs k pasnoskernio (15). W3 Hero HemocpexcTBeHHO cnenyeT;

() = (X5 +- X7, Xs1-2N) = (X5, 25) -+ (¥, X¥) > (Xvdy)=

9T0 B codYeTaHMH ¢ (22) JaeT HepaBeHCTBO (MM IPOE3BOJBHHEX BEKTOPOB X,
Loy oo vy Ly )

T(acy, 2y o .oy 2y, )T (204, Xay «.., %) T (x); (27)
IIPA 9TOM 3HAK PAaBeHCTBA MMeeT MECTO TOIJa M TOJIBKO TOrJa, KOTJa BeK-
TOP 2 OPTOTOHAJEH K BEKTOPAM 2y, %o, ..., XLn.
Orcioa HETPYAHO HOJYYATh TAK HA3HBAaeMoe Hepagencmeo Adamapa
T (21, %5 -« oy %Xm) <T (1) T (22) - .. T (Xm), (28)
rie 3HAK PaBEHCTBA MMEET MECTO TOrJa M TOJBKO TOT[A, KOTAA BEKTODH &y,
oy, .. ., Xy TOIAPHO OpTOroHaNbHE. Hepasemcrso (29) Bripaskaer cooil cie-

OYIOMUA reoMeTPUYECKH OUeBUAHHN (aKT:

O6wvem napaanesenuneda He npegocrodum npoussedenus 0aun eeo pebep
U pasen smomy npouszsedeHulo aultb mozda, kozda napasiesenuned npaMo-
Y204 bHLLL,

Hepapenctsy Apamapa Mo;kEO npugath ero oOmyHEE Buj, mojarasd
B (28) m=n ®m BBOAA B pACCMOTPEHHe OHpeJeJHTeJb /A, COCTABICHHHIH
M3 KOODAHMHAT Zi, Lo, - . ., Tnp BEKTOPOB &y (k= 1, 2, ey n), B HEKOTOpPOM
OPTOHOpPMUpOBaHHOM (asmce:
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Torma ns (26') u (28) caemyer:
n n n

AP ZIxulzifoizlzm P - (28)

=1 =1 i=1

3. YcraHoBnM Teneps 0006I{eHHOE HEpaBeHCTBO AjfaMapa, OXBaTHBAI-
mee Kak HepaBeHCTBO (27), Tak m HepaseHCTBO (28):

T (s, 22 oo, @m) T (21, ..., 20) T (%Xpis -« oy Xm), (29)

IIpH9eM 3HAK PaBeHCTBA HMeeT MeCTO TOrJa M TOJBLKO TOrJAa, KOTHA KayKIBIH
U3 BEKTOPOB X4, X3, ..., Xp OPTOTOHAIEGH K m000MYy ¥3 BEKTOPOB Xp,q, .. -

.+, Xy amb0 opwH W3 ompepenureneit I (x4, ..., %p), I (®Xp,1, - - ., %m) PaBer
HYJIIO,

Hepaserctro (28') mmeer caenyomuii reoMeTpUIECKUi CMEIC:

Obvem napasseaenuneda ne npegocrodum npouseedeHus 06vemos 08Yx
JOnOAHUMEADHHLE «2DaHelly U DABeH IMOMY NPOU3CEOCHUI0 6 MOM U MOALKO
¢ mom cayuae, ko2da MU «2PAHUY 63AUMHO OPMOZOHALLHEL AUG0 xOoms 6bl
o0HA U3 HUL UMeEMm HYAE60L 067beM.

CnpasemianBocTh HepaBeHCTBA (29) ycTaHOBMM WHAYKTHBHO OTHOCHTEIBHO
YWCIA BEKTOPOB &p.4, ..., L. HEPABEHCTBO CIPABENIABO, KOTJA BT0 YHCIO
paBao 1 [cM. dopmyay (27)].

BseseM B paccMOTpeHHE [Ba IOJHPOCTPAHCTBA § H &) COOTBETCTBEHHO
¢ 6asmecamit %4, ..., Lm_4 ¥ Lp,q, + - ., Lm_y- OueBmano, 8y < §. Paccmorpam
OPTOrOHAIbHLIE PA3IOKeHHS

X =5+ Xvy (s, €84, Xy L 8Y),

Xy =xs+axn (€S, xx L 9).
OTciona ,
Xn=%s+ Xy (xs=xs,+2s 5 L 9).

Samensia kpajgpaT ofbeMa IapajijiesielAIe)a Ipom3BeieHneM KBajpara o6bema
OCHOBAHMA HA KBajipaT BHICOTHL [cM. dopmyry (22)], Haiimem:|

Ty, ..., Cm_yg, n)=T (2, ..., %m_1) T (2n), (30)
T (%pi1s « oo Xmoty Xm) =T (®pp1; -y Xmg) T (2xy). (309
HpH 9TOM H3 PAa3yOMKEeHUA BEKTOpa le Ciaenyer.
T (o) < T (20vy), (31)
OpHYeM 3[ech 3HAK == HKMeeT MeCTO, JHIIb KOTHA X, = L.

Ucnoxssys rtemeph coormomernus (30), (30'), (31) m npemmomosienne
HEIYKIEA, DOIYIHM:
Lacy, ...,m)=T (21, ..., ) T (x) <
LT (g, ooy Xmg) T (2ewy)) <T (224, + - 2p) T (®pyay - -y Xmy) T (Ewy) =
=T(2y, ..., %) T (Xps1, - -+ ®m). (32)
Mz momyunam mepaseEcTBo (29). Ilepexons x BHIACHEHHIO, KOIJ|a B 9TOM
HEeDaBeHCTBE WMeeT MeCTO JHAK =, nOpuMeM, - 910 I (%4, ..., %p) %0
ul(%p.q, ..., %m)5=0. Torma cormacuo (30’) ramsxe I'(p4, ..., %m4)5=0
n T (xx,) 5= 0. Hoas cropo B cooTmomenuax (32) BCIOAY HMMeeT MeCTO B3HAK
PaBeHCTBA, TO ¥y, ==Xy ¥, KPOME TOrO, IO UPEAIOJ0KEHHUIO HHAYKIVHA, KayK-

OB M3 BEKTOPOB Xp,1, ..., Lm_1 OPTOTOHANEH K KaKJOMYy H3 BEKTOPOB
%y, ..., %p. JTEM CcBOHCTBOM o0xajaer, OYEBHNHO, H BEKTOD

wm'—"{l}sl-}—%N]:wSl-}‘wN-
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Taxum o6pasom, oGoGmenHOe HEPABEHCTBO Ajamapa YCTAHOBIEHO IIOJ-

HOCTBIO.
4. OGo6mennomy HepaBeHcTBY Apmamapa (29) MOHO UpwaTh H aHAIUA-
THYECKYI0 PopMy.
n
Oycrs Y, hypZis — OPONBBONBHASA IIOJNO/KUTENBHO ONPEENCHHAs DPMHA-
1, i
toBa ¢opma. Paccmarpupag zy, %p, ...,Z, KAK KOODZHHATH BeKTOpa &
B n-MepHOM mpocrpaHctBe R mupu Gasuce e, ey ...,e,, upuMem dopmy
n
Z hipx;2; 33 OCHOBHYIO MeTpPHUECKYO dopmy B R (em. crp. 224). Torpma
, k=1
R CTaHET YHUTAPHHIM NPOCTPAHCTBOM. IlpmMenmnM oGOoCINeHHOE HepaBeHCcTBO

Anamapa Kk GasMCHHIM BEKTOpAM €, €y, ..., €n:
(e, €y ...,e) T (e, ...,e) T (€pi1y ..., €0).
Ilonaras H =|[h;s||? m sameuas, uro (ejep)=rhu (i, k=1, 2,...,n),

MH IIOCJIeJHee HEepaBEHCTBO CMOKEM 3alucaTh Tak:

H(i 2..:Z)<H<1 2...p)H(p+1...n) (p<n); (33)

12.. 12...p p+1...n
OpA BTOM 3HAK PABeHCTBA MMEET MECTO B TOM M TONBKO B TOM CJydae, KOTJa -
hip="hy; =0 (i=1, 2,...,p; k=p+1,...,n).

Hepasencrso (33) HMeeT MeCTO A ManI/IIILI koadunuenron H = (| Ay |7
NPOH3BOJBLHON IOJOMKHTENBHO ONpe/eleHHOA spMuTOBOM (opmu. B wactHocTH,
"HepaBeHCTBO (33) mmeer Mecro, ecam H — BemecTBeHHAA Mannna Roaq)qm—

[UEHTOB IOJOKHTeIBHO ONpefeeHHON KBaJpaTHIHON (OpMEX Z hypxizy 1),

1.,=

9. OGpaTuM BHEMaHME YuTaTes HA HEPaAaBEeHCTBO DYHAKOBCKOTOO.
Jas npomseonbHHX BekTOpOB X%, Y €R

| (ey) [P < (e (my), (34)

npnqu 3HAK PpaBeHCTBA HNMEeT MeCTO JAnmb TOrga, KOrpga BeKTOPHL & 1 y
OTINYAIOTCA CKaJIHpHBIM MHOEKUTENEM.

CipaBeIHBOCTE HEPABEHCTBA DyHAKOBCKOrO Cpasy BEITEKaeT M3 yCTa-
HOBJIGHHOI‘O ye HepaBeHCTBa
(xx)  (y)
(yx) (yy)

HO aHaJorna co CHaJIHpHI:IM Ipou3BeICHHEM BeKTODPDOB B TpexXMepHOM
€BKJIHUJOBOM IIPDOCTPAaHCTBE B 7N-MEPHOM YHUTapPHOM IPOCTPAHCTBE MOXHO BBRECTH
«yrom» 0 MesAy BeKTOpaMuM o W ¥, OUpPeJeNUB er0 U3 COOTHOIIEHMSA %)

| () |2
(xx) (yy)

T (o, y):l

c0s20 =

W3 mepasencrBa BymaxoBckoro ciemyer, uro O mMeer BemecTBEHHOE 3HA-
qeHHe .

1) AmanuTH4ecKHil BHBOJ, 0000meHHOr0 HepaBeHCTBA AjlaMapa IPHBeAeE B KHHre
[71, § 8.

2) B caydae eBKAMJ0BA OPOCTPAHCTBA Yroa O memay BexTOpaMH & H g olpeje-
JAeTca u3 GopMyIHl
(xy)

€08 0= "1 _ |
N
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§ 6. Oproromanusanna psAja BEKTOPOB

1. HanMmeHbImee mOAIIpOCTPAHCTBO, Coflepkalnee BEKTOPHL Xy, X, ..., Lp,
6ymeM oGosHauaTh wepes [ay, Xs, ..., Xpl. ITO HOI[HpOCTpaHGTBO COCTOUT U3
BCeBO3MOKHHEIX JHHEHMHEIX KOMOHMHANUN C€¢; - €2 ... 4 Cpdpy BEKTOPOB
X1, Xgy ...y Lp (01, Cs, - - -, Cp— KOMILIEKCHEIE dmcJa) ). Ech BEKTOPH X4,
%, . .., 